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FOREWORD 


'v».  0  ..ovember  1979,  Colonel  B.  Devereaux,  Jr.,  Commander  and  Director  of  the 
■  wy  Cold  Regions  Research  and  Engineering  Laboratory  (CRREL)  sent  the 
lowing  letter  to  Dr.  Jagdish  Chandra,  Chairman  of  the  Army  Mathematics 
.  ■  Ag  Committee  (AMSC)  . 

1 .  "We  would  like  to  extend  an  invitation  that  the  26th  Conference 
of  Army  Mathematicians  be  hosted  by  the  U .  S.  Army  Cold  Regions 
Research  and  Engineering  Laboratory  on  10-12  June  1980. 

2.  Mr.  Benjamin  S.  Yamashita,  Public  Affairs  Officer,  will  serve 
as  CRREL 's  point  of  contact  for  administrative  arrangements  for 
the  Conference. 

3.  We  look  forward  to  having  the  group  meet  here." 

Or.  Chandra  was  pleased  to  accept  this  invitation  on  behalf  of  the  AMSC.  This 
.  the  second  time  that  CRREL  has  served  as  host  for  one  of  those  meetings. 

The  Twelfth  Conference  of  Army  Mathematicians  was  held  at  CRREL,  Hanover, 

New  Hampshire  on  22-23  June  1966.  For  that  meeting.  Dr.  Shunsuke  Takagi 
clayed  much  the  same  role  as  he  did  for  the  1980  conference,  namely  he 
was  responsible  for  scientific  details  regarding  various  phases  of  the  program. 
7MSC,  the  sponsors  of  these  meetings,  would  like  to  take  this  occasion  to 
•ank  Messrs.  Takagi  and  Yamashita  as  well  as  all  other  members  of  CRREL  for 
’"•’king  this  a  very  successful  conference. 

The  theme  of  the  26th  Conference  was  "Wave  Propagation  in  Solids  and  Nondestructive 
Evaluation  Techniques."  In  addition  to  the  five  invited  speakers,  there  were 
ore  than  thirty  contributed  papers  presented  at  this  meeting.  While  most 
of  these  papers  were  given  by  Army  scientists,  still  there  were  a  surprising 
..umber  of  papers,  namely  eight,  that  were  delivered  by  university  professors. 

"•e  invited  speakers  and  their  topics  are  noted  below. 


Speaker  and  Affiliation  Title  of  Address 


Professor  Jan  Achenbach  DIRECT  AND  INVERSE  METHODS  FOR  SCATTERING  BY 

Northwestern  University  CRACKS  IN  THE  HIGH-FREQUENCY  RANGE 

Professor  Constantine  Dafermos  CAN  DISSIPATION  PREVENT  THE  BREAKING  OF  WAVES? 
Brown  University 

Professor  Y.  H.  Pao  THEORY  OF  ACOUSTIC  EMISSION _ 

Cornell  University  ■  III  1 


iii 


Professor  James  Tasi 
State  University  of  New  York 
at  Stony  Brook 


SHOCK  WAVES  AND  LATTICE  DYNAMICS 


Professor  T.  C.  T.  Ting  WAVE  PROPAGATION  IN  PERIODICALLY  LAYERED 

University  of  Illinois-  MEDIA 

Chicago  Circle 

The  members  of  the  AMSC  would  like  to  express  their  thanks  to  the  speakers 
and  research  workers  who  participated  in  this  meeting,  and  to  all  the  attendees 
for  supporting  it  with  their  many  stimulating  questions.  The  AMSC  is  pleased 
to  be  able  to  publish  in  these  transactions  many  of  the  conference  papers 
and  thus  to  make  available  to  the  scientific  community  some  of  the  research 
results  presented  at  this  meeting. 
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DIRECT  AND  INVERSE  METHODS  FOR  SCATTERING 
BY  CRACKS  IN  THE  HIGH  FREQUENCY  RANGE 


Jan  D.  Achenbach 
Department  of  Civil  Engineering 
Northwestern  University 
Evanston,  IL.  60201 


ABSTRACT .  An  important  method  in  quantitative  non-destructive  evaluation 
of  materials  (QNDF)  is  based  on  scattering  of  ultrasonic  waves  by  cracks.  The 
presence  of  a  flaw  is  relatively  easy  to  detect.  The  determination  of  its 
size,  shape  and  orientation  from  the  scattered  field  poses  a  challenging 
inverse  scattering  problem.  In  recent  years  several  analytical  methods  have 
been  developed  to  investigate  scattering  of  elastic  waves  by  interior  cracks 
and  surface-breaking  cracks,  in  both  the  high-  and  the  low-frequency  domains. 
The  appeal  of  the  high-frequency  approach  is  that  the  probing  wavelength  is 
of  the  same  order  of  magnitude  as  the  length-dimensions  of  the  crack.  This 
gives  rise  to  interference  phenomena  which  can  easily  be  detected.  In  this 
paper  we  discuss  approximate  methods  for  the  solution  of  the  direct  scattering 
problem  in  the  high-frequency  domain,  which  show  good  agreement  with  experi¬ 
mental  results.  The  simple  analytical  solutions  to  the  direct  problem  suggest 
the  application  of  Fourier-type  integrals  to  solve  the  inverse  problem.  The 
application  of  two  kinds  of  inversion  integrals  to  far-field  high-frequency 
scattering  data  from  flat  cracks  has  been  discussed. briefly . 

I.  INTRODUCTION.  Reliable  methods  of  quantitative  non-destructive 
evaluation  (QNDE),  that  can  be  used  not  only  to  detect  the  presence  and  the 
approximate  location  of  a  flaw,  but  also  to  determine  its  size,  shape  and 
orientation  are  important  cornerstones  of  a  damage-tolerant  design  philosophy. 

Among  the  most  useful  QNDE  methods  are  those  based  on  the  scattering  of 
elastic  (ultrasonic)  waves  by  flaws  in  solids.  In  the  scattered  field 
approach  it  is  attempted  to  infer  che  geometrical  configuration  cf  a  flaw 
from  either  the  angular  dependence  of  its  far-field  scattering  amplitude  at 
fixed  frequency,  or  from  the  frequency  dependence  of  its  far-field  scattering 
amplitude  st  fixed  angles.  In  this  paper  analytical  investigations  for  the 
scattered  field  approach  to  detection  of  crack-like  flaws  are  uiscussed. 
Scattering  by  interior  cracks,  surface-breaking  cracks  and  cracks  near  a 
boundary  will  be  considered. 

In  experimental  work  on  quantitative  flaw  definition  by  the  ultrasonic 
pulse  method  either  the  pulse-echo  method  with  one  transducer  or  the  pitch- 
catch  method  with  two  transducers  is  used.  The  transducer (s)  may  be  either 
in  direct  contact  with  the  specimen,  or  transducer (s)  and  specimen  may  he 
immersed  in  a  water  bath.  Most  experimental  setups  include  instrumentation 
to  gate  out  the  relevant  pulses  in  the  scattered  field  on  the  basis  of 
arrival  times.  The  application  of  a  Fast  Fourier  Transform  to  these  pulses 
subsequently  yields  frequency  spectra.  Tn  the  frequency  domain  the  raw 
scattering  data  can  conveniently  be  corrected  for  transducer  transfer  functions 
and  other  characteristics  of  the  system,  which  have  been  obtained  on  the  basis 


of  appropriate  calibrations.  The  corrected  experimental  data  can  then  be 
compared  with  theoretical  results  that  have  been  obtained  by  harmonic  wave 
analysis . 

For  short  pulses  the  frequency  spectra  of  the  diffracted  signals  are 
centered  in  the  high-frequency  (short  wavelength)  range.  High-frequency 
incident  waves  give  rise  to  interference  processes  which  can  easily  be 
interpreted,  and  which  can  provide  the  basis  for  an  Inversion  procedure. 
Particularly  the  first  arriving  signals,  which  are  related  to  the  longi¬ 
tudinal  waves  in  the  solid,  produce  a  very  simple  structure  in  the  frequency 
domain. 

Elastodynamic  ray  theory  provides  a  powerful  cool  for  the  computation  of 
fields  generated  by  scattering  of  time-harmonic  waves  by  cracks,  when  the 
wavelength  of  the  incident  wave  is  of  the  same  order  of  magnitude  as  characteris¬ 
tic  length  parameters  of  the  crack.  Ray  theory  has  the  advantage  of  simplicity 
and  intuitive  appeal.  The  rules  that  govern  reflection,  refraction  and  edge 
diffraction  of  rays  are  well  established,  and  it  is  generally  not  difficult 
to  trace  rays  from  the  source  via  the  scatterer  to  an  observer. 

Considerable  progress  has  been  achieved  in  recent  years  in  the  application 
of  elastodynamic  ray  theory  to  scattering  by  cracks.  For  cracks  in  unbounded 
solids  theoretical  results  have  been  given  by  Achenbach  et  al  [1]— [3] .  For 
two-dimensional  problems  ray  theory  results  have  been  compared  with  exact 
results  in  Ref . [4]~ [5 ] ,  and  with  experimental  results  in  Ref. [6]. 

The  basic  concepts  of  elastodynamic  ray  theory  have  been  presented  by 
Karal  and  Keller  [7].  For  time-harmonic  wave  motion,  ray  theory  provides  a 
method  to  trace  the  amplitude  of  a  disturbance  as  it  propagates  along  a  ray. 

In  a  homogeneous,  isotropic,  linearly  elastic  solid  the  rays  are  straight 
lines,  which  are  normal  to  the  wavefronts.  An  unbounded  solid  can  support 
rays  of  longitudinal  and  transverse  wave  motion.  Those  rays  are  denoted  as 
L-rays  and  T-rays,  respectively.  The  free  surface  of  a  solid  can,  in 
addition,  support  rays  of  surface-wave  motion,  which  are  denoted  as  R-rays. 

When  a  disturbance  is  applied  to  the  surface  of  a  body,  generally  a  ray 
of  longitudinal  motion  as  well  as  a  ray  of  transverse  motion  are  generated. 

Upon  striking  an  interface,  rays  produce  reflected  and  refracted  rays.  Such 
reflection  and  refraction  problems  are  well  understood.  In  principle,  elasto¬ 
dynamic  ray  theory  can  be  used  to  construct  scattered  fields  generated  by 
cylinders,  spheres  and  other  curved  surfaces  of  simple  geometrical  shapes. 

These  fields  can  be  constructed  by  computing  the  fields  on  reflected  rays 
according  to  well-established  rules.  The  result  is  called  the  geometrical 
elastodynamics  (GE)  field.  The  GE  field  does,  of  course,  not  describe  the 
diffracted  field  which  penetrates  into  the  shadow  region.  Another  short¬ 
coming  of  tue  GE  field  is  that  it  shows  discontinuities  at  shadow  boundaries 
and  at  boundaries  of  zones  of  reflected  waves.  Additional  considerations  are 
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required  to  include  the  diffracted  field.  For  the  high-frequency  case 
these  considerations  have  resulted  in  the  formulation  of  the  geometrical 
theory  of  diffraction  (GTD)  which  was  formulated  by  Keller  [8], 

It  should  be  noted  that  for  sufficiently  large  frequency  the  geometrical 
elastodynamics  field  may  require  no  correction,  i.e.,  the  scattering  pheno¬ 
menon  may  be  entirely  dominated  by  geometrical  elastodynamics.  This  is  the 
case  for  backscatter  from  smoothly  curved  surfaces  with  radii  of  curvature  very 
large  as  compared  to  the  wavelength.  On  the  other  hand,  when  the  scattering 
obstacle  has  a  sharp  edge,  the  effect  of  edge  diffraction  may  be  quite  pro¬ 
nounced.  Edge  diffraction  is  particularly  relevant  for  cracks  when  the 
geometrical  elastodynamics  approximation  only  gives  a  shadow  zone  and  two 
bundles  of  reflected  rays. 

Diffraction  by  smooth  obstacles  in  elastic  solids  has  been  investigated 
by  Resende  [9],  who  also  considered  diffracted  by  an  edge  in  a  solid,  at 
least  for  the  two-dimensional  case. 


Fig.  1:  Wave  of  anti-plane  strain  incident  on  a 
semi-infinite  crack. 

IT.  DIFFRACTION  OF  ELASTIC  WAVES  BY  CRACKS.  It  is  instructive  to  start 
a  discussion  of  the  interaction  of  elastic  waves  witli  cracks  with  a  brief 
review  of  the  simplest  problem  of  that  type,  which  is  concerned  with  incidence 
of  waves  of  anti-plane  strain  on  a  semi-infinite  crack.  With  reference  to  the 
coordinate  system  shown  in  Fig.  1,  waves  of  anti-plane  strain  are  defined  by 
displacements  in  the  z-direction  which  depend  only  on  x  and  v.  These  dis¬ 
placement  components,  w(x,y),  satisfy  the  wave  equation 


3 


(2.1) 


V2w  +  k2w  =  0 
T 

where  V2  is  the  two-dimensional  Laplacian  and  k2  =  a,2/  c2,  where  ai  is  the 
circular  frequency  and  c  is  the  velocity  of  transverse  waves  (c2  =  p/p) . 

Here  it  is  implied  that  the  waves  are  time  harmonic,  but  the  term  exp(-iwt) 
has  been  omitted,  as  it  will  be  in  the  sequel.  An  incident  wave  of  anti-plane 
strain  is  defined  by 

w1(x,y)  =  A  exp[ikTrcos(9-0T) ]  (i 

where  (cosQ^sine^)  defines  the  propagation  direction,  and  (r,9)  are  polar 
coordinates  as  shown  in  Fig.  1.  The  conditions  on  the  faces  of  the  crack  are 

|^  =  0  x  >  0,  y=0  0 

dy 

It  should  be  noted  that  the  problems  defined  by  (2.1)— (2. 3)  is  completely 
analogous  to  incidence  of  an  acoustic  wave  on  a  rigid  screen,  or  of  a  magneti¬ 
cally  polarized  wave  on  a  perfectly  conducting  screen.  The  solution  is  due  to 
Sommerfeld  ,  and  it  can  be  found  in  several  places. 

A  detailed  derivation  of  the  solution  will  not  be  given.  It  can  be  checked 
that  the  solution  stated  below  satisfies  the  conditions  (2.1)— (2. 3) .  The 
solution  is  expressed  in  terms  of  the  function  F(z)  defined  by 


F(z)  =  exp(-iz2)  exp(it2)  dt 


This  function  has  the  following  property 


y  I 

F(-z)  =  Tr*exp(-iz2  +  -j-  rri)  -  F(z) 

For  the  problem  at  hand  z  is  real-valued.  Integration  by  parts  yields 


F (z)  =  ~  +  0(z  3)  for  z  >  0 

Zz  — 

Equations  (2.5)  and  (2.6)  imply  that 


F(-z)  =  ir*exp(-iz2  +  ^  wi)  -  ■—  +  0(z  3) 

To  investigate  F(z)  for  small  z  we  rewrite  Eq.(2.4)  as 


F(z)  =  exp(-iz2)  {  exp(it2)dt  -  exp(it2)dt} 
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It  then  follows  easily  that  for  |zj  <  <  1 


F(z)  =  -j|  7T  J  exp(-^i)  -  z  +  0(z2)  (2.9) 

The  solution  to  the  problem  defined  by  (2.1)- (2. 3)  is 

wt(x,y)  =  Att  zexp(ikTr-  in  i)  { F[  (2kTr)  ^  sin-|(eT~0)] 


+  Ft(2kTr)'^sin  -|(eT+e)l)  (2.10) 

where  the  superscript  t  indicates  that  this  is  the  total  solution,  i.e.,  the 
incident  field  is  included.  Let  us  investigate  some  aspects  of  this  solution. 

In  the  limit  as  r  -*  <»  ,  Eq.(2.10)  yields 


wt  =  A{exp[ikTr  cos(0-OT)  +  exp[ikTr  cos(0+0T)]) 


for  2tt-6t  <  e  <  2tt  (2.11) 

wC  =  A  exp[ik^r  cos(0-8^,)]  for  9^  <  0  <  2tt—  6 ^  (2.12) 

w1"  =  0  for  0  <  0  <  0^,  (2.13) 

where  (2.6)  and  (2.7)  have  been  used.  Equation  (2.11)  shows  the  existence  of 
a  zone  of  reflected  waves  where  the  incident  wave  has  been  reflected  as  if 
the  crack  where  infinite  in  extent.  Equation  (2.11)  shows  a  zone  of  incident 
waves  only,  and  (2.12)  shows  that  there  is  no  wave  motion  in  the  shadow  zone 
as  r  ■»>.  In  analogy  with  geometrical  optics,  the  expressions  given  by 
(2.11)— (2.1 3)  are  called  the  geometrical  el astodynam i cs  solution  (henceforth 
denoted  by  w8)  .  The  geometrical  elastodynamics  solution  is  discontinuous  at 
the  boundaries  of  tlje  shadow  zone  and  the  zone  of  reflected  waves.  The 
diffracted  field,  w  ,  which  is  defined  by 

wfc  =  w8  +  wd  (2.14) 

secures  a  smooth  transition  across  these  boundaries. 

When  kTr  >>  1  the  diffracted  field  follows  from  (2.6)  and  (2.7)  as 

wd  -  A  (kTr)“ 2DTH(0T; 0)  exp(ikTr)  +  0[(kTr)  3^21  (2.15) 
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where 


;t'G 


DTH(V">  = 


sin  — 6n.  . 

2  L  itt/4 

e 


cosO  -  cos6 


is  called  the  diffraction  coefficient.  Clearly  Eq.(2.15)  is  not  valid  when 
0  =  6^,  or  0  =  271-0^,,  i.e.,  near  the  shadow  boundary  and  the  boundary  of  the 
zone  of  reflected  waves.  Exactly  on  these  boundaries  the  fields  follow  from 
(2.10)  and  (2.9)  as 


(2.16) 


w1  =  j  A  exp(ikTr)  +  0[(kTr)  2]  (2.17) 

In  the  immediate  vicinities  of  6  =  0^.  and  0  =  2n  -  O  the  full  solutions  (2.10) 
must  be  used. 

The  results  given  by  (2. 11)— (2. 16)  can  conveniently  be  interpreted  within 
ttie  context  of  elastodvnami c  ray  theory.  The  incident  wave  consists  of  an 
infinite  number  of  rays.  The  rays  that  strike  the  crack  are  reflected 
according  to  the  usual  rules  of  plane-wave  reflection,  and  they  give  the 
geometrical  elastodvnamics  solution  as  given  by  (2 . 1 1)- (2 . 13) .  The  one  ray 
that  strikes  the  crack  tip  generates  a  source  at  the  crack  tip  with  an 
amplitude  factor  which  depends  on  the  angle  of  observation,  and  whose 
radiated  field  is  given  by  (2.15).  It  was  recognized  by  Keller  [8]  that 
these  elementary  observations  can  be  generalized  to  three-dimensions  to 
screens  (cracks)  with  curved  edges  and  to  other  than  plane  incident  waves. 

III.  GEOMETRIC  THEORY  OF  DIFFRACTION  FOR  SCALAR  WAVES.  A  more 
general  "canonical"  problem  than  discussed  in  the  previous  section  is  the  one 
of  general  oblique  incidence,  when  the  propagation  vector  of  the  incident 
plane  wave  makes  an  angle  $  with  the  edge  of  the  semi-infinite  screen.  For 
scalar  waves  this  problem  has  been  solved.  Far  away  from  the  edge,  the 
solution  shows  the  interesting  property  that  the  diffracted  field  behaves 
locally  as  a  plane  wave  whose  propagation  vector  emanates  from  a  point  on  the 
edge,  and  makes  an  angle  $  with  the  edge.  In  terms  of  ray  theory,  the  inter¬ 
pretation  is  that  an  incident  ray  which  strikes  the  edge  at  point  0  under  an 
angle  if,  generates  a  cone  of  diffracted  rays  with  semi-angle  <J»,  whose  apex 

is  on  the  edge  at  the  point  of  diffraction  0,  and  whose  axis  is  along  the 

edge.  The  fields  on  the  diffracted  rays  (the  generators  of  the  cone)  only 

vary  along  a  ray  in  the  distance  to  the  point  of  diffraction.  If  f  =  ti/2 

the  cone  degenerates  into  a  fan  of  rays,  and  the  solution  to  the  canonical 
problem  is  the  one  given  in  the  previous  section. 

The  geometric  theory  of  diffraction  (GTD)  generalizes  the  results  of  the 
canonical  problem  to  curves  edges  and  incident  waves  with  curves  wavefronts. 

The  Ansatz  is  that  the  rays  behave  in  the  same  way  even  if  the  crack  edge  is 
curved,  i.e.,  a  cone  of  diffracted  rays  is  generated  whose  axis  is  the  tangent 
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to  the  edge  of  the  screen.  The  fields  on  the  diffracteu  rays  are  in  terms 
of  diffraction  coefficients  (which  follow  from  the  canonical  problem  of  plane 
wave  incidence  on  a  semi-infinite  screen  with  a  straight  edge),  the  distance 
travelled  along  a  diffracted  ray,  and  the  incident  field  at  the  point  of 
diffraction,  and  certain  geometrical  correction  factors  which  involve  the 
curvature  of  the  edge  and  the  curvature  of  the  incident  wavefront. 

IV.  GEOMETRIC  THEORY  OF  DIFFRACTION  FOR  WAVES  1 N  ELAST IC  SOLIDS .  The 
general  ideas  outlined  in  the  previous  section  can  he  extended  to  elasto- 
dynamic  theory.  A  general  groundwork  for  a  three-dimensional  geometric  tiieory 
of  diffraction  by  cracks  in  elastic  solids  was  given  by  Achenbach  and  Gautesen 
|1]  and  Gautesen,  Achenbach  and  McMaken  1 2  ] .  The  main  difference  between  the 
scalar  and  elastic  wave  problems  lies  in  the  appearance  of  both  longitudinal 
and  transverse  waves  in  elastic  solids,  which  are  coupled  by  conditions  on  the 
boundaries . 

For  plane  longitudinal  and  transverse  waves,  which  are  under  arbitrary 
angles  of  incidence  with  a  t ract ion- f ree  semi- inf ini te  crack,  the  fields  on 
the  diffracted  rays  can  he  obtained  by  asymptotic  considerations  for 
mr/Cj  >  >  1.  This  was  shown  in  detail  in  Kef.[l].  The  results  of  Ref.[l]  pro¬ 
vide  'the  canonical  solut  ions  for  a  geometric  theory  ol  diffraction  of  elastic 
waves.  Basic  to  such  a  theory  is  the  result  that  two  cones  of  diffracted 
ravs  are  generated  when  a  ray  carrying  a  high-frequency  body-wave  strikes  the 
edge  of  n  crack.  The  surfaces  of  the  inner  and  outer  cones  consist  of  L-rays 
(longitudinal)  and  T-ravs  (transverse),  respectively.  The  half-angles  of  the 
e ones  are  related  by  Snell’s  law.  In  addition  there  are  2  rays  of  surface 
waves.  (R-rays)  on  the  faces  of  the  crack;  one  on  each  crack  face. 


Fig.  2:  Incident  ray  and  cones  of  diffracted  rays 


Figure  2  shows  the  cones  generated  by  an  incident  Longitudinal  ray.  For 
this  case  the  diffracted  longitudinal  rays  make  the  same  angle  with  the 
tangent  to  the  edge  as  the  incident  ray,  and  the  diffracted  ravs 'of  transverse 
motion  are  under  an  angle  with  the  edge,  where  cos^,  =  c^,  cos  <1^  .  The 

rays  of  surface  wave  motion  are  not  indicated  in  Fig.  2. 


Let  us  define  primary  diffracted  rays  as  rays  that  have  interact  d  once 
with  the  edge  of  the  crack.  Secondary  diffracted  rays  have  interacted  twice 

witli  the  crack  edge,  and  nL  multiple  diffracted  rays  have  interacted  n  t  ir.es 

with  the  edge  of  the  crack.  The  total  fields  at  a  point  of  observation  are 

now  not  just  comprised  of  the  fields  on  the  primary  diffracted  body  wave  ravs. 
At  the  edge  of  the  crack  rays  of  crack-taco  motion  are  generated,  which  inter¬ 
sect  the  crack  edges  again  and  generate  additional  diffracted  body  wave  rays. 
Some  of  these  secondary  diffracted  rays  will  pass  through  the  point  of  obser¬ 
vation.  On  the  faces  of  the  crack,  important  contributions  to  the  diffracted 
fields  arc  coming  from  rays  of  surface  waves  because  in  the  first  approximation 
the  diffraction  coefficients  for  the  body  wave  motions  vanish  on  the  crack 
faces,  except  for  diffracted  horizontally  polarized  transverse  wave  motions. 

In  addition,  surface  wave  motions  suffer  less  geometrical  decay  than  body 
wave  motions. 


When  a  R-ray  intersects  the  edge  of  a  crack,  a  ray  of  reflected  surface 
wave  motion  is  generated,  as  well  as  cones  of  diffracted  rays  of  longitudinal 
and  transverse  motions.  The  reflection  coefficients  have  been  discussed  in 
Ref, [2].  The  cones  of  diffracted  L-  and  T-rays  have  also  been  analyzed, 
and  the  associated  diffraction  coefficients  have  been  obtained.  With  the 
aid  of  these  results  the  contributions  to  the  diffracted  fields  oi  waves  which 
travel  via  the  crack  faces  can  he  computed.  Thus  the  total  diffracted  field 
consists  of  primary  diffractions  and  a  svstem  of  higher  order  diffractions. 
Pertinent  results  have  been  summarized  in  Kef. [4], 

With  (IE  and  LTD  the  total  displacement  field  is  of  the  form 


This  result  is  still  not  valid  at  the  boundaries  of  the  shadow  zone  and  the 
zone(s)  of  reflected  waves.  In  a  further  refinement  which  is  called  uniform 
asymptotic  theory  (UAT) ,  the  fields  at  these  boundaries  are  corro  h-d, 

For  incident  waves  with  curved  wavefronts  and  for  curved  diffracting  edges, 
the  cones  of  diffracted  ravs  have  envelopes,  at  which  the  ravs  coalesce  and  the 
fields  become  singular.  The  envelopes  are  called  caustics,  and  OTD  breaks 
down  at  caustics. 

Within  the  context  of  LTD  theory  of  Refs.(l]  and  1.1,  the  diffracted  field 
at  a  point  of  ohserv.it  ion  <)  is  comprised  of  contributions  correspond ing  to 
"primary"  diffracted  body-wave  ravs,  which  are  directly  generated  hv  incident 
body-wave  ravs,  an.!  contributions  corresponding,  to  "secondary"  diffracts  1  bodv- 
wave  ravs.  The  latter  are  generated  hv  ra\js  travelling,  via  the  .  rack  faces. 

Thus,  the  diffracted  displacement  field  u  at  Q  can  be  represented  bv 
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(A.  2) 


a  u 

U  =  11  +.11 

i-  -:•••» 

where  ii  1  and  u '  ri*p  resent  tin-  primary  and  secondary  diffractions,  respec- 

:  ."y 

tivrlv.  In  u'  tlio  svmbol  a  deli  nos  tin.'  incident  ray,  i.e.,  a  =  1-  or 

i=l,  while  .  del  i ill's  the  diffracted  ray,  r  =  I,  or  r  =  T.  In  u.  tin 

svmbol  ,■  defines  the  crack-face  ray,  i.e.,  >■’  =  KS  (surface-symmetric), 

;  =  KA  (surface-ant  isvmmet  ric)  or  =  I'll  (horizontally  polarized  transverse). 

Hie  symbol  >  defines  the  bodv-wave  ravs  generated  bv  diffraction  of  a  crack- 
face  rav;  thus  v  =  I.  or  >  =  T.  If  needed  the  summat  ions  in  Eq.  (4.2)  are 
carried  out  over  all  ravs  of  a  particular  type  passing  through  0.  The 
number  of  relevant  ravs  can  be  determined  on  the  basis  of  arrival  times  in 
the  time  domain. 

Results  obtained  on  the  basis  of  Kq.(4.2)  have  been  presented  in  Refs. 

[  )]-[’>  |  and  thev  have  been  compared  with  results  obtained  bv  numerical 
solution;  of  a  novel-nine,  singular  integral  equation. 

in  Kefs.|4]  and  | a |  a  hvbrid  method  has  been  explored.  In  this  method 
tiie  crack-open i ng-d i splaeomcnt  (COP)  is  computed  on  the  basis  ol  elasto- 
dvnar.i i e  rav  tlieorv,  and  the  dil  traeted  t  ield  is  subsequent  1  v  obtained  by 
the  use  of  a  representation  theorem.  The  advantage  of  this  approach  is 
that  the  trouble  with  rav  tlieorv  at  shadow  boundaries  and  boundaries  ol  zones 
of  specular  reflection  is  eliminated,  and  caustics  only  need  to  he  dealt  witli 
on  the  taees  ot  the  crack. 

V.  I'.Xl’KRlMF.NTAl.  RI'St'l.TS.  Experimental  results  in  the  h i gli-f requeue . 
range  that  are  suitable  for  comparison  with  theoretical  results  have  been 
reported  in  Re f . |  b  |.  The  sample  was  a  circular  disk  (2.4  x  10  cm)  of 
titanium  alloy  which  eon’ained  a  penny-shaped  crack  of  radius  2400g  parallel 
to  the  t lat  laces,  and  located  at  the  center  of  the  disk.  The  disk  was 
immersed  in  water.  A  transmitter  launched  a  longitudinal  wave  to  the  water- 
titanium  interface  under  normal  incidence.  This  wave  was  transmitted  into  the 
solid,  dil tract ed  bv  the  crack ,  and  tin  diffracted  waves  were  transmitted  hack 
into  the  fluid,  where  tlicv  were  received  bv  a  second  transducer.  The  experi¬ 
mental  set-up  and  the  processing  o:  tin  data  am-  discussed  in  some  letail  in 
He  1  .  |  (,  |  . 


In  the  experimental  work  the  nature  ol  the  diffracted  signals  is  deter¬ 
mined  bv  their  arrival  times.  Since  the  tirst  arriving  signals  are  related 
to  longitudinal  waves  in  the  solid,  it  is  possible  to  gate  out  and  separate 
the  purely  longitudinal  diffracted  signals  from  subsequent  signals.  Bv 
appropriate  processing  of  the  experimental  data,  as  discussed  in  Ref.n,  the 
amn I i t ude-spec l rum  is  obtained  for  the  longitudinal  diffracted  waves  onlv. 

I  bus  lor  tin  present  comparison  of  analytical  and  experimental  results  we  need 
to  consider  onlv  the  primnrv  diffracted  bodv-wave  ravs  in  our  analytical  work. 
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Fig.  3: 


Geometry  in  the  plane  of  symmetry  of  a  penny-shaped  crack. 


The  interference  patterns  for  the  first  arriving  longitudinal  waves  in 
the  fluid  are  generated  by  phase  differences  and  amplitude  differences  on 
the  direct  rays  from  the  two  crack  tips,  see  Fig.  3.  Adding  the  primary 
diffracted  longitudinal  fields  from  the  point  0  and  0„  we  obtain  in  the 
far-field. 


Uj  -  F(0,Oo)  exp  [  im  (S/c^+S/Cp)  +  ir/4] 


F(6,6o)  =  H^exp[-i(wa/c^)  (cosG  -  sine^)  ]  +  i^exp  l  i  (uia/c^)  (cos6  -  sin0o)] 
sgn(cos9.)  T(93)  |dL(9  ;6^)| 

h.  = — — v  l  J  =  X’2  (5*3) 

J  (wS./c  ) 2(1+S./C)'2(1+S./E) 2(1+S./C) 2 


V 


Here  w  is  the  circular  frequency,  a  is  the  crack  radius,  S  =  AB,  U 

represents  the  incident  wave  at  point  0,  and  c^  and  c  are  the  velocities 

of  longitudinal  waves  in  solid  and  fluid  respectively.  The  geometrical 
quantities  are  indicated  in  Fig.  3.  In  Eq.(5.3)  T(‘)  is  the  transmission 

coefficient  at  the  solid  fluid  interface,  and  D^(-;-)  is  the  diffraction 

coefficient.  For  details  of  the  derivation  of  Eqs. (5 . 1)- (5 . 3)  we  refer  to 
Ref. 6.  It  should  be  noted  that  one  of  the  terms  is  imaginary,  since  the 

ray  has  crossed  a  caustic.  Of  particular  interest  is  the  absolute  magnitude 
of  F, 


iFl  =  { 1 ] 2  +  |H2|j+  2 | Hx 1 | H2 [ sin  2 (wa/cL) (cose-sinG^ ( 
Here  we  have  taken  into  account  that  either  H^  or  H2  is  imaginary. 


2, 00  *c00  6. Ofi  8.00  Kb  00  12.00  14.00 


F  Rt  out  Nf  V  (Miiz) 

Fig.  4:  Comparison  of  Eq.(5.4)  with  experimented  results. 

Theoretical  results  obtained  from  Eq.(5.4)  have  been  plotted  together 
with  experimental  data  in  Fig.  4.  The  frequency  varies  from  2  MHz  to  about 
14  MHz.  The  angle  in  the  solid  is0'(=n/2  -0)  =  53°.  The  amplitudes  of  the 
first  few  cycles  agree  well.  At  higher  frequencies  (above  6  MHz)  the  experi¬ 
mental  results  are  lower  than  predicted  by  theory.  One*possible  explanation 
is  the  effect  of  attenuation  which  is  not  accounted  for  in  the  theory.  In 
all  cases  the  positions  of  maxima  and  minima  of  the  spectra  agree  well.  The 
locations  of  the  maxima  are  significant  for  the  inversion  process.  Additional 
comparisons  with  experimental  data  have  been  reported  in  Ref.  6. 
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VI.  ELEMENTARY  CONSIDERATIONS  FOR  THE  INVERSE  PROBLEM.  The  theoretical 
expression  for  the  amplitude  spectrum  given  by  Eq.(5.4)  implies  that  the 
amplitude  of  the  primary  diffracted  field  is  modulated  with  respect  to  w/c^ 
with  period 

P  =  fr/a  I  cosQ  -  sinO  I  (5.5) 

o 

It  is  of  interest  to  apply  Eq.(5.5)  to  the  experimental  measurements.  Since 
we  know  that  6  =  0,each  amplitude  spectrum  will  give  a  number  for  a 

from  the  periodicity  of  the  modulation.  We  have 


2  sinCe")  Af 

L  ave 

where  0'  =  \  r-0  and  Af  is  the  average  frequency  spacing  between  two 
L  z  L  ave 

consecutive  maxima. 


(5.6) 


The  results  of  the  size  determination  are  given  in  Table  1.  The  agreement 
between  actual  crack  radius  (a  -  2500y)  and  the  predicted  values  is  excell¬ 
ent  . 


0{  =  *'2  '  \ 

Af 

ave 

computed  a  in  P 

35° 

2.18 

25  30 

40 

1.87 

26  30 

45 

1.83 

2450 

50 

1.68 

2460 

55 

1.60 

2410 

60 

1.47 

2500 

65 

1.39 

2510 

Table  1:  Crack  radius  a  computed  from  Eq.(5.6)  for  a  penny-shaped  crack  in 

titanium  (c^  =  6330  m/s) 
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VI.  SURFACE-BREAK  INI’)  CRACKS.  A  sur  f  ace-break  i  ng  cracx  is  ono  of  the 
most  harmful  crack  configurations.  It  is,  therefore,  not  surprising  that 
considerable  efforts  have  been  devoted  to  their  detection.  In  this  section 
we  review  two-dimensional  solutions  to  the  direct  scattering  problem  for 
incident  surface  waves.  The  geometry  is  shown  in  Fig.  5. 


Fig.  5:  Surface-breaking  crack. 

The  easiest  problem  for  the  geometry  shown  in  Fig.  5  is  concerned  with 
scattering  of  incident  body  waves  of  anti-plane  strain.  The  problem  has  been 
considered  as  a  specific  and  separate  problem  by  some  authors.  This  is, 
however,  completely  unnecessary.  Referring  to  Fig.  5,  the  solution  can  be 
obtained  from  the  results  for  a  crack  of  length  2d  (x  -  0,-d  <  y  <  d)  in  an 
unbounded  medium  by  taking  a  system  of  two  incident  waves  which  are 
symmetric  with  respect  to  the  plane  y  =  0. 

Unfortunately,  the  simple  symmetry  considerations  that  hold  for  the  case 
of  anti-plane  strain  are  not  valid  for  the  in-plane  case.  Symmetry  considerations 
do  not  work  because  of  mode  coupling  of  longitudinal  and  transverse  waves  at  a 
traction-free  plane.  Tints,  it  is  not  possible  to  construct  a  system  of  incident 
waves  in  an  infinite  solid  with  an  interior  crack,  so  that  the  cond’’tions  for  a 
surface-breaking  crack  are  automatically  satisfied.  Hence  the  problem  of 
scattering  by  a  surface-breaking  crack  must  be  considered  as  a  completely 
separate  problem. 

Fxact  solutions  for  the  two-dimensional  geometry  of  a  crack  of  deptli  d  in 
an  elastic  half-plane  were  given  in  Refs.flo]  and  [11].  In  Ref. [11]  the 
scattered  displacement  fields  due  to  either  a  time-harmonic  surface  wave  or  a 
plane  t ime-harmonic  longitudinal  or  transverse  body  wave  incident  upon  the 
crack  from  infinity  are  investigated.  The  total  field  in  the  half-plane  is 
taken  as  the  superposition  of  the  specified  incident  field  in  the  uncracked 
half-plane  and  the  scattered  field  in  the  cracked  half-plane  generated  by 
suitable  surface  tractions  on  the  crack  faces.  These  tractions  are  equal  and 
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opposite  to  the  tractions  generated  by  the  incident  wave  in  the  uncracked 
half-plane  when  evaluated  in  the  plane  of  the  crack.  By  decomposing  the 
scattered  fieid  into  symmetric  and  anti-symmetric  fields  with  respect  to 
the  plane  of  the  crack,  a  pair  of  boundary  value  problems  for  the  quarter- 
plane  is  obtained.  These  two  boundary  value  problems  are  reduced  by  integral 
transform  techniques  to  two  uncoupled  singular  integral  equations,  which  are 
solved  numerically  using  a  collocation  scheme.  The  derivation  of  the  synmetr 
equation  has  been  presented  in  Ref.[lO],  and  the  derivation  of  the  anti-symme 
integral  equation  is  presented  in  Ref. [11].  The  era  tv. -opening  displacements  a 
then  easily  calculated  from  the  solutions  of  the  singular  integral  equations. 
The  exact  representations  of  the  diffracted  displacement  fields  are  subse¬ 
quently  obtained  in  the  form  of  finite  integrals  over  the  crack  length,  which 
are  evaluated  numerically. 


Fig.  6:  The  total  field  ahead  of  the  c rack  (forward  transmitted 

field)  . 


i  c 

trie 

re 


Figure  6  shows  the  forward  transmitted  field,  and  the  hack-scattered  field  is 
shown  in  Fig.  7.  Apparently  most  of  the  incident  wave  is  backscattered . 


Fig.  7.  Comparison  of  exact  and  approximate  dimensionless  x-com- 
poncnts  of  the  displacement  fields  for  the  back-scattered 

surface  waves,  where  |  (u'’s)  |  =  | (u^S)  |/A(2c^/c^  -  1). 

K  X  K  X  IK 

-  -  -  Kay  theory  of  Ref.  [12].  O-Exact,  see  [11].  - 

Asymptotic  evaluation  of  exact  integrals  of  [11]. 

VII.  INVERSION  INTEGRALS.  We  will  consider  a  first  approach  to  the 
inverse  problem  for  a  crack  in  an  unbounded  solid.  In  this  approach  it  is 
assumed  that  the  scattered  field  can  be  adequately  represented  by  ray  theory. 
Tims,  the  field  at  a  point  of  observation  Q  is  assumed  to  consist  of  the 
summation  of  the  contributions  from  each  of  the  rays  passing  through  Q.  The 
nature  of  these  rays  depends  on  the  location  of  Q  relative  to  the  crack  and 
relative  to  the  source  point  S.  There  can  be  direct  rays,  reflected  L-  and 
T-  rays  and  diffracted  I.-  and  T-rays.  If  Q  is  in  the  shadow  zone,  only 
diffracted  rays  can  pass  through  Q.  The  magnitudes  of  the  signals  carried  by 
diffracted  rays  is  0[  (coa/c.,  )"'*]  as  compared  to  the  signals  of  the  direct  and 
reflected  rays,  where  a  is*a  characteristic  dimension  of  the  crack. 

In  practical  examples  we  can  include  primary  diffracted  rays  which  are 
generated  by  the  incident  rays,  and  secondary  diffracted  rays  generated  by 
rays  travelling  via  the  crack  faces.  In  this  discussion  we  will  just  consider 
the  primary  diffracted  rays,  which  correspond  to  the  first  arriving  diffracted 
signals.  For  a  flat  crack  with  a  smooth  edge  there  are  generally  two  primary 
diffracted  rays.  The  points  of  diffraction  on  the  crack  edge  are  called  the 
"flash"  points.  The  locations  of  the  flash  points  are  determined  by  relatively 
simple  geometrical  considerations,  based  on  the  rule  that  the  point  Q  must  lie 
on  a  cone  of  diffracted  rays. 
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For  an  incident  ray  of  longitudinal  motion  the  displacement  f:  '  i  on  a 
diffracted  ray  of  longitudinal  motion  is  of  the  general  form 

St  '  lkLSQ<WVPl.)ri  i  DL<W8)  \  CXI,<lkLV 

Here  =  w/c^  ,  is  the  distance  from  the  point  of  diffraction  I)  along  the 

diffracted  ray,  p,  is  the  distance  along  the  rav  from  the  point  of  diffraction 

t  L 

to  the  caustic,  defines  the  direction  of  displacement,  and  Uj'(i  j  >  6)  is 

the  diffraction  coefficient.  The  angles  i  and  ’•  define  the  direction  of  the 

incident  ray  relative  to  a  coordinate  system  at  tin  point  of  diffraction,  6 
defines  the  point  of  observation,  and  li  defines  tie  incident  ray  at  the  point 
of  diffraction: 

UL  =  A  S'1  expd^) 

where  is  the  distance  from  the  source  point  to  the  point  of  diffraction. 

It  is  now  assumed  that  we  know  a  point  0  in  the  vicinity  of  the  crack, 
while  the  source  point  S  and  the  point  of  observation  Q  are  far  from  the  crack. 
Let  Xg,  Xq  and  denote  the  position  vectors  of  S,  Q  and  the  flash  point  D 

relative  to  0.  Let  x0  =  | xg | ,  =  | x^ |  and  x^  =  |  |  ,  then  xg,  x^  >>  . 

Defining  the  unit  vectors  x  =  x  /x  and  x  =  x  /x  ,  we  can  write 

~  U  *■  U  U  ~  o 


- 


SD  "  XS  '  (~ S " 'D} 


Equation  (7.1)  may  then  be  expressed  in  the  form 


Gl(xs)Gl(xq)  =  F  ~L  kL2  exP(-lkl.?'JlD) 
where  the  bisector  vector  q  is  defined  as 


9  =  *S  +  *Q  ’ 


r.f  (x)  =  (4ttx)  expCikjX) 
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The  function  F  follows  from  (7.1). 


The  form  the  diffracted  field  given  by  (7.5)  suggests  simple  Fourier-type 
inversions  integrals  to  recover  the  size,  shape  and  orientation  of  a  crack 
from  the  far-field  data.  The  following  inversion  integrals  have  been  inves¬ 
tigated  in  some  detail  in  Kef. [IT]. 


(i) 


■k 

fxU) 


oo 

exp (ikj  g .  A)  f(kL)  dk^ 

-OO 


(7.8) 


(ii)  f*(X) 


CO 

k^  exp (ik^q .A)  f (kj )  dk^ 

— rx» 


(7.9) 


where  >.  defines  a  test  point  in  the  mediums. 

Suppose  we  now  take  the  experimentally  obtained  amplitude  spectrum  of 
the  early-arriving  longitudinal  diffracted  signal,  and  divide  it  by  G^(Xg) 

and  G  (x^).  It  may  then  be  assumed  that  the  result  is  of  the  general  form 

given  by  the  right-hand-side  of  (7.5).  We  then  apply  the  inversion  integral 
given  by  (7.9)  to  this  result.  By  virtue  of  the  relation 


f 

J 


exp(ikLp) 


dk. 


6<P) 


(7.10) 


we  obtain  a  Dirac  delta  function  when 

q  •  (x-  xD)  =  o 


(7.11) 


Thus,  the  application  of  (7.9)  to  the  right-hand  side  of  (7.5)  will  give  a 
delta-function  behavior  when  the  test  point  X  is  located  in  a  plane  through 
the  flash  point  normal  to  the  known  bisector  vector  g.  For  convenience 
A  can  be  taken  along  g.  By  taking  many  points  of  observation  Q,  the  crack 
edge  can,  in  principle,  be  constructed.  For  further  discussions  we  refer  to 
Ref .  ill  1 . 

It  should  of  course  be  realized  that  the  scattered  field  is  generally  only 
known  over  a  finite  frequency  range.  In  that  case  the  application  of  the 
inversion  integral  yields  a  function  of  the  form  sin(k^x)/x  rather  than  a  Dirac 

delta  function,  and  the  position  of  the  plane  corresponds  to  the  principal  peak. 
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ABSTRACT.  The  propagation  and  interaction  of  solitary  waves  in  a 
three-dimensional,  monatomic,  face-centered-cubic  lattice  are  investi¬ 
gated.  The  atoms  which  constitute  the  lattice  are  assumed  to  interact 
through  a  Morse-type  interatomic  potential.  A  sequence  of  solitary 
waves  is  generated  by  subjecting  the  lattice  to  shock  compression  at  a 
steady  rate  and,  from  the  numerical  solution  of  the  atomic  equations  of 
motion,  the  stability  of  the  solitary  waves  is  studied.  It  is  pointed 
out  that  in  general  the  pulses  are  not  so  stable  as  in  similar  one¬ 
dimensional  models  and,  in  particular,  are  rather  unstable  when  encount¬ 
ering  oscillations  transverse  to  their  propagation  direction.  It  is 
also  observed  that  under  some  conditions  coupled  longitudinal  and  trans¬ 
verse  solitary  waves  can  propagate  in  phase  at  the  same  velocity  through 
the  lattice.  The  long -wavelength,  continuum  limit  of  the  equations  of 
motion  is  then  derived  and  it  is  demonstrated  analytically  that  these 
equations  also  predict  the  existence  of  the  coupled-wave  profiles  ob¬ 
served  numerically.  The  way  in  which  solitary  waves  may  affect  the 
shock  profile  and  conventional  assumptions  regarding  it  in  solids  is 
also  discussed. 

I.  INTRODUCTION.  In  some  recent  calculations  we  have  investigated 
the  propagation  of  shock  waves  in  both  one-dimensional  [1,2]  and  three- 
dimensional  [5]  discrete,  crystal  lattices.  Our  efforts  have  been  moti¬ 
vated  to  some  extent  by  the  early  computer-molecular-dynamic  calculations 
of  Tsai  and  coworkers  [4]  which  revealed  a  number  of  anomalous  effects 
in  the  shock  profile.  Our  work  has  tended  to  substantiate  these  findings 
and  has  suggested  that  the  existence  in  the  lattice  of  solitary  waves, 
or  rather  well-defined,  fairly  stable  pulses,  could  account  for  the  un¬ 
expected  results.  It  has,  therefore,  been  of  some  interest  to  us  to 
study  the  properties  of  a  solitary  waves,  particularly  in  three  dimen¬ 
sions,  since  this  problem  has  received  relatively  little  attention  in 
the  1 i terature. 

In  this  paper  we  will  discuss  the  results  of  our  investigation  of 
the  properties  of  solitary  waves  in  a  three-dimensional  lattice.  After 
defining  the  model,  we  begin  by  demonstrating  how  solitary  waves  can  be 
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generated  in  the  lattice  and  how  their  stability  can  be  investigated 
using  a  computer-molecular-dynamic  technique.  The  continuum  limit  of 
the  equations  of  motion  will  then  be  taken  and  it  will  be  shown  that 
these  equations  are  capable  of  predicting  analytically  many  of  the  same 
effects  revealed  in  the  numerical  study.  Finally,  we  discuss  briefly 
the  anomalous  effects  in  the  shock-wave  calculations,  and  suggest  how 
the  properties  of  the  solitary  waves  account  for  these  effects.  The 
discussion  in  this  paper  is  intended  to  be  more  abbreviated  and  quali¬ 
tative  than  that  presented  elsewhere.  For  greater  detail,  the  reader 
is  referred  to  the  literature  [3,5]. 


II.  MODEL  AND  EQUATIONS  OF  MOTION.  The  three-dimensional  model 
which  we  have  employed  in  the  calculations  is  shown  schematically  in 
Figure  1.  It  consists  of  a  face-centered-cubic  lattice  which  is  made 
as  long  as  necessary  in  the  z  direction  to  complete  the  calculation 
and  which  is  periodic  in  the  x  and  y  directions.  A  typical  cross 
section  of  the  lattice  is  shown  on  the  left-hand  side  of  the  figure 
and  contains  eight  unique  atoms;  we  have,  however,  in  many  calculations 
employed  as  many  as  32  atoms  in  the  cross  section.  Planes  of  atoms 
normal  to  the  z  axis  are  numbered  consecutively,  beginning  with  the 
first  located  at  z=0,  and  atoms  within  a  given  plane  can  be  numbered 
any  convenient  manner. 


The  atoms  within  the  lattice  are  assumed  to  interact  through  a 
Morse-type  interatomic  potential.  Thus,  the  equation  of  motion  satis¬ 
fied  by  the  atli  atom  in  the  ith  plane  can  be  written 


d2?. 


=  2  RA  l 

7  n  L- 


dl  ‘ 


8,1 


-2R(A  r.  -r.  ,  -1)  -R(A  r.  -r.  J-l) 
o'  i,a  j _e  o'  i,a  j  ,6 


x 


r.  -r . 
l  ,a  J 


r  i  ,  a  ~  r  j  ,  B 
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-► 

All  quantities  have  been  made  dimensionless:  r^  ^  represents  the  posi¬ 
tion  vector  to  uth  atom  in  the  it_h  plane,  and  is  normalized  by  the  lat¬ 
tice  constant;  A  is  the  lattice  constant,  normalized  by  the  separation 

of  an  isolated  atom  pair  at  minimum  potential;  x  represents  the  time, 

normalized  by  (m/D) 2  aQ,  where  m  is  the  atomic  mass,  D  the  dissociation 

energy,  and  the  lattice  constant;  and  R  is  a  parameter  indicating 

the  degree  of  nonlinearity  in  the  Morse  potential.  The  sums  over  j  and 
B  in  Fq.  (1)  go  over  all  atoms  in  the  vicinity  of  the  (i,a)th  for 
which  an  appreciable  interaction  occurs.  Fquation  (1)  just  represents 
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Newton's  second  law  for  the  atoms  in  the  lattice  and  we  are  concerned 
with  solving  this  equation  numerically  for  each  atom  an1,  from  the  solu¬ 
tion,  inferring  the  response  of  the  lattice  to  any  cxc.’.ation.  tor  the 
calculations  discussed,  the  equations  were  solved  under  the  assumption 
that  R  was  given  by  6.29,  a  value  which  is  appropriate  for  a  lattice  of 
nickel  atoms  [6] . 

III.  GENERATION  OF  SOLITARY  WAVES  AN  I )  NUMERICAL  STUDY  OF  'lilflR 
STABILITY.  A  sequence  of  solitary  waves  can  be  generated  in  the  lattice 
by  having  each  atom  initially  at  rest  in  its  equilibrium  position  and 
subjecting  the  lattice  to  shock  compression.  To  do  so  we  drive  the 
end-most  plane  of  atoms,  located  at  z=0,  along  the  positive  z  axis  at  a 
constant  compression  velocity.  The  formation  of  the  solitary  waves  can 
be  seen  most  easily  by  looking  at  a  series  of  velocity-time  trajectories 
of  various  planes  of  atoms  in  the  lattice  subsequent  to  their  being  ex¬ 
cited  by  the  shock  front.  A  typical  set  of  such  trajectories  is  shown 
in  figure  2.  Each  plot  is  begun  at  time  tq  whicli  corresponds  to  the 

time  at  which  the  plane  in  question  is  first  encountered  by  the  shock, 
and  v^  denotes  the  (common)  velocity  of  atoms  in  the  ith  plane,  nor¬ 
malized  by  /D/m. 

U’e  see  that  the  shock  front  introduces  an  oscillatory  wave  profile 
at  the  second  plane  which  is  very  similar  to  that  of  a  harmonic,  one- 
dimcnsional  chain.  As  the  shock  propagates  farther,  however,  and  the 
atoms  become  farther  displaced  from  their  equilibrium  positions,  non¬ 
linear  effects  become  increasingly  important.  These  effects  tend  to 
steepen  the  profile  as  can  be  seen  in  the  trajectory  of  the  20th  plane. 
Furthermore,  it  is  found  that  the  higher-amplitude  pulses  propagate  at 
a  higher  velocity  and,  consequently,  the  pulses  tend  to  spread  apart  as 
they  form.  The  spreading  effect  can  be  seen  by  comparing  the  separation 
of  peaks  at  the  20th  and  40th  plane.  Asymptotical ly ,  which  for  practical 
purposes  occurs  by  about  the  40t]i  plane,  the  pulses  approach  the  same 
height  and  the  spreading  ceases  to  occur.  At  this  point  a  sequence  of 
solitary  waves  has  formed  in  the  vicinity  of  the  front  and  they  will 
propagate  indefinitely  into  the  lattice  without  changing  their  shapes. 
Physically,  they  represent  a  balance  between  the  dispersion  in  the 
lattice,  which  tends  to  spread  the  pulses  out,  and  the  nonlinearity  in 
the  lattice  which  tends  to  steepen  them.  In  the  event  that  the  solitary 
waves  are  stable  to  various  typos  of  perturbations,  they  are  called 
sol i tons . 

A  single  solitary  wave  can  bo  isolated  from  the  sequence  near  the 
shock  front  and  its  properties  studied.  The  first  question  that  might 
be  investigated  is  to  ask  the  extent  to  which  the  solitary  waves  are 
stable  to  mutual  collisions  in  three  dimensions.  To  investigate  this 
problem  we  launched  two  solitary  waves,  having  equal  but  oppositely 
directed  velocities  at  opposite  ends  of  a  lattice  that  was  48  planes 
long.  Shown  at  the  top  of  Figure  3  is  the  rightward-moving  solitary 
wave  as  it  encounters  the  13th  plane  in  the  lattice.  TTie  leftward- 
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'  igure  3.  Collision  of  two  solita 


moving  pul  so ,  not  shown ,  i  *.  now  at  the  hath  plane.  Th  c  two  pulses 
collide  in  the  vicinity  of  the  2*lth  plane  and  a  Very  no'n  a'e.ir  inter¬ 
action  occurs  us  can  be  seen  in  the  center  of  the  f  igu  e.  Finally,  at 
a  much  later  time,  the  collision  has  occurred  and  the  net'. at  i  ve- veloc  i  ty 
solitary  wave  has  reached  the  13th  plane  whose  trajectory  is  shown  on 
the  bottom  of  the  figure. 

It  is  evident  from  the  latter  trajectory  that  some  substantial 
oscillations  are  left  behind  after  the  collision,  and  the  pulses  ar** 
no!  completely  stable.  1'h  i  s  case  might  He  compared  with  the  correspond¬ 
ing  case  in  one  dimension  where  previous  calculations  [1,2]  indicated 
that  t  iie  pulses  wire,  for  the  Morse  lattice,  stable  to  within  the  accu¬ 
racy  of  the  numerical  data.  I  veil  in  the  three  dimensions,  however,  the 
integrity  ot  the  poises  is  maintained  fairly  well. 

We  have  also  mvc:  t  i gated  the  stability  ol  the  solitary  waves  to 
sma 1 1  -  amp  1 1 1 ude ,  longitudinal  and  transverse  planar  oscillations  and  to 
random  thermal  oscillations  in  the  lattice  by  sending  a  solitary  wave 
til  rough  a  region  of  the  lattice  which  contained  one  or  more  of  these 
particular  types  of  oscillations.  Without  belaboring  the  details,  we 
found  essentially  that  the  pulses  were  fairly  stable  both  to  small  longi¬ 
tudinal  oscillation'  and  to  thermal  background,  but  were  rather  unstable 
to  planar  ascii lat  i  >ns  in  tin  transverse  direction.  In  fact,  a  rather 
:  nt  ei  t-s;  i  n,;  effect  oecurri  d  when  *v  on;  a  solitary  wave  of  sufficiently 
hi.!,  .imp!;  ?:ide  through  a  re.;  ion  of  the  lattice  wh  i  Ji  contained  transverse 
planir  0*1  i | lat ions  in  the  y  direction.  i  in*  incident  pulse,  shown  at 
tin  top  'l  t  igure  i  ,  wa*.  1  ong  1 1  tid :  na  1  and  had  an  amplitude  of'  about  3.60. 
1:  !  in  pui  c  were  stable  to  the  t  ran-*  verse  oscillat  icris,  we  would  expect 
t hi  pul s.*  to  emerge  from  the  oscillatory  region  with  its  shape  unchanged. 
Wici'  *e  a*  ti.il  ly  observed.  however,  shown  on  the  lowir  ha  1  f  of  the  figure 
wa  th  it  t  wo  pulses  emerged ,  one  longitudinal  and  ont  transverse.  We 
ha*.  *•  !  1  1  *  *wed  their  propagation  some  distance  into  the  lattice  and  found 

*  In!  th’i  propagate  exactly  in  piia**e  and  a'  the  same  propagation  veloc - 
if..  Wi  have  t  heret'oi  e  called  the  emergent  jalses  ccupled  solitary  waves 
•V  sight  be  ixpeited,  the  emergent  longitudinal  pulse  has  an  amplitude 
which  i  ■  -.mailer  than  the  incident  pul  *e  I  3 .  1  '  here  compared  to  5.60], 

!  v  i  dt  nt  1  .  ,  the  1  on  c  1 1  ud.  i  na  1  solitary  wave  accentuates  the  transverse 
planar  *  <  illations  initial  1*  present  iti  the  lattice,  thereby  producing 
fro  *>:ip  led  finises  observed  in  t  hi  figure. 

I  v  .  Kl  ..HI.  IS  1'Kll'i.  lid  Hi  i  *  >\  i  1  '*  ■"  !M  i  odV!  IONS.  Since  the  results 
■  t  the  ;  *  t  '  i  •  i  i*il  i  ng  sot  t  i  on  are  completely  numerical ,  it  . i.  ol  interest  to 
a  •  i  whet  hi  i'  we  can  obtain  approximate  analytic,  solutions  for  the  so  1  i  - 

•  i:  w  a .  •  prof  lies  and  predict  the  existence  of  coupled  solitary  waves. 

!:,  .-i  *ii  it  to  do  so  we  made  a  number  of  simplifying  as  sunt:  tions  in  the 

.  i?  i  "  "f  motion  represented  h.  f  q .  |  1  I  t  rst  ,  we  took  the  continu¬ 

um  In:  t  t  tin*  eipiat  ion  which  should  be  valid  for  excitations  whose 
wa1.*  l'ii,.th  i*.  long  compared  to  the  i  nt  crparl  i  s  le  separation.  We  re¬ 
raise!  in  the  limit  not  .ml.  the  u*-ual  harmonic  terms ,  but  also  the 
low*  f  i 1  r .  1  *  *  r  terms  in  the  dispersion  and  in  the  nonlinearity  ot'  the  lat- 
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of  coupled  solitary  waves.  The  upper  part  of 
shows  a  longitudinal  solitary  wave  incident  on 
t  the  lattice  containing  transverse  planar 
ns.  Ihe  lower  part  shows  the  two  emergent 


1  i gure  4  . 


Tene  rat  1  on 
the  f i gure 


ticc.  Second,  we  restricted  ourselves  to  only  planar  oscillations  in 
the  longitudinal  (z)  direction  and  one  transverse  (y)  direction.  There¬ 
fore,  each  atom  in  a  particular  plane  normal  to  the  z  axis  had,  at  any 
time,  a  velocity  identical  to  every  other  atom  in  the  plane.  The  other 
transverse  direction  could  have  been  included  also,  but  doing  so  greatly 
complicates  the  algebra  without  really  clarifying  any  essential  physics 
of  the  problem.  Third,  we  assumed  that  each  atom  in  the  lattice  interacts 
with  only  its  nearest  neighbors,  of  which  there  are  12  in  a  face-centered- 
cubic  lattice.  Finally,  since  the  solitary  waves  represent  steady, 
travelling-wave  solutions  to  the  equations  of  motion,  we  assumed  solutions 
for  the  y  and  z  components  of  the  planar  velocities  of  the  form 


v  =  v  (z-Ct )  =  v  (C) 

y  y  y 


(2) 


vz  =  v^ (z-Ct )  =  vz(5)  . 


The  unknown  parameter  C  represents  the  propagation  speed  of  the  solitary 
waves.  Identical  arguments  were  chosen  for  the  two  functions  since  the 
coupled  pulses  were  found  to  propagate  in  phase. 

The  assumed  forms  of  the  solutions  indicated  in  Hq.  (2)  were  then 
substituted  into  the  continuum  equations  derived  in  the  manner  discussed 
above  (see  Ref.  5  for  details)  and  two  coupled,  nonlinear,  second-order 
differential  equations  were  obtained  for  the  planar  velocities: 


v  ' '  =  av  -  48v  v  (3a) 

y  y  y  Z 

vz/ '  =  yv„  -  6vz‘  -  Bv^  .  (3b) 

The  primes  represent  differentiation  with  respect  to  £  and  the  parameters 
a,  B,  y ,  and  6  arc  given  by 

a  =  12(C2/  C2  -  1) 

8  =  3 (3R- 1 ) /C  (4) 

y  =  1 2 (C2 /  C 2  -  1) 

<5  =  18 (R- 1 )/C . 

Here  =  2/2  R  is  the  long-wavelength  longitudinal  sound  speed  in  the 
crystal,  and  Ct=2R  is  the  corresponding  transverse  speed.  The  solution 
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of  hqs.  (5)  should  predict  the  profiles  of  the  coupled  solitary  waves 
in  the  continuum  limit.  Of  course,  for  the  case  v  =0,  the  solution  of 

the  equation  for  v^  corresponds  to  the  profile  of  an  isolated  longi¬ 
tudinal  solitary  wave. 


Unfortunately  Eqs.  (3)  are  still  too  difficult  to  solve  analyti¬ 
cally,  but  are  obviously  easier  to  solve  numerically  than  is  Eq .  (1) 
Their  numerical  solution  can  be  effected  by  assuming  an  amplitude  v__ 


for  the  longitudinal  pulse  and  deriving  from  Eqs.  (3)  the  co 
amplitude,  v  ,  of  the  transverse  pulse.  One  finds  [5] 


v 


yo 


v 

::o 
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(5) 


The  equations  are  then  integrated  numerically  assuming  that  their  maxi¬ 
mum  values  are  attained  at  6  =  0.  It  is  found  that  solutions  which  remain 
fin  te  at  infinity  are  obtained  only  if  the  appropriate  value  of  C, 
found  by  trial  and  error,  is  used  in  the  numerical  solution. 

for  the  limiting  case  in  which  v  <<  v  however,  it  is  possible 

yo  to  ' 

to  obtain  an  approximate  analytic  solution  to  Hqs .  (3).  The  solution 
may  be  viewed  as  the  first  step  in  an  iterative  procedure.  We  proceed 
by  noting  that  since  v  is  small,  we  can,  as  a  first  approximation,  set 

it  equal  to  zero  in  Eq.  (3bl .  The  resulting  equation  can  then  be  re¬ 
duced  to  a  quadrature  and  integrated  to  yield, 

vz  =  31  sech'T,  /7  ?)  .  (6) 


We  now  substitute  Eq.  (6)  into  Eq.  (3a),  reducing  it  to  a  second-order, 
linear  differential  equation  which  is  identical  in  form  to  the  time- 
independent  Schrocdinger  equation.  The  equation  can  be  solved  by  series 
solution  [5]  and,  for  the  case  R=6.29,  we  obtain 


C  =  1.60  C„ 


and 


vo 


sech^ ' 21 (2.3\) . 


(7) 

(8) 


Vvo  rePresents  t^c  amplitude  of  the  transverse  solitary  wave  in  this 

approximation.  Using  the  value  of  C  represented  by  Eq.  (7),  ve  obtain 
from  Eq.  (6) 


=  9.S  sech" ( 2. 3C ) . 
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We  should  emphas i  :.v  that  Fqs.  (..Sj  and  ('.))  represent  only  a  Very 
approximate  solution  to  Fqs.  (.1).  Thu  solution  predicts,  for  instance, 
that  the  amplitude  of  the  longitudinal  solitary  wave  i  .  the  coupled- 
wave  profile  is  identical  to  that  for  an  isolated  longitudinal  solitary 
wave  having  the  same  value  of  C;  actually,  the  amplitude  of  the  longi¬ 
tudinal  pulse  is  reduced  in  the  coupled  configuration  and  the  amount  of 
reduction  depends  on  the  amplitude  of  the  transverse  pulse.  Furthermore, 
the  value  of  v'  is  not  predicted  bv  the  analvtic  solution  in  lowest 

y0  i  - 

order  and,  if  one  wishes  to  compare  analytic  and  numerical  solution:  , 
this  parameter  must  be  fit  to  the  numerical  result:..  Finally,  the 
lowest -order  approximation  yields  only  one  acceptable  eigenvalue  and 
therefore  only  one  solution  to  the  equations.  Other  solutions  do  exist, 
however,  ard  these  are  no  doubt  predicted  by  the  higher-order  terms. 

Despite  these  limitations,  the  solutions  represented  by  F.qs .  (8) 
and  (9)  do  predict  the  solitary-wave  profiles  quite  well  in  the  limit 
v  <<  v_.  To  demonstrate  this  agreement  explicitly,  we  have  solved 

Fqs .  (5)  numerically  for  a  longitudinal  solitary  wave  having  an  ampli¬ 
tude  of  about  10.2.  The  solution  was  found  to  diverge  at  infinity 
i  less  C  was  given  by  the  value,  C  =  1 . 68C& .  From  Fq.  (8),  then,  the 

amplitude  of  the  transverse  wave  is  about  1.5.  The  results  of  the 
numerical  calculation  are  shown  by  the  solid-line  curves  in  Figure  5, 
in  which  velocity  profiles  are  plotted  as  a  function  of  r/C.  Since 
it  is  apparent  that  v  r  v_  in  this  case,  the  analytic  solutions 

represented  by  Fqs.  (8)  and  (9J  should  approximate  the  profiles  reason¬ 
ably  well.  A  graph  of  the  analytic  solution  for  the  longitudinal  wave 
[Fq.  (9)]  is  shown  by  the  dashed  curve  at  the  top  of  Figure  5.  Further¬ 
more,  when  we  set  v^o  =  1.5  in  Fq.  (8)  and  attempted  to  plot  the  trans¬ 
verse  prise  on  the  lower  graph  in  Figure  5,  the  analytic  result  was 
found  to  be  coincident  with  the  numerical  result  to  within  the  accuracy 
with  which  we  could  plot  the  data.  Obviously  the  agreement  is  quite 
good . 

As  a  final  point,  we  should  indicate  that  we  have  observed  coupled 
solitary  waves  in  our  numerical  studies  of  the  discrete- lattice  equations 
only  for  rather  large- ampl i tude  longitudinal  solitary  waves.  Further¬ 
more,  we  have  been  unable  to  obtain  convergent  numerical  solutions  to 
Fqs.  (5)  whenever  we  assumed  an  amplitude  for  the  longitudinal  pulse 
that  was  smaller  than  that  predicted  by  the  analytic  solution,  namely, 
9.8.  Apparently,  then,  a  threshold  amplitude  exists  for  the  longi¬ 
tudinal  solitary  wave,  below  which  it  cannot  support  the  propagation 
of  a  transverse  wave  coupled  to  it.  Furthermore,  in  the  continuum 
limit,  that  amplitude  is  predicted  by  the  analytic  solution  in  lowest 
order . 


Figure  5.  Comparison  of  numerical  and  an 
The  solid  line  represents  the 
the  dashed  line  the  analytic  s 
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V.  1.1  I  iris  WAUS_  S'Kui-iU.'j.  A-  .i.dic.itcd 

previously  our  interest  in  the  study  of  solitary  waves  .ir.  -e  iron 
attempts  to  explain  anomalous  effects  which,  occur  in  f  -  conput c r- 
molecular  dynamic  simulations  of  shock  propagation  in  discrete  crystal 
lattices.  Those  calculations  were  carried  out  using  the  same  model 
discussed  here  and  the  shock  wave  was  again  initiated  and  sustained  by 
driving  the  end-most  plane  of  atoms  at  a  constant  compression  velocity. 
Usually,  however,  we  allowed  for  some  initial  thermal  motion  in  the 
lattici  prior  to  compression  in  order  to  simulate  an  initial  ambient 
temperature.  Nevertheless,  we  still  observed  solitary  waves,  both 
isolated  and  coupled,  propagating  amid  and  interacting  with  the  thermal 
background  in  the  lattice.  The  existence  of  the  solitary  waves  in  the 
l.-ttice  can  account  for  some  rather  unexpected  results  which  occur  in 
the  e  shock-wave  calculations. 

first,  because  the  pulses  which  arc  growing  into  solitary  waves 
propa "ate  at  speeds  which  increase  with  increasing  amplitude,  they  tend 
to  spread  apart  as  they  form.  This  spreading  effect  gives  rise,  at 
least  at  early  times  and  for  low  ambient  temperatures,  to  a  nonsteady 
shock  profile.  Thus,  the  transition  region  between  the  two  equilibrated 
parts  of  the  lattice  becomes  longer  as  the  shock  wave  propagates  farther 
into  the  crystal.  This  effect  was  first  noted  by  Tsai  and  coworkers  [4] 
in  earlier  shock-wave  calculations. 

Second,  because  of  the  fair  degree  of  stability  of  the  solitary 
waves,  the  approach  to  thermal  equilibrium  behind  the  shock  front  is 
rather  slow.  It  is  clear  that  it'  the  solitary  waves  were  completely 
stable  ( sol i tons) ,  no  mechanism  would  exist  for  destroying  this  orderly 
progression  of  energy  and  thermal  equilibrium  could  never  be  attained. 
Because  the  pulses  do  decay  somewhat  as  they  are  'objected  to  various 
perturbations,  however,  there  is  a  tendency  for  the  lattice  to  equili¬ 
brate,  but  only  at  distances  far  behind  the  front. 

finally,  one  of  the  more  interesting  anomalous  effects  which 
occurs  in  shock-wave  simulations  is  the  existence  of  an  overshoot  in 
the  therma 1 -energy  density  directly  behind  the  front.  In  particular, 
if  one  defines  a  "temperature"  associated  with  each  Cartesian  direction, 
it  is  found  that  each  temperature  overshoots  its  final  equilibrated 
value  behind  the  front  for  strong,  shocks.  The  effect  is  shown  in  Figure 
n,  where  each  of  the  three  temperatures  is  plotted  as  a  functn  n  of 
position  behind  the  shock  when  the  front  is  at  the  i>20th  plane.  The 
overshoots  in  the  three  Cartesian  directions  can  be  accounted  lor  by  the 
existence  of  high-amplitude,  coupled  solitary  waves  behind  the  front. 

For  weak  shock  waves,  it  was  observed  that  the  overshoots  in  the  trans¬ 
verse  directions  disappeared.  In  that  case,  evidently,  the  amplitudes 
of  the  longitudinal  solitary  waves  lie  below  the  threshold  for  which 
coupled  solutions  can  exist. 

All  three  of  these  effects  are  clearly  in  contradiction  to  the 
usual  assumptions  and/or  results  of  continuum-mechanical  treatments. 


31 


Those  calculations  predict  that  the  shock  wave  is  steady,  that  the 
shock-front  thickness  is  quite  small,  and  that  the  temper-’ ture  rises 
montonically  from  its  ambient  value  ahead  of  the  shock  to  its  final 
value  behind  the  shock.  In  future  calculations  it  would  be  of  interest 
to  make  the  model  more  realistic  in  an  effort  to  determine  whether  any 
of  these  effects  is  likely  to  occur  in  real  solids. 
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TRAVELING  WAVE  SOLUTIONS  OF  A  MODEL  SYSTEM 


FOR  FLAME  PROPAGATION 
SHAO-SHIUNG  LIN 

Mathematics  Research  Center,  University  of  Wisconsin 

ABSTRACT 

A  simplified  model  for  flame  propagation  is  derived  from  the  lowest  order 
terms  of  the  asymptotic  expansion  (in  terms  of  a  suitable  length  scale)  of  the 
full  set  of  nonlinear  equations  for  gaseous  combustion  in  an  open  infinite 
tube.  It  is  shown  the  simplified  model  system  supports  unique  traveling  wave 
solutions  determined  by  the  unburned  gas  state.  The  problem  of  the  "cold 
boundary  difficulty"  is  analyzed. 

1.  INTRODUCTION.  It  is  well-known  that  the  flame  fronts  in  a  combustible 
gas  mixture  are  generated  as  a  balance  of  the  energy  release  from  chemcial 
reactions  and  transport  processes  such  as  heat  conduction  or  chemical  species 
diffusion.  A  model  for  the  flame  propagation  based  on  the  assumption  that  the 
density  of  the  gas  be  constant  during  the  combustion  process  has  been  studied 
in  detail  [5],  [2]»  In  this  paper,  we  intend  to  improve  the  model  by  taking 
account  of  the  fact  that  the  gas  expands  after  the  combustion,  and  hence 
induces  motion  of  the  gas.  We  will  discuss  the  existence,  uniqueness,  and 
properties  of  the  flame  fronts.  We  will,  in  particular,  take  note  of  the 
"cold  boundary  difficulty". 

The  model  under  study  is  derived  from  the  lowest  order  terms  of  an 
asymptotic  expansion  of  the  complete  set  of  equations  governing  the  dynamics 
of  gaseous  combustion.  The  asymptotic  expansion  is  done  with  respect  to  a 
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typical  length  scale  of  the  reaction  zone.  Thus,  the  pressure  across  the 


flame  front  necessarily  remains  constant.  If  we  also  assume  that  the  density 
is  constant,  our  model  reduces  to  the  reaction-diffusion  model  studied  in  [5]. 

II.  THE  GOVERNING  EQUARIONS.  Gaseous  combustion  obeys  the  conservation 
laws  of  mass,  momentum,  energy  and  chemical  species.  In  one  space  dimension 
( -00  <  x  <  “>)  and  time  t  >  0  the  corresponding  set  of  nonlinear  pde  is: 

Pt  +  (pu)x  =  0  n ) 

2 

(pu)  +  (pu  +  p)  =  v  u  (2) 

t  X  XX 


(*/-2  pu2  +  Pe)fc  +  (uC1/^  pu2  +  pe)  +  u  p)^ 


(3) 


=  (XT  )  +  v(u  u  )  +  0 

XX  XX 


*>(T,e) 


(pe)fc  +  (pue)x  =  6(pex)x  -  ^'e)  (4) 

p  «  p(T,p)  ,  e  =  e(T) .  (5 ) 

For  the  notation  in  these  equations,  see  the  nomenclature  at  the  end  of  the 
paper.  The  identities  in  (5)  are  the  equations  of  states.  In  particular,  for 
a  polytropic  ideal  gas. 


p  **  RTp  ,  e  =  —  T 

where  y  =  c  /c  is  the  specific  heat  ratio  of  the  gas,  and  is  assumed  to  be 
p  v  • 

constant. 

The  chemical  reaction  in  the  combustion  process  is  assumed  to  be  of  the 


form 


reactant  ■*  product , 

and  exothermic  with  a  heat  release  of  quantity  Q  per  reaction.  Since  e  is 
the  mass  fraction  of  the  reactant,  the  law  of  mass  action  demands  that  the 
reaction  term  in  (3)  and  (4)  be  of  the  form 

*>(T,e)  -  z  ea(T)  , 
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where  the  reaction  rate  A(T)  Is  assumed  to  be  of  Arrhenius  type  with  an 
ignition  temperature  : 


0  ,  if  0  <  T  <  T 

A(T)  =  1  (6) 

exp(“  ).  if  T  >  T  . 


In  general,  is  obtained  from  actual  experiment. 

The  gas  mixture  is  also  assumed  to  be  in  exact  stoichiometric  ratio  so 
that,  when  the  chemical  reaction  has  completed,  only  the  products  remain. 

A  discussion  of  these  model  equations  and  other  ommitted  mechanisms  can 
be  found  in  [6]. 

III.  THE  SIMPLIFIED  MODEL  EQUATIONS  FOR  FLAME  PROPAGATION.  It  is  well- 
known  th.it  a  flame  front  in  a  typical  (hydrocarbon)  gas  mixture  propagates 
into  the  quiet  unburned  gas  with  a  speed  having  order  of  magnitude  100 
cm/sec.  This  speed  of  propagation  is  highly  subsonic.  This  fact  is 
consistent  with  an  analysis  of  weak  deflagrations  in  the  ZND  model  [2].  It  is 
also  well-known  that,  in  order  to  predict  correct  flame  speed,  it  is  necessary 
to  take  account  of  the  internal  mechanisms  of  the  reaction  zone.  That  is,  the 
effects  of  heat  conduction  or  chemical  species  diffusion  are  essential  to  the 
formation  of  the  flame  fronts.  Therefore,  to  obtain  a  simplified  model  for 
flame  propagation  from  (l)-(5),  we  shall  assume  that 

(a)  the  gas  is  non- viscous  ( v  =*  0  in  (2),  (3)), 


(b)  the  gas  is  incompressible,  and 

(c)  the  typical  length  scale  for  the  reaction  zone  =  (6x)  is  much 
smaller  than  a  typical  length  scale  of  the  environment. 


Then,  if  we  introduce  the  dimensionless  time  and  length  scale 


x  x 

Lo  *  JTx  ' 
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and  form  an  asymptotic  expansion  with  respect  to  the  inner  scale  Lg ,  the 
equations  (1)-(4)  become 

P«  ♦  (pu)_  =  0 
t  x 


P* 

x 


=  0 


pc  + 

P  t 


puc  T»  =  f 

P  X 


). 


Q  v’(e.T) 


pe..  +  pue.  =  (pe«)»  -  ^(e,T). 

t  X  XX 


Thus,  within  the  reaction  zone,  the  pressure  p  remains  constant. 

In  this  report,  we  will  study  this  simplified  system.  We  will  from  now 

A 

on  write  x  for  x  and  t  for  t  ,  and  will  rewrite  the  simplified 
equations  in  the  form: 

p  +  (pu)  =  0  (7) 

t  x 

pc  T.  +  puc  T  =  (  y  T  )  +  Q  ^(e,T)  (8) 

p  t  p  x  v  6  x'x 

pe  +  pue  =  (pe  )  -  tfe,T).  (9) 

t  x  x  x 

As  for  the  equations  of  state  in  (5),  the  assumption  (6)  implies  that  the  gas 
can  expand  only  due  to  temperature  increase.  Thus 

p  -  p(T)  ,  p' (T)  <  0  .  (10) 

IV.  TRAVELING  WAVE  SOLUTIONS  INTERPRETED  ftS  FLAME  FRONTS.  Vhe  flame 
fronts  travel  through  the  gas  mixture  with  a  definite  speed  and  burn  the 
unburned  gas  to  a  definite  burned  gas  state.  Therefore  we  shall  interpret  the 
flame  fronts  as  traveling  wave  solutions  of  (7)  -  (10).  Thus  we  look  for 
solutions  of  the  form 
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u 

u 

T 

e 

(x,t)  - 

T 

e 

5  «  x  vt  , 


(ii ) 


satisfying  the  boundary  conditions 


t  \ 

u 

u  1 

0 

T  | 

(-«)  = 

T 

e  j 

u 

J 

. 1  . 

' 

f  u 

u 

1  1 

T 

(00)  = 

T1 

e 

j 

0 

T  <  T.  <  T  . 
0  l  1 


(12) 


V  in  ( 1 1 )  is  an  unknown  quantity  which  represents  the  speed  of  the  flame. 

That  e  =  1  and  Tg  <  T^  in  (12)  shows  that  the  gas  is  unburned  at 
C  =  .  Similarly,  the  gas  is  completely  burned  at  £  =  m  .  Thus  we  may  take 

V  >  0  .  The  main  result  is: 

Theorem  1:  Assume  that  A(T)  is  bounded.  Then,  given  any  unburned  gas 

state  at  ?  =  -00,  there  is  a  unique  V  >  0  and  a  corresponding  unique  burned 
gas  state  at  C  =  °°  such  that  equations  (7)-(10)  have  a  unique  traveling  wave 
solution  of  the  form  (11),  (12). 

Furthermore .  T^  =  Tg  +  ^ —  and  there  exists  a  unicrue  number  m  >  0 

P 


such  that 


m 


p(T(U)(u(5)  +  V)  for  all  C  . 


Thus,  the  burned  gas  state  is  specified  by  the  relations 

m  m  „ 


V  - - - 

p0  0 


u 


1  P(Tt) 


The  uniqueness  in  the  theorem  depends  very  much  on  the  assumption  that 
Tj  >  0  .  See  the  remarks  in  Section  VI. 

The  flame  profile  obtained  in  this  theorem  represents  the  internal 
structure  of  the  reaction  zone.  Outside  the  reaction  zone,  the  flame 
structure  is  mainly  gas  dynamical.  This  fact  can  be  used  to  prove  the 
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exist  »•!!'-«>  r.f  weak  d«  f  la-.-j  it  i  t  •:  t  *.*•  - k  t  t  it  1  '  -  '  '  ,  . 

The  proof  of  this,  t  hem  »-m  will  be  j  .h.i  re,;  in  u.-t  » .  e.sewhct  . 

However,  we  will  Illustrate  the  method  of  ;ro  f  ;  r.  a  1.1’.  <-ar>>-. 

V.  1  ••  K  1-ri.  Thr'  '  A  T  CV  T!!h  !  KW : V"v'-;o-  !  ,  '  1  7  •_*'«.  Tt:e  U'wls 
number  in  (7)- (10)  is  defined  to  be 

X 

L  * - —7  . 

P  c  t 
P 

In  this  section,  we  snail  assure  that  I.tTj  1  (<r  dll  T  .  T.M  . 

assumpt  icr.  will  lead  to  the  conservation  of  the  ts'al  enthalpy. 

Substitutinq  (11)  into  (7)-(9),  we  obtain  that 

P  (T  (  £  )  )  (  u  ( t'  )  ♦  V)  -  m  =  constant  (13) 

cpr  T  *  -  (  ^  T  ’  )  ‘  ♦  Q  v'  ( t  ,  T  )  <  14  ) 

mt*  =  (,«•)•  ,o,Tl.  (1b) 

<1T 

where  T '  =  —  (',)  ,  etc.  Applicat  ion  o:  raxir.um  ■,  r  iruti;  le*.  to  !  1 4  i  and  (  1‘ 

implies  that,  if  (13)-  (1b)  and  (12)have  a  s'i':'  isr,,  then 

e  '  ( C  )  <  0  ,  T  •'■',)>  0 
and  e  ( (j )  ,  T(5)  are  bounded.  Thus, 

fc'  (*.«■»)  -  T’  (  i»)  -  0  .  Mb' 

Now,  from  (14)  and  (15), 

m(c  T*  +  Q r ' )  -  [  j  T'  +  ypt '  )  ’  .  (17) 

P  u 

Integrating  (17)  from  F,  -  -»  to  general  £  yields 

m( c  T  +  Qe )  =  (  '  T'  +  Ope ' )  +  m(  c  T  +  CO.  (Ihi 

p  o  p  0 

Similarly,  integrating  (17)  from  F  =  «=  to  qeneral  (,  gives 

m(c  T  ♦  Qc  )  =  (  7  T’  +  £>pc  ’ )  *  m  c  T.  .  (19) 

P  *  pi 

Thus  if  ( 12)  —  ( 15)  have  a  solution,  a  comparison  of  (18)  and  (19)  gives 

c  T  ♦  C  -  c  T  .  (20) 

p  0  pi 

T^  is  uniquely  determined  by  Tg  ;  (20)  Is  true  no  matter  whether  L  -1  or 
not.  Note  that  we  have  used  (16)  in  the  derivation  of  (17)  and  (18). 
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Suppose  that  L 


then,  the  quantity 


will  satisfy 


X 

6 


c  p  ; 

P 


H  =  c  T  *  Ct 
P 


mH  «  pH  '  +  mH  (  '“> )  , 

H ( -“)  =  H  (®)  . 

This  follows  f rom  (IB)  an  1  (#10).  Obviously, 

H  <4 )  =  H (-)  for  al 1  ;  .  (21  ) 

Thus  h;?,)  is  conserve!  luring  the  combustion  process.  The  quantity  H  is 
the  total  enthalpy  of  l  7  > - M  0  >  , 

Using  (.71),  (14)  an  i  (If)  can  he  combined  into  a  simple  nonlinear 
eigenvalue  problem 

c 

cm  T '  *  c  (  p  i  T  >?  ’  )  '  ♦  *  •'  -P  ( T  -  T )  ,  T '  , 

P  P  Cl 

T(  — )  -  Tq  ,  T(»l  -  T1  , 


where  m  appears  as  the  eigenvalue.  That  this  problem  has  a  unique 
solution  m  and  Tii)  follows  from  a  well-knowm  phase  plane  analysis  first 
rigorously  discussed  by  Gel  * f and  '  ? 1 .  Also,  see  (S). 

For  arbitrary  Lewis  number  L  ,  the  Schauder  fixedpomt  theorem  is  used 
to  prove  the  existence  of  solution  to  (12)-(15).  The  main  estimate  needed  to 
establish  the  applicability  of  Schauder  fixed  point  theorem  is  tc  estimate  the 
total  enthalpy  H  in  terms  of  L  ;  the  latter  is  only  constant  when  L  =  1  . 

VI.  cc'LP  pi'l'NPABY  p IFF! CULTY  ANTI  OTHF.P  REMARKS.  The  determination  of 
the  ignition  temperature  Tx  Is  somewhat  arbitrary.  Strictly  speaking,  the 
qaa  is  not  In  stable  chemical  equilibrium  even  if  Tn  <  .  The  gas  is 


always  in  a  "met astable"  state  even  at  low  temperature.  However,  without  the 


r  : 

f 


assumption  that  T^  >  0  ,  the  problem  <  12)  —  (15)  would  not  be  well-posed.  This 

"cold  boundary  difficulty"  is  wel 1-discussed  in  [6]. 

In  the  model  (7 >-(10),  the  cold  boundary  difficulty  can  be  discussed  as 

follows.  Assuming  that  Tq  =  0  in  M2),  one  can  establish 

Proposition :  If  the  unburned  state  in  (12)  is  fixed,  then 

lim  V(T  )  =  VQ 
T  +0  1 

l 

exists . 

Thus,  no  matter  how  small  the  ignition  temperature  is,  the  gas  can  always 
support  a  flame  front  with  a  definite  speed.  It  seems  that  the  assumption 
T^  >  0  is  immaterial. 

However,  if  we  don't  assume  the  existence  of  an  ignition  temperature, 
i.e.  instead  of  (6),  we  assume 

A(T)  *  exp(  -  )  for  all  T  , 

then  one  can  show 

Theorem  2 :  Fix  the  unburned  state  in  (12)  with  TQ  =  0  ;  then  there 
exists  Vq  such  that  (7)— (12)  have  a  solution  iff  V  >  VQ  . 

Thus,  without  the  assumption  of  an  ignition  temperature,  the  observed  flame 
front  tends  to  be  unstable.  Its  speed  tends  to  fluctuate.  The  cold  boundary 
difficulty  actually  occurs. 

Mathematically,  the  cold  boundary  difficulty  is  due  to  the  extremely 

,  £ 

singular  behavior  of  the  function  exp[-  —  J  around  T  =  0  .  This  fact  also 
leads  to  difficulty  in  computing  the  flame  speed  for  certain  gas  mixture. 

VI.  CONCLUSION.  The  model  equations  discussed  in  this  report  take  care 
of  the  combined  effects  of  gas  expansion  due  to  the  temperature  increase  after 
combustion  and  the  transport  processes.  We  show  that  the  flame  fronts  exist 


in  this  model,  and  we  discussed  some  of  their  properties. 


This  model  is  exclusively  used  to  discuss  flame  propagation 
(deflagrations);  the  model  system  (7)— (10)  is  not  appropriate  for  a  discussion 
of  detonation  waves.  We  shall  show  in  a  future  paper  that  it  leads  to  a 
discussion  of  flame  propagation  for  the  full  set  of  equations  (1)-(5)  where 
all  tv e  effects  of  gas  dynamics  are  incorporated. 


NOMENCLATURE 


P 

u 


p 

e 

T 

e 

v 

X 
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T 

£> 


c 


V 


c 


P 


R 


Gas  density 
Gas  velocity 
Gas  pressure 

specific  internal  energy 

Gas  Temperature 

mass  fraction  of  the  reactant 

coefficient  of  shear  viscosity 

coefficient  of  heat  conduction 

coefficient  of  chemical  species  diffusion 

typical  reaction  time  of  the  chemical  reaction 

heat  content  of  the  chemical  reaction 

specific  heat  at  constant  volume 

specific  heat  at  constant  pressure 

universal  gas  constant 

activation  energy  of  the  chemical  reaction. 
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DEVELOPMENT  OF  DEFLAGRATION  CN  INITIALLY  COLD  COMBUSTIBLES 
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ABSTRACT  Deflagration  waves  may  be  generated  in  com¬ 
bustible  materials  in  several  different  wavs,  which  incl  be 
self-heating,  application  of  external  thermal  stimulus  or 
increasing  the  Damkohler  number  above  the  critical.  The 
corresponding  transients  are  compared,  with  special  emphasis 
on  the  third  mode  of  combustion  initiation. 

I.  Introduction  Burning  can  be  initiated  in  a  variety 
of  ways  in  materials  that  combust  as  a  result  of  therm, ally 
accelerated  exothermic  reactions.  Self-induced  burning 
(mode  I)  can  occur  if  chemical  heating  overcomes  heat  loss 
to  the  environs.  Otherwise,  an  external  stimulus,  such  as 
heat  flux  at  the  surface,  can  be  applied  (mode  II).  Alter¬ 
natively,  the  reaction  rate  can  be  enhanced  by  increasing 
the  Damkohler  number  above  the  critical  (mode  III),  by 
raising  the  pressure,  for  example. 

Recently,  for  modes  I  and  II,  Kapila  ([1]  and  [2])  has 
described  the  transients  that  lead  to  the  establishment  of 
combustion  waves  in  nondef ormable  materials.  For  mode  I  the 
evolutionary  process  consists  of  a  mildly  reactive  induction 
stage  which  ends  m  thermal  runaway,  followed  by  a  brief  ex¬ 
plosion  period  in  which  a  rapidly  intensifying  hot  spot 
develops.  Upon  maturity,  the  hot  spot  is  transformed  into  a 
propagating  wave.  The  situation  is  essentially  tne  s  me  for 
mode  II,  except  that  there  an  initial  period  of  inert 
heating  and  the  weak  reaction  responsible  for  thermal  runaway 
occurs  in  a  thin  surface  layer.  In  this  paper  we  discuss  how- 
thermal  runaway  occurs  in  mode  III;  events  subsequent  to  run¬ 
away  follow  the  same  course  as  in  modes  1  and  II.  Only  a 
brief  description  is  giver,  here,  since  details  can  be  found 
in  [3]  . 

II.  Formulation  bet  a  combustible  be  confined  to  the 
region  between  the  planes  x  =  -  1.  Let  the  boundaries  of 
the  region  be  maintained  at  constant  levels  of  temperature 
and  reactant  concentration  (i.e.  heat,  fresh  mixture  and  com¬ 
bustion  products  are  allowed  to  cross  the  boundaries) .  Taking 
unit  Lewis  number  and  invoking  symmetry  about  x  =  0,  the 
mathematical  croblem  to  do  considered  is 
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z  =  (l+e-y)/&,  (1) 

Yx  =  yxx  +  (i+3-y)  exp  (y-y/y)  ,  0<x<  1,  (2) 

Yx (0,T)  =  0,  y ( 1  / x )  =  1,  (3) 

with  appropriate  initial  conditions.  This  dimensionless 
system  describes  a  single,  one-step  Arrhenius  reaction. 

Here  y  is  the  temperature,  z  the  reactant  mass  fraction, 

3  the  chemical  heat  release,  y  the  activation  energy  and 
D  the  Damkohler  number. 

The  relevant  static  problem  has  been  studied  by  Kapila 
and  Matkowsky  [4]  in  the  limit  y-^“.  The  steady-state  re¬ 
sponse  diagram,  i.e.  a  plot  of  y  at  x=0  against  D,  is  seen 
to  be  the  S-shaped  curve  of  Fig.  1.  The  upper  and  lower 
branches  are  found  to  be  asymptotically  stable  and  the 
middle  branch  unstable,  the  exchange  of  stabilities  occuring 
precisely  at  the  turnaround  points  of  the  S.  An  analytical 
description  of  the  entire  response  is  given  in  [4]  where  it 
is  shown,  in  particular,  that  on  the  lower  branch  AC,  the 
appropriate  expansions  for  y  and  D  are 

y  =  l+y_1yi+  0(y"2),  D  =  D1-K)(y‘1).  (4) 

Furthermore,  the  solution  y^  is  given  by 

y1(x)  =  H ( x ; D  ^ )  (5) 

where  H  has  the  parametric  representation 

H  =  2  ?-n  [cosh  t  sech  (ax)],  =  2a2sech^J  (6) 

and  the  parameter  a  increases  from  a=0  at  A  to  n=u  at  C, 
where 

a  tanh  a  =1  (a  »  1.2) 
c  c  c 

and  correspondingly , 

D  x  s  0.88,  y  (0)  s;  1.187. 
c  c 

The  analysis  in  [4]  also  shows  that  at  the  point  F  (vertically 
above  C)  on  the  upper  branch  in  Fig.  1, 

y„(0)  =  l+i;  -  est  (7) 

r 

where  est  stands  for  exponentially  small  terms  in  the  limit 
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Before  proceeding  further  we  observe  that  the  exchange 
of  stabilities  at  C  occurs  due  to  the  passage  of  the  largest 
eigenvalue  through  zero.  The  corresponding  eigenfunction  of 
the  linearized  problem,  given  to  leading  order  by 

E(x)  =  1-a  x  tanh (a  x)  ,  (8) 

c  c 

plays  an  important  role  in  the  sequel. 

Ill .  The  Dynamic  Response 

Of  interest  is  the  dynamic  behavior  of  y  as  D  varies 
slowly  through  D^.  This  slow  variation  can  be  characterized 

explicitly  by  introducing  a  slow  time  t,  where 
t  =  6x ,  6<<1, 

thereby  transforming  (2)  into 

<$y  =  yxx  +  [D(t)/(Py)]  (l+r.-y)  exp(y-y/y)  .  (9) 

At  an  initial  time  tQ  let  the  system  be  at  the  state  corres¬ 
ponding  to  the  point  B  in  Fig.  1.  Following  (4;  we  let 

D ( t)  =  D1(t)  +  0 ( y  ~ 1 )  (10) 

and  assume  that  D^t)  is  a  smooth,  monotonically  increasing 
function  which  has  the  power  series  representation 

D^(t)  =  [1+t+O  (t2)  ]  as  t->-0.  (11) 

c 

This  specifies  t=0  to  be  the  point  at  which  the  critical 
point  C  is  reached.  The  goal  is  to  obtain  an  asymptotic 
solution  to  (9)  and  (3),  with  the  initial  condition  specified 
above,  in  the  limit  S-*-0,  y-*-00.  We  shall  concentrate  on  the 
limit  5  >>  y"  .  Several  different  regimes  need  to  be  dis¬ 
tinguished  . 

III. A  Precritical  Solution 

Expecting  y  to  stay  close  to  unity  prior  to  criticality, 
we  let 

y  =  1  +  y  1z (x,t)  (12) 

whence  (9)  and  (3)  reduce  to 

6zt  =  2XX  +  Di*Z  +  0(y_1),  zx(0,t)  =  z (l,t)  =0.  (13) 
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The  expansion 


Further  development  of  the  solution  occurs  on  a  new  time 
scale  s  defined  by  the  stretching 

t  =  S2/3  b-1s  (17) 

where  the  0(1)  constant  b  will  be  chosen  later  in  a  way  that 
simplifies  algebra.  The  transition  expansion  is  taken  to  be 

z  =  z  (x)  +  61//3v.  (x,  s)  +  <5  (x ,  s )  +  cvJx,s)  +  o(6) 

c  1  z  u  (18) 

We  find  that  satisfies  the  homogeneous  problem 

L  ( v  )  =  v  +  (D1  exp  z1  )  v  =  0,  v  (0,s)  =  v^l.s) 
xx  c  1c  1  x  (lg) 

while  the  (i^2)  satisfy  the  nonhomogeneous  problems 


0, 


(20) 


L(v-)  =wi_1  v.  ( 0 ,  s)  =  v.  (l,s)  = 

1  j-  X/  !  1 


with  linear  in  and  depending,  in  addition,  upon  x,s 

s 

and  Vj  (l<_j<^i).  The  problem  (19)  has  a  nontrivial  solution 
V1  =  fi(s)  E(x)  (21) 


where  the  "amplitude  function"  f  (s)  is  determined  by  re¬ 
quiring  that  the  problem  (20)  have  a  solution  for  i=2.  The 
requisite  orthogonality  condition  provides  the  Riccati 
differential  equation 


b£i 


_  -,.-1  3  2,2.  . 

-3b  s  -  j  acfl(s) , 


s<°° , 


for  which  the  initial  condition 

V  -  —  b"1/2  s1/2  -  >  s-1 

la  ,2 

c  3a  _ 


as  s-*-°° 


is  the  result  of  matching  with  (14) 

leads  to  the  solution 

f1(s)  =  3(9a2/4)“2/3  Ai(s)/Ai(s), 


The  choice  b=  (9a2/4) 


(22) 


where  Ai(s)  is  the  Airy  function.  Thus,  v^  is  determined  com¬ 
pletely.  The  higher-order  v^  can  be  computed  in  an  analogous 

way.  Since  f . (s)  has  a  pole  at  s  ,  where  s  =  -  2.3381  is  the 
r  o  o 

first  zero  of  Ai(s) ,  the  solution  (21) ,  and  therefore  the  ex¬ 
pansion  (18),  is  valid  only  for  s>s  . 

o 

IXI.C  Post-critical  Solution 


The  breakdown  of  (18)  suggests  the  stretching 


s  =  s  -  2"1/3  6 1/3 
o 


(P-PQ) 


:23) 


where  the  new  time  scale  ,, ,  is  of  the  same  order  as  the  fast 

^Z3)  ,  is  to  be 

We  now  let  z  have  the  expansion 

(24) 


time  x  and  the  shift  p  ,  assumed  to  be  o(6 
determined 


z  =  w1(x,p)  +  o(l) 


where  can  be  shown  to  satisfy 
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r — - — ~  i 

i 

i 

i 


(25) 


The  initial  condition  in  (25)  comes  from  matching  with  the 
transition  expansion  (18).  (In  order  to  determine  the  shift 
Pq  and  to  fix  the  origin  of  p  in  (25),  higher-order  matching 

with  (18)  is  needed.) 

We  note  that  w^,  which  evolves  at  a  constant  value 

-  lc 

of  ,  measures  the  departure  of  y  from  unity  on  the  0  (y  ) 

scale  (see  (12)  and  (24)).  Thus,  w  is  entirely  analogous 
to  the  induction-period  solution  for  the  self-induced  com¬ 
bustion  case  (mode  I) ,  discussed  in  [1].  In  fact,  the  numer¬ 
ical  solution  of  (25)  leads  to  a  graph  much  like  that  in  Fig. 

3  of  [1].  In  other  words,  the  solution  develops  slowly  in 
the  initial  stage,  but  there  w^  begins  to  rise  rapidly  near 

x=0  while  variations  continue  to  be  leisurely  elsewhere. 
Eventually,  at  a  definite  p  =  w  (0,p)  becomes  unbounded, 

signalling  thermal  runaway  and  the  birth  of  a  hot  spot. 

Further  development  occurs  precisely  as  in  (Ij.  The 
hot  spot  intensifies,  reaches  maturity  when  the  temperature 
in  it  has  reached  the  value  1+P,  detaches  from  x=0  and  pro¬ 
pagates  into  the  domain.  Eventually,  the  combustion  wave 
comes  to  rest  near  x=l  to  accommodate  the  boundary  condition 
there,  thereby  completing  the  jump  from  C  to  F  in  Fig.  1. 
Further  movement  along  the  upper  branch  will  again  be  governed 
by  the  slow  variable  t,  much  in  the  manner  of  the  precritical 
solution. 

IV  Concluding  Remarks 

The  asymptotic  analysis  has  concentrated  on  the  case 
when  combustion  is  initiated  by  the  slow  passage  of  the 
Damkohler  number  through  the  critical.  Details  of  the  tran¬ 
sient  upto  thermal  runaway  are  given,  and  it  is  pointed  out 
that  subsequent  evolution  of  the  combustion  wave  is  analogous 
to  the  case  of  self-induced  burning. 


w1  =  +  D  ^  exp  w  ,  o •;  x <  1 ,  o  >-<*>, 

p  XX  c 

wx  (0,p)  =  w  ( 1 , p )  =  0 
x 

W1  =  Z1  (X)  ~  — V~  E(x)  +  o^1)  as 

c  3a  p 

c 
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MATHEMATICAL  QUESTIONS  FROM  COMBUSTION  THEORY* 

G.S.S.  Ludford  and  D.S.  Stewart 
Cornell  University,  Ithaca  NY  14853 

ABSTRACT.  Residual  mathematical  questions  from  combustion  theory  are 
presented,  in  particular  those  relating  to  a  problem  discussed  by  Linan 
(1974).  After  illustrating  the  main  ideas  by  means  of  an  exactly  integra- 
ble  model,  known  results  about  Linan 's  problem  are  summarized,  with  indi¬ 
cations  of  how  they  are  obtained  by  numerical  and  asymptotic  methods.  The 
hope  is  to  stimulate  further,  purely  mathematical,  work  on  these  questions. 

I.  INTRODUCTION. 

With  the  advent  of  activation-energy  asymptotics  as  an  effective  analy¬ 
tical  tool  in  combustion  theory,  a  host  of  residual  mathematical  questions 
have  appeared.  These  questions  are  typically  concerned  with  a  differential 
problem  governing  the  behavior  of  a  thin  reaction-diffusion  zone.  Existence 
of  solutions  and  the  determination  of  various  parameters  associated  with 
the  differential  problem  are  critical  questions  in  the  overall  analysis 
of  the  combustion  phenomenon. 

In  such  diverse  combustion  questions  as  the  burning  of  monopropellant 
drops,  detonations,  fast  deflagration  waves  and  counterflow  diffusion  flames 
the  structure  of  the  reaction-diffusion  zone  is  governed  by  Lirn.n's  problem 
(1974),  i.e.  the  differential  equation 

(la)  2v"  =  v  exp (  ix-y) 

*This  work  was  supported  by  the  U.S.  Army  Research  Office  under  Contract 
No.  DAAG29-79-C-0121 . 
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subject  to  the  boundary  conditons 


(lb) 

(lc) 


-1  +  o(l)  as  x  -*  -«  , 
o(l)  as  x  -v  ■+"*  , 


where  a  is  a  real  constant.  In  general,  the  solution  must  be  computed 
numerically  by  taking  xq  large  and  negative,  and  varying  y^  in  the  in¬ 
itial  conditons 


(2a, b)  y'(x  )  =  -1  ,  y (x  )  =  -x  +  y 

o  o  o  o 

until  the  condition  (lc)  is  satisfied  for  some  large  x.  The  corresponding 
Vq  approximates  the  constant 

(3)  lim  (y+x)  -  y_  _  (ct)  , 

x  ->■ 

which  is  thereby  found.  The  numerics  indicate  that  there  is  a  unique  solu¬ 
tion  for  a  >  -1/2  but  none  for  smaller  values  of  a.  Moreover,  the  constant 


(4) 


lim  v  =  v,  (n) 

'  -r^ 

x  -*■  “ 


thereby  approximated  has  the  properties 


=0  for  u  >  0  , 


(5) 


y+.,  ( *  > 


0  for  O'"  Is-—  , 


-1/2  . 


Existence,  uniqueness  and  properties  such  as  those  mentioned  above  have 
been  established  numericallv  and  in  some  instances  bv  asvmptotic  analysis. 

Wli  i  I e  the  combination  of  these  two  approaches  is  adequate  in  the  context 
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i  .  * 


import  anoe  i .  >  just  ip.  ,r  rn.it  in-rut  i .  .1 1  !  :  >  .it  "vr.t  .  .  1 1 .  •  -  Mrs  nt 

wv  sii.il  1  sumraar i?e  known  results  about  t  h  i  •  part  i<  ul.ir  , '  r .  ■ !  5 :  .  ir.  in  t  hi 
el  i  ir  .. >u ra r  i :i>t  turther  werk.  We  ss..];  ,!~.e  rive  iiiditien.il  examples 
resi  iua  1  ;>r  'Mens  1  re::  .  enbuxt  1  h<  ,  t  .  iii.it  ire  werthv  el  portlier 


I'.  A  MOJIJ:'!  I'KOULKM. 

Here  We  exam  j •  the  linear  problem 

(i'.l,b,e)  v"  *  v  exp  (  IX>  ,  V  ’  -  -  !  It  X  =  i.)  ,  v '  =  e  ( 1  )  .as 

to  illustrate  the  ideas  behind  '.in. in’s.  I'nder  tile  t. rans format.  i en 

(7)  t  -  (.  2  '  Oexpf  .x/J) 


(b)  becomes  the  modified  Bessel’s  equation 


(«) 


+  ’  -  v  =  0  . 

dt’  1  Jt 


from  whieii  we  find  the  unique  solution 
~  (t) 


K  (.2/0 

O 


for  i  a  0 


(y) 


r.  -x/>r2 


for  1  =  0 


.21  (t) 


I  (.'2/0 

o 


for  a  s  0 


of  t be  prub 1 em  ( h )  . 


Ln  contrast  to  Linan's  problem  there  is  no  limitation  on  a.  On  the 
other  hand  the  constants  y  =  y(0)  and  v+  =  y (»■;  play  the  role  that 
v  and  v  play  in  Linan's  problem,  being  determined  by  the  solution. 

—  *  T'O 

We  find 


and 


/2K  (/2/n) 

o _ 

k’  (/2/a) 
o 


i  or 


(10) 


/2  for  a  =  0  , 


/2I  (v  2/  i) 
o _ _ _ 

l’(v2/.0 

o 


f or  i  0 


(11) 


+00 


0  for  x  >  0  , 
0  for  a  =  0  , 


-/2/I  (/2/n)  for  x  <•  0 
o 


For  future  reference  we  cite  the  asymptotic  behavior  of  as  i  -v  0  . 

.,5/A,  1/2 

(12)  Vj_  -  - exp(-/2/|  x|  )  as  ■>  •  0 


-frr 


l/l 


Thus  the  model  problem  has  features  similar  to  linan's.  The  given 
boundary  conditions  are  sufficient  to  determine  the  solution  completely  and 
lienee  the  constants  v  and  v,  as  functions  of  n.  The  constant  v  , 
as  in  Linan's  problem,  vanishes  for  .<  >  0  and  is  non-zero  for  x  <  0, 
being  controlled  by  the  behaviors  of  the  correspond ing  Bessel  functions  for 


large  x. 


56 


III.  PROPERTIES  FOR  ,  >  0,  KS FIX  I ALLY 


»■  +»-  . 


In  the  following  a  unique  solution  is  assumed  to  exist.  Of  most  inter¬ 
est  is  the  determination  of  the  two  constants  y  (a)  for  n  given  u. 

Unless  otherwise  stated  the  analysis  in  the  following  sections  is  essential¬ 


ly  due  to  Linan  (1974). 


For  -x  >  0  and 


(1)  is  effectively  replaced  by 


2v"  =  y  exp(ix) 


Again  using  the  transformation  (7)  we  reach  the  modified  Bessel's  equation 
(8).  The  only  bounded  solutions  for  t  are  proportional  to  K  (t) 

so  we  conclude  that 


tm  v  =  v, 


0  for  i  -•  0 


The  result  is  otherwise  obvious  by  inspection  of  the  problem  itself.  The 
boundary  conditions  require  the  solut  .on  to  tend  to  a  constant  ns  x  -+■  ' , 
and  that  constant  must  be  zero  if  the  differential  equation  is  to  be  satisfied. 

If  we  consider  the  limit  -►  and  in  particular  focus  on  the  behav¬ 

ior  of  y  for  x  large  and  negative,  then  (13)  still  governs  the  behavior 
of  v.  The  solution  to  (13)  Is  again  a  multiple  of  KQ(t)  and  in  partic¬ 
ular  as  x  i.e.  t  -*  0,  is  approximated  by 


(13)  A  [  -  :  n  ( t  /  2 )  +  y  :■  ( 1  +  t  “  /  t  +  .  .  . )  +  t  +  .  .  .  j 


where  is  the  Fuller  constant  .  The  boundary  condition  (lh)  then  shows 

that  A  =  2/u.  Hence 


v  =  (2/  t)K  (t) 


In  fact  the  perturbation  satisfies 

H  1 

(22a, b,c)  2y ^  =  exp (-y  ) [ y j+yo (x-y 1 ) ]  ,  y  =  o(l)  as  x  -»■  +  “  , 


a  problem  which,  for  large  positive  x,  reduces  to 


(23)  2y^  =  y^  +  xe  ,  y^  =  o(l)  as  x  -H® 


where 


=  y  +  . 

y  -oo  J  o 


o 


L 


-  1 


/2 


u(l+u) 


]  du 


-  (l+u)e 

The  general  solution  of  (23)  is 

2 


(24) 


yl 


l  (^  +  x)e(B-x)//2  +  Ae'x/v/2  +  Bcx//2 
4  /2 


One  would  expect  that,  by  choosing  y  (-™)  appropriately,  the  increasing 
exponential  could  be  suppressed,  so  as  to  satisfy  the  boundary  condition 
as  x  »>.  However,  for  general  v  this  apparently  is  not  the  case,  the 
only  exception  being  v  =  1.344. 

Since  y  (a)  is  identically  zero  for  a  >  0  its  asymptotic  expan- 

tcn 

sion  for  ot  -+  0  has  all  zero  terms.  This  behavior  is  completely  analogous 
to  the  model  problem  given  in  Sec.  2  [cf.  equation  (12)]  w'here  y  was 
shown  to  be  exponentially  small.  Nevertheless,  the  exponential  behavior 
of  y  (a)  as  a  -*  0  in  Linan's  problem  can  be  determined  by  matching. 

T*-0 

The  result  is  due  to  Joul  in  (1979),  although  he  does  not  give  details. 

For  sufficiently  large  values  of  x,  the  term  ax  in  equation  (1) 
is  not  a  perturbation,  as  was  supposed  above.  Accordingly  we  introduce 
the  new  variable 


(2  3)  /  =  i<x  -  2 " n !  a  i  for  i  <  0 


(the  constant  being  needed  for  balance)  and  the  expansion 
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(26)  y  =  g(a)YQ(x)  +  . . . 


Here  g  =  o(l)  is  a  gauge  function  which  is  to  be  determined.  The  differ¬ 


ential  equation  (1)  then  yields 


(27)  2d"Yo/dx2  =  Y^expty) 


and,  since  x  as  x  ->  <*>,  we  must  have 


(28)  Yq  =  Io(v/2exp(X/2)) 


when  the  constant  factor  is  absorbed  into  g.  Thus 


(29)  y  =  g(a)IQ(t)  + 


where 


(30)  t  =  /2exP(X/2) 


is  the  analog  of  the  variable  (7). 

Now  we  match  to  determine  g(a).  If  the  first  term  of  the  expansion 


(29)  is  written  in  terms  of  the  variable  x  and  expanded  for  a  0,  the 
leading  term  is 


(31)  3/4  1/2  exp(/27|t!)exp(-x//2)  . 

2  IT 

Likewise ,  if  [given  implicitly  by  the  result  (21)]  is  written  in  terms 

of  x  and  expanded  for  a  -*■  0,  the  leading  term  is 


(32)  exp(f-x) / /2 


(when  written  in  terms  of  x  again).  These  expressions  arc  identical  if 


(33) 


g(a)  =  y. 


:,//2  23/V/2  ,-/2 

~ ' e  "J^TTT  rap(T«T 


V.  PROPERTIES  FOR  q  <  0. 

Linan  found  numerically  that  no  solution  exists  for  a  £  -1/2  but 
did  not  give  a  proof.  Ludford,  Yannitell  &  Buckmaster  0976)  were  appar¬ 
ently  the  first  to  supply  one,  at  least  for  a  >  -1;  the  argument  goes 
as  follows. 

Let  a  lie  in  the  range  (-1,0)  and  supporse  that  a  solution  exists. 
Then  multiplying  (la)  bv  a  -  y'  and  integrating  by  parts  twice,  using 
the  boundary  conditions,  gives 


(34) 


2a  +  1  =  (v+l)e 


cix-y , 


"ydx 


which,  under  the  hypothesis  and  boundary  eondit ions, becomes 

(35)  2U  +  1  =  -ri/^ooeCtX-Vdx  . 

For  a  <  -1/2  there  is  a  contradiction  (in  sign  for  a  <-  -1/2)  and  hence 
the  assumption  that  a  solution  exists  cannot  be  correct. 

We  mav  expect  singular  behavior  of  y+^  for  |  2a+l  |  =  c  1  and 
Lihan  has  given  the  analysis.  First  assume,  that  j  v ,  j  ■>>  1  (it  will  turn 
out  to  be  0(f  S),  and  consider  the  shift  of  origin 


(36)  X  =  x  + 


where  F  is  to  be  determined.  The  expansion 


(37)  v  =  y  +  y  +  o(\) 

TTX5  P 

then  leads  to  the  balanced  equation 
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08)  2d%p/d\“  =  exp(-x/2-yo) 


if  we  make  the  choice 

(39)  F  =  2(y^-J.nv^) 

Setting  n  =  v  +  y/2  now  gives  the  differential  equation 
■  o 

(40)  2d~n/d>~  =  exp(-c) 
suhiect  to  the  boundary  conditions 

(41a, b)  do/d\  =  -1/2  +  o(l)  as  y  *  — •  ,  d.'/dy  =  1/2  +  o(l)  as  >  •+-■■ 

The  solution  is 

(42)  o  =  2in[  2cosh( ;  x_'<  /4)] 

Expanding  for  y  shows  that  v  behaves  1  ike 

(43)  +  yc  =  ~x  +  y^,,  -  f  +  o(i)  , 

so  that  matching  with  the  boundary  condition  (lb)  requires 

(44)  V  =  -v  +  2Pnv  +0(1) 

-  _<x>  -  4-,i  •  +..) 

Expanding  for  y  -•  shows  that 

(45)  y  -  y+i_  +0(1)  . 

Equation  (42)  le^ds  to  a  uniformly  valid  approximation  for  v(x). 

To  complete  the  analysis  we  need  onlv  determine  v  as  a  function 

of  r .  This  is  done  simplv  from  the  formula  (35)  hv  using  the  approxima¬ 
tion  in  the  integral;  we  firxi  v+<  =  1  /r . 


1 
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VI.  OTHER  PROBLEMS. 


One  of  the  first  (and  few)  questions  treated  ana1  /rically  before  tilt- 
advent  of  act ivation-energv  asymptotics  was  the  diffusion  flame  of  Burke 
&  Schumann  (1928).  While  it  is  unnecessary  to  discuss  the  structure  of 
the  flame  sheet  to  obtain  the  main  results,  there  is  always  the  possibil¬ 
ity  that  one  may  not  exist  (which  would  vitiate  the  whole  disucssio.i)  . 

The  differential  equation  is 

(“6)  y"  =  x2  -  y2 

and  the  boundary  conditions  are 

(4  7)  v  =  *x  +  o(l)  as  x  -  +«> 

One  would  expect  the  weaker  boundary  conditions 
(48)  y'  =  ±1  +  o(l)  as  x  -*• 

to  be  sufficient  to  determined  the  solution,  supposing  it  exists.  If  so, 
does  that  solution  satisfy  the  stronger  conditions?  Again  one  would  expect 
so:  the  only  linear  functions  that  satisfy  the  differential  equation  are 

v  =  "-x.  We  are  left  with  the  questions  of  existence  and  uniqueness. 

Numerics  leave  little  doubt  about  existence.  The  computation  is  start¬ 
ed  at  x  =  -x  ,  where  x  is  large,  with  v  =  -x  -  1  and  v'  =  1 .  The 
o  o  o 

small  positive  number  l:  is  then  adjusted  until  y'  =  -1  at  x  -  +x  . 
Moreover,  linearization  of  the  differential  equation  makes  plausible  that 
there  is  a  family  of  solutions  having  the  asymptote  v  =  x;  presumably 
one  of  them  (at  least)  satisfies  the  right  boundary  condition.  Uniqueness 
is  in  doubt,  however;  since  the  Conference,  Professor  Alexander  has  appar¬ 
ently  found  a  second  numerical  solution. 
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Another  problem  concerns  the  response  of  a  steady  combustion  process, 
which  is  often  the  only  feature  of  interest.  One  parameter  (e.g.  burning 
rate)  is  determined  as  a  function  of  another  (e.g.  pressure).  Such  a  re¬ 
sponse  can  sometimes  be  multivalued  and,  to  decide  which  of  the  possibil¬ 
ities  occurs  in  practice,  the  stability  of  the  steady  states  is  ,-ften  in¬ 
voked  . 

One  of  the  first  analytical  discussions  of  such  stability  has  recent¬ 
ly  been  made  by  Matalon  &  Ludford  (1980),  in  the  context  of  a  chambered 
diffusion  flame.  The  steadv  states  v  (x)  near  the  so-called  ignition 
point  are  solutions  of  the  differential  problem 

-  .  _x  _x  ys 

(49a, b,c)  y^  +  +  Qe  (1-e  )e  ‘  =  0  ,  y  (0)  =  ys(°°)  =  0 

Here  Q  is  a  positive  parameter  and  the  problem  is  found  (numerically) 

to  have  two  solutions  for  0  less  than  some  value  Q  ,  one  for  0=0 

o  o 

and  none  for  0  >  0  . 

o 

While  a  proof  of  these  results  is  of  interest  in  itself  (and  would 
bo  a  necessary  preliminary)  the  more  important  question  concerns  the  dif¬ 
ferential  problem 

-x  -x  ys 

(50a, b,c)  y"  +  v*  +  [X  +  Qe  (1-e  )e  ]v  =  0  ,  v  (0)  =  v  (“)  =  0 

governing  the  stability.  For  each  Q  <  t,’0  and  each  of  the  two  steady  states 
>rs(x)  associated  with  that  Q,  we  wish  to  know  whether  there  is  a  nega¬ 
tive  eigenvalue  A  (implying  instability).  Using  a  Galerkin  method  is 
open  to  question  because  the  spectrum  is  known  to  he  complex;  and  a  major 
step  was  to  show  that  the  portion  of  the  spectrum  with  negative  real  part 
was  in  fact  real,  so  validating  the  method.  Numerically  it  was  found  that 
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one  of  t  ho  steadv  states,  for  i'.'ic1'  0  <  0  ,  is  stable  while  toe  other  is 

o 

uns t  ah  1 e . 

The  ,-roblem  obtained  on  replacing  the  boundary  condition  (50c)  by 

(52)  j  V(x)dx  -  - 

has  been  investigated  mathematically  (Coddington  &  Levinson,  1955),  although 
the  type  of  information  we  seek  does  not  seem  to  be  available.  The  eigen¬ 
value  problem  (51)  has  apparently  not  been  treated;  and  ones  of  similar 
form  will  undoubtedly  arise  as  the  stability  of  combustion  processes  is 
pursued  further.  [Cf.  Taliaferro,  Buckmaster  &  Nachman  (1981).] 
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pofiTrrRTiT. 


Professor  Lifter:  has  recent  iy  sent  us  the  follow..  ar.al  y~  ’’  determin¬ 
ation  of  the  constant  v  in  foe.  IV. 

*  — oo 

The  equation 


(y, y, )  =  (y^y, )  +  *y  y 


is  easily  seen  to  be  a  consequence  of  equations  (19)  and  (PPa'';  the  hound-; 
conditions  (.lb,c)  and  (PPb.e)  therefore  imply 

»  »♦ 

f  OO 

l-jw0y0ix  =  0  , 

a  restriction  c:.  v  for  4  here  *o  be  a  solution  of  the  nr  obi  cm  (ft??).  Nov 
■  o 

y  impends  on  y  ,  so  that,  this  restriction  is  actually  nr.  equation  for 


7o  obtain  its  solution  •  >.v>l  ;  c  i  t.ly ,  i  nte^rate  by  parts  to  find 


/  -V  y  lx  =  —(xy  +y  .  -  -  j  Iv  +l)v 

'  — <o  0  0  C  —<x>  J  — o?  o  r\ 


=  -  4  y  +-H'-’+i)dv 

—  or,  *  r\  '  r 


(cancelling  4  eras  have  boor,  added  to  enr.ure  f initonerr) .  Her-  tnr-  exper.ot- 
tiai  smallness  cf  the  integral  in  the  solution  (Pi)  n*  x  =  -<*  and  of  y 
itself  at  x  =  +"  have  been  used.  f.et.t  inr  the  last  ox:  reset  ••  ectial  4o  '.•'r: 


mow  ;  •/'>£•. 


=  /  f  J  -  /l-(y  +l)oxp(-y  ")  ]dy 

*  C.  o  o  n 


■rical  quadrature  shows  that  the  integral  it  l.ll.P,  in  arreenoni.  w 


I 
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NOTE  ON  THE  STABILITY  OF  STOCHASTIC 

* 


REACTION-DIFFUSION  EQUATIONS 
P.  L.  Chow 

Department  of  Mathematics,  Wayne  State  University 
Detroit,  Michigan  48202 


ABSTRACT.  We  consider  a  class  of  i ni t ia 1-boundary  value  problems  for 
reaction-diffusion  equations,  subject  to  random  parametric  excitations. 

If  the  unperturbed  system  is  assumed  to  be  stable  in  the  sense  of 
Liapunov,  the  effects  of  random  perturbation  on  the  stability  of  such 
system  is  examined.  By  the  theory  of  random  evolution  equations,  the 
stochastic  stability  of  equilibrium  solution  will  be  discussed.  The 
stability  criteria  are  based  on  the  construction  ot  appropriate  Liapunov 
functionals.  The  theory  will  be  applied  to  several  concrete  examples. 

I.  INTRODUCT ION.  In  a  recent  paper  [1],  we  introduced  a  Liapunov  method 
for  studying  the  stability  of  nonlinear  stochastic  evolution  equations. 

It  was  pointed  out  that  the  method  is  applicable  to  reaction-diffusion 
systems  under  random  perturbation.  Here  we  shall  briefly  review  the 
general  stability  theory  for  stochastic  equations,  and  then  apply  it  to 
several  randomly  perturbed  reac t ion-di f i us i on  equations  arising  . rom 
chemical  reaction  and  biological  system,  taken  fro'::,  our  papers  [1]  and  [2], 
Let  D  be  a  domain  in  Rn  for  n  =  2  or  3,  with  a  smooth  boundary 
3D  .  Denote  the  concentration  of  i-th  chemical  or  biological  species  at 
Liie  instant  t  and  the  position  x  4  D  ,  by  u  .  ( t  ,  x)  ,  i  =  1 , 2  ,  .  .  .  ,m  . 

-* 

The  work  was  supported  by  the  ARC)  Grant  DAAG- 78-G-0042 . 
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Consider  the  specific  reaction-diffusion  system  with  a  rancor,  drift 
velocity  as  follows 


vt  A  +  Ni(u1>u2>, 


••V 


Cuf 

2  c  .  (t.x.w)—  in  D 
1=1  J  &Xj 


ui(0,x)  =  fi(x)  , 


a . 

1 


b .  u . 

l  i 


SD 


0 


(1) 


where  vVs  are  the  diffusion  coefficients;  NL  '  s  the  reaction  functions; 

^.'s  the  random  (turbulent)  velocity  components,  and  f^'s  are  given 
functions . 

We  shall  try  to  answer  the  following  question:  Suppose  that  u^  =  u\(x) 
is  a  stable  equilibrium  solution  of  the  system  (1)  when  s  0  .  What  is 

the  effect  of  the  random  perturbation  §  on  the  stability  of  u”.  ? 

II.  LIAPUNOV'S  STABILITY  CRITERIA.  Let  the  unperturbed  system  have  a 
solution  belonging  to  a  subspace  X  of  the  Hilbert  space  H  of  square-integral, 
m-vcctor  valued  functions  on  D  .  Suppose  that  ^>(u)  is  a  smooth  functional 
on  H  with  locally  bounded  (Frechet)  derivatives  i>'(u),  (u)  among  other 

properties  (see  [1]).  If  §  =  (§i  >  %2  ’  *  *  *  ’  '*'S  3  h-valued  u'bite  noise 

W'(t,x)  with  a  covariance  operator  Q  on  H  ,  then  we  define,  for  v  f  X 


=dj>(v)  =  (A(v),f'(v)>  +  \  Trace{i>"  (v)B(v)QB  (v)1 


where  A(v)  =  ,1  diag(v  v  . v  v  )  +  (N.  (v) . N  (v))  , 

11  mm  1  m 

Bv 

„  ,  .  ,  ■  i.mXn 

fi(v)  =  -  <g^> 


u) 


(3) 


and  (•,*)  means  the  pairing  between  X  and  its  dual  X  .  A  functional 
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&  on  H  is  said  to  be  a  Liapunov  lunctional  ior  the  system  (1)  if  j,(v) 
is  positive-definite  and 


^  4> ( v )  4  0  ,  for  all  v  in  X  . 

The  following  stability  criteria  will  be  useful,  and  the  proof  can  be 
found  in  [ 1 ] : 

Stability  Theorem:  Suppose  that  u  -  0  i s  an  equilibrium  solution  of  the 
reaction-diffusion  system  (1).  (i)  If  there  exists  a  Liapunov  functional 

i  satisfying  the  property  (4),  the  null  solution  is  (almost  surely)  a.s. 
stable,  that  is,  for  every  initial  state  u(o,x)  in  H  , 

prob.fsup  1  u(t  ,.)'!<  »)  =  1  . 
t>0 

(ii)  If,  in  addition,  <b  satisfies  lim  ^(u)  =  <*>  and 

V  -*= 

/  4(v)  4  k  4(v)  for  all  v  in  X  and  some  k  >  0  , 

then  the  null  solution  of  (1)  is  a.s.  asym.ptol i ca 1 ly  stable, 

prob. [sup  ’ u ( t , • ) "  -  Oj  -  1  . 
t>0 

Here  .  denotes  the  Ii  -  norm.: 

'  v (x)  -  | v (x) |  dx  . 

*  D 

III.  STABILITY  OF  RHACT10N-DI  KK'JS  ION  KQliA  TI  Oh'S  .  We  shall  apply  the  stabil 
theorem  stated  above  to  three  specific  problems  as  illustrative  examples, 
though  they  are  of  independent  interest. 


(Example  1).  Consider  the  scalar  random  diffusion  problem  arising  from 

3 

population  biology  [2]  in  R  : 


-U^’X-  =  v  A  u  -  a  1 ,  x  in  D  , 


at 


HhI  j=i  j 


cx . 


u(o,x)  =  UQ(x)  , 


(6) 


u(t  ,x) I  =  0  . 
3D 


v  6v  6v  cv 

In  this  case,  we  have  A(v)  =  v  A  v  -  a  ; — -  ,  and  B(v)  =  (  r ,  r ,  - — ),  . 

0X1  cj^2 


Let  $>(v)  =  ||v|J  .  Then  by  (2), 


=£  4> (v)  =  - 2 f  {v|cv(x)|2  +  a  | 

D  l+|v(x)| 


-I  '  w*.*)  Sr1  ^ldx  > 

2  i , j=l  ^xi  dxi 


(7) 


where  q^j(x,y)  are  the  kernel  for  the  covariance  operator  Q  of  the 

random  functions  •  Let  q  be  bounded  continuous  for  x,y  in  I)  , 

with 


qo  =  ,  sup  .  Ic!ii(x.y)l 

°  l£  i  ,  3  x-> 

x,yfD 


(6) 


Then,  from  (7),  we  have 


^  4(v)  s:  -2J  [(v  -  q  /2)]w(x)l  +  orv"  (x)  jdx 

D 


S  -2[\o(v  -  qQ/2)  +  a]  4* (v) 


(?) 


X  =  inf 
°  v.ry 


II  11^- 

•  yv  | 

■  i  „2 


(10) 


Thus,  by  the  stability  theorem  ( i  i )  ,  we  have 
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„  2 
lim  J'  | u( t ,x) j  dx  --  0 

t-**>  "  D 


with  probability  one,  if  Xo(v  -  qQ/2)  +  a  >  0 


(Example  2).  In  this  case,  we  assume  that  the  system  (1)  is  linear,  that 
is,  the  reaction  function  N(u)  =  ?u  ,  where  T  is  a  constant  m  X  m  matrix: 

,m  X  m 


r  =  [r 


(11) 


Let  X  be  the  solution  space  in  L  (D)  with 


=  j  t|v(x)|2  +  |  Vv  (x)  |  2  }dx 


(12) 


Again  the  obvious  choice  for  the  Liapunov  functional  is  <^(v) 
not  difficult  to  compute 

s£  i>(v)  =  -2\  f  E  v  1  vv  (x)  l2  -  V  r  v,  (x)v  (x) 

Vi  =  1  1  i.j=l  x  J 

m  X  cv  (x)  ov  (x) 

_  A  /L  yk  q,  ,(x,x)  — -  — —  ’’■dx 

l  ,  J=1  k,X  =  l  k  X 


\  2 

[v  .  it  is 


(13) 


£  - 2 [ X  (v  -  q  / 2 )  -  r  ]  i(v)  , 
o  o  o'  o  T 


where  >.  ,  q  are  tit-fined  as  before,  v  =  min  •’v.l  ,  and  r  is  the  largest 

°  °  °  IS  i£ta '  1  '  ° 

eigenvalue  of  7  .  According  to  the  Stability  Theorem  (li),  the  null  solution 
of  tlu-  linearized  equation  (1)  is  asymptotically  stable  almost  surely, 
provided  that 

X  (v  -  q  /2)  >  r  . 
o  o  o  o 


(Example  3).  The  following  reaction-diffusion  system  occurs  in  tie  t-iibl<-:r, 


of  two  competing  species  [6]: 


I 


Bu 

“dt”  =  V1  A  U1  "  (1  +  ul^u2  ‘  > 


=  v2  A  u2  +  (1 + u2)0l 


=  0  ,  i  =  1,2 

3D 


(*>V)u2 


in  D  , 


(14) 


Without  the  random  drift,  the  unperturbed  system  was  treated  in  [3J.  Note 
that 

E  (V1  ’  V2>  =  ('V1+V2)  '  +  vx>  +  v2^  (15) 


is  a  first  integral  for  the  reduced  ordinary  different  equation  for  (14) 
with  v^=v2  =  0  and  sE0  •  Introduce  the  functional  defined  by 


i>(u)  =  "  E[u(t,x)]dx 
’  D 

where  u(t,x)  is  a  solution  of  the  system  (14).  By  a  direct  comput -:.ion, 
invoking  (15)  and  the  divergence  theorem,  we  have 

Z.  3  3u 

*  ♦<»>  ‘  'J  ‘  h  »t<5T>  > 

D  A  J  j  i 


(16) 


I  v 


3  1  ! 

2  q„a(x,x)  —  ^  (l_)(T__)}dx 

k  l  i  j 


2  i/j.-l  k,T=l  k*  ’  ^  Sx.,  'l+u/'l-Ht, 


2  3 

^(Vo-2  V  ^  yTpfe  2n(l+u.)]2 


(17) 


Then  A(u)  becomes  a  Liapunov  functional  if 


v  >  w  q 

o  2  o 


■re  -  min(v  ,v ,)  .  Thus,  in  view  of  the  Stability  Theorem  (i),  the 

i  v  Jut  ion  of  the  system  (14)  is  stable  almost  surely  if  (171  holds,  but 
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need  not  be  asymptot i cal ly  stable. 


(Example  4) .  As  a  last  example,  we  consider  the  stability  of  the  nonlinear 
diffusion  equations: 


-gj-  =  v  A  U;L  -  au^  +  bf(u2)  -  (§-V)u1  , 


A  u2  +  cux  -  df(u2)  -  (E-v)u2  , 


=  0  , 


where  a,b,c,d  are  positive  constants,  and  f  s  0  with  f ( 0 )  =  0  and 
|  t  '  ( s )  |  <  M  for  -od  <  s  <  00  . 

The  associated  ordinary  differential  equations  form  a  Lure's  system 
[4]  in  the  feed-back  control  theory.  a  Liapunov  function  for  such  a  system  is 


12  2 

E(v)  =  y  r  vi  +  F(v2) 


F(  )  =  f  f(s)ds  and  r  = 


, Aid  -t-  .  7ad  -  be 


,  ad  >  be 


4>(u)  =  "  E[u(L,x)]cx  . 
"  1) 


JL  i(u)  =  -J  {vlr2|vvi1|2  +  v2f '(u2)  |  vu2|2 


,3  ?  ou  Bu  Bu  3u 

+  -  £  q  (x  ,x) [ r^  - -  +  f  '  (u  )- —  ] }  d  x 

2  k ,  £  =  1  k£  ox£  2'Bxk  ox  t 


k  i 


! 

L 


(vo  '  1  q„nrV>l|2  +  M'vu2l"]dx  . 


Thus  we  have  an  almost  surely  stable  null  solution  if  v  >  —  q  ,  by  the 

o  2  o 

Stability  Theorem  (i)  .  For  details,  see  [2]. 
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ABSTRACT.  A  method  based  on  an  auto regressive  model  Is  derived  for 
estimating  the  derivative  of  a  function  from  its  values  at  discrete 
points.  The  method  is  applied  to  synthetic  data  and  compares  favorably 
with  moving  polynomial  arc,  Butterworth  filter,  and  B-spline  smoothing. 

I.  TNTRCpt’CTION.  Various  methods  for  numerical  differentiation 
have  been  considered.  Some  of  these  simply  differentiate  polynomial 
interpolation  formulas^,  while  others  use  least  squares  fits  of  the 
data  hv  trigonometric^  or  algebraic^  polynomials.  Still  others  use 
polynomial  splines.^1  This  last  method  imposes  certain  smoothness 
conditions  on  the  fitted  functions.  Similar  conditions  are  introduced 
by  applying  Tikhonov 's ^  regularizat ion  procedure. 

Since  a  derivative,  i.e.,  the  limit  of  a  ratio  cannot  he  obtained 
from  a  finite  set  of  tabular  data,  the  data  must  he  supplemented  by 
suitable  assumptions.  The  most  common  assumption  is  that  tabular  data 
are  approximate  values  of  a  certain  function  which  can  he  identified  by 
the  data  and  subsequently  di f ferent iated.  For  instance,  the  moving 
polynomial  arc  method  assumes  that  data  can  be  adeouatelv  represented  by 
a  polynomial,  at  least  locally.  Spline  smoothing  and  Tikhonov's 
regularization  procedure  suppose  that  data  are  numerical  values  of  an 
element  in  a  Sobolev  space.  This  paper  assumes  that  tabular  data  are 
measured  values  of  a  function  whose  derivative  can  be  represented  bv  a 
linear  combination  of  successive  functional  values,  i.e.,  v'ft)  is  an 
inner  product  (a^b\Y)  of  a  constant  vector  dependent  on 

an  integer  p  and  the  vector  Y  =■  fyft+pi),  y(  t+fp+1  )i.)  , . .  .  ,  y  ( t-Hp+k).-,)  1 , 
for  several  choices  of  the  integer  p  and  a  positive  integer  k  dependent 
on  the  case  at  hand.  As  is  shown  helow  this  assumption  implies  that  the 
underlying  function  is  an  element  of  the  algebra  A  generated  by 
algebraic,  trigonometric,  and  exponential  polynomials  of  a  real  variable 
An  appropriate  element  is  selected  by  observing  that  vt. A  satisfies  a 
certain  family  of  linear  difference  equations  with  constant  coefficients 
dependent  on  sten  size.  Thus,  .in  approximating  function  is  ordained  by 
constructing  an  appropriate  difference  equation,  i.e.,  an  autoregressive 
model.  A  certain  cost  functional  of  an  approxi na t ing  element  is  defined 
Minimization  of  this  functional  yields  the  order  of  the  autoregressive 
model,  the  optimal  multiple  of  the  data  spacing  as  a  step  size,  and  an 
estimate  of  t he  variance  of  the  measuring  error.  This  estimate  is 
obtained  by  assuming  that  measuring  error  is  white  noise  with  zero  mean. 
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The  coefficients  of  the  autoregressive  model  determine  the  analytic 
structure  of  the  approximating  function,  and  this  in  turn  determines 

weighting  coefficients  a^  in  the  representation  of  the  derivative: 

(1.1)  y’(t)  =  <a(p),Y). 

II.  FUNCTIONS  WITH  DERIVATIVES  AS  LINEAR  COMBINATION'S  OF 
FUNCTIONAL  VALUES.  The  basic  assumption  of  this  paper  is  that  the 
derivative  of  a  tabular  function  is  a  linear  combination  of  the  func¬ 
tional  values.  A  procedure  for  identifying  such  a  function  appropriate 
to  the  tabular  data  is  obtained  by  observing  ,_hat  the  function  satisfies 
a  certain  difference  equation.  This  follows  from  the  following  two 
propositions . 

'V 

Proposition  1.  Let  A  be  the  set  of  functions  differentiable  on  the 
inverval  I  =  [0,T]  such  that  for  every  integer  p  satisfying 

-t+kA<pA<T-t+A  there  exists  a  constant  vector  a^P^  of  dimension  k 
dependent  on  y  (t)  and  the  relation 

(2.1)  y’(t)  =  (a  (p) , Y) 


is  satisfied  for  every  t  c  I.  Here  Y  =  (y (t+(p-l)A) ,  y(t+(p-2)A) , . . . , 
y(t+(p-k)A)) .  Let  A  be  the  algebra  generated  by  algebraic,  trigonometric, 

and  exponential  polynomials  on  I.  Then  A  *  A  . 

Proof.  First  we  show  that  A  C  A.  Let  the  components  of  a^  be 
a^(p),  i  =  l,2,...,k.  Let  p  =  k+s+1,  j  =  k+s+l-i,  and 

«  (  i  „  (k+S+1)  -  \ _ _ ... _ _ _ _ 


a(j’s)  =  a-j+k+s+l 


.  Then  (2.1)  can  be  written  as  follows: 


y'(t)  =  i  a  (j , s)  y ( t+j  A ) . 
j=s+l 


With  s  =  -1  (2.2)  becomes: 


(2.3)  y’(t)  =  v  bU)  y(t+(j-l)A] , 


where  bj  '  =  a(j-l,  -1). 

With  the  aid  of  (2.2)  and  (2.3)  it  can  be  shown  by  induction  that 


(2.4)  v(l)(t)  =  i  bfq^  v(t+(j-l)A] 

J  =  1  J 
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for  q  <  k  and  some  constants  bfq\  Let  B  be  the  kxk  matrix  witn  the 
M  .! 

q-th  row  (b^q\  bi^\ .  .  .  ) .  If  B  is  non-singular  then  (2.4)  implies 

k 

(2.5)  y (t)  =  7  c  yU;(t), 
j=l  J 


where  the  c'.s  are  elements  of  B  If  the  rank  of  B  is  less  thar  k, 

1 


then 


there  exist  constants  d ,  ,  d  , ,  .  .  .  ,  d,  ,  not  all  zero,  such  that 

12k 


T  d  bfq^  =  0,  i=l,2,...,k.  Hence  it  follows  from  (2.4)  that 
q-1  q  J 

(2.6)  y  d  y(q)  =  0, 

q  =  l  q 

i.e.,  y(t)cA  satisfies  either  (2.5)  or  (2.6)  and  hence  AC  A. 


The  inverse  inclusion. 

A  C 

y(t)tA,  i.e., 

,  of 

(2.7) 

m 

y(t)  =  I 

n . 

J 

r 

j=i 

O 

11 

•H 

with 

ra 

(2.8) 

y  (n.+l)  = 
1=1  J 

k 

i,  t 
c  .  .  t  X  . 
Ji  1 


into  (2.2).  By  equating  the  coefficients  of  the  similar  terms  on  both 
sides  of  (2.2)  after  substitution  of  (2.7)  the  following  system  of 
equations  is  obtained: 


(2.9) 


Lb 


,  A  ) 

mn 


where  A  =  ( loe  ' X  )  L  =  ( '  ‘  t  t  A  A 

U  8  j  ’  V  "10’'  ll’ . In,  20 ’  21  ’  ’ ’ ‘ " 2n„ ’ 

1  2  m 

■'■Tj  =  ((s+l)1  '  j S+1 ,  (s+2)1  X®+2,...,(s+k)i  \J+k),  i=0,l,2,...,n., 

T 

j=l,2,...,m,  and  b  =  (a(s+l,s),  a (s+2 , s) , . . . ,a (s+k, s) ) .  Thus,  the 
inclusion  AC  A  is  established  by  showing  that  there  exists  a  constant 


77 


vector  b  satisfying  (2.9).  This  is  implied  by  the  fact  that 


(2.10)  det  L  ^  0. 

The  relation  (2.10)  follows  from 

n  (s+1) (n  +1)  m  m  n  : 

(2.11)  det  L  =  U  X  2  n  n  ! !  n  X  J 

j-1  2  i-1  j-1  2 


m  j-1  (ni+l)(n  +1) 

n  n  (x  -x  )  J 

J-2  i-1  2 


Here  n ! !  -  .£  j  •'  and  n:  -  J  i.  The  identity  (2.11)  can  be  established 

i-1 

with  the  aid  of  the  operator  T (m)  defined  as  follows.  Let 

h  ■  "i  5?7  •  ““i*-  £<v-  T?>(y  £<ui>  ■  t’i  £mv  Xj , 


m . 


and 


m.  -  J  (n.+l);  then  T (m)  =  H  H  T. 

J  i-1  1  j-1  i-m  L-1 


(i~n .  ,-1) 


j-1 


(Xj)  . 


Let  L*  be  the  k  x  k  determinant  with  the  i-th  row  (q*+\  '*) 

Then 

k  .  k  u-1 

(2.12)  l*  -  n  u .  n  n  (u-u). 

i-1  u*2  v-1 

It  can  be  shown  by  induction  on  m  that  application  of  the  operator  T(n) 
to  both  sides  of  (2.12)  yields  (2.11).  This  completes  the  description 
of  a  method  for  proving  the  proposition. 

An  algorithm  for  determining  the  structure  of  an  approximating 
function  can  be  derived  from 

Proposition  2.  Let  y(t)cA,  i.e.,  y(t)  is  given  by  (2.7).  Let 


m 


n.+l 


^  >  0,  P  (x)  -  (I  (X-X71)  2  and  B  be  the  operator  defined  by 
A  j3,i  J  A 

B,y(t)  =  y(t-A>.  Then  y(t)  satisfies  the  difference  equation 
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(2.13) 


P.  (B. 

)  y(t) 

=  0. 

The  rel 

Lat ion 

(2.7) 

can  be  wr 

itten  in 

n 

l 

ra 

„  j 

i 

y  (t) 

=  r 

c!  .  (-) 

(O"  > 

i=i 

i=0 

jt  -■ 

j 

,  i 

Now  ( 

2.13) 

follows  f 

rom  the 

ji 

whe  re  cl. 

J  i 

difference  equations  with  constant  coefficients. 


III.  STRUCTURE  OF  AN  APPROXIMATING  FUNCTION.  The  preceding  results 
show  that  a  function  with  derivative  expressible  =s  a  linear  combination 
of  functional  values  satisfies  the  difference  equation  (2.13).  Thus,  it 
is  representable  uy  an  .utoregressive  model.  Parameters  of  such  a  model 

can  be  determined  by  a  procedure  developed  for  time  series  analysis^, 
provided  that  the  tine  series  or  its  differences  of  order,  say,  d  are 
stationary.  This  assumption  need  not  hold  for  tabular  data  that  must 
be  differentiated.  For  instance,  if  the  underlying  function  is  exponential, 
the  differences  of  any  order  are  also  exponential  and  hence  non-stationary. 

An  example  of  this  type  of  data  being  differentiated^  is  pharmacokinetic 
data  representing  the  concent  rat  ion  of  an  injected  drug  as  a  function  of 
time  after  injection.  In  view  of  this,  instead  of  attempting  to  deter¬ 
mine  the  order  of  differences  that  may  produce  stationary  series  and  at 
the  same  time  considering  possible  periodicity  ("seasonal"  variation)  a 
direct  method  for  estimating  the  coefficients  of  the  autoregressive 
model  is  adopted  as  described  below. 

Let  x(n),  n=l,2,...,N  be  the  tabular  data  and  let  x(n,p,q)  =  x(p+qn) 

where  q  is  a  positive  integer  and  r>=0 , 1 , 2  ,  .  .  .  ,  q-1,  n=l,2,...,N  .  Here 

P 

Np  =  [ (N— p) / q ] .  Let  y(t)tA  be  an  approximating  function  of  the  data, 
i.e. , 


(3.1)  x(n,p,q)  =  v(r.i)  +  t^. 


where  r  =  p+qn  and 


is  an  observation  error  assumed  to  be  weaklv 


stationary  white  noise  witii  zero  mean  and  variance  . 
y(t)  4  -itisfi.es  (2.13)  for  a  suitable  polynomial  ?,  say, 
since  y(t)cA.  We  write  this  equation  as  follows 


The  .unction 
of  degree  k 


k 

(3.2)  y  ( r.\ )  =  r  a  y[(r-jq)A], 

i=i  J 


where  the  a.'s  remain 
.1 


to  be  determined. 


By  substituting  (3.1)  in  (3.2) 
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we  get: 


k 

(3.3)  x (n , p , q)  -e  =  7 

J-l 

By  transposing  the  terms  in  (3.3) 


a^  [x(n-j,p,q)-' r_j]. 

and  squaring  both  sides  we  get: 


(3.4) 


x(n,p,q) 


k  2 

>  a  x(n-j,p,q) 

J-l  J 


2 

e 

r-J 


+  P 


where  P  is  a  linear  combination  of  products  e  e  with  u  ^  v.  Since  by 
r  v  u 

assumption  e^  is  white  noise,  we  have  E(P^)  =  0.  Thus,  by  taking 
expected  values  of  both  sides  of  (3.4)  we  get: 


(3.5) 


E 


x(n,p,q) 


x(n-j , p , q) 


2 


o2+o2 


k 

J-l 


2 

a .  . 
J 


We  replace  the  expected  value  of  the  left  hand  side  by  its  estimate 
(average)  and  get: 


q-1  "p 

(3-6)  J  I  I 

N  p=0  n=k+l 


x(n,p,q)- 


J-l 


aj  x (n- j  , p, q) 


=  oz+c‘ 


J-l 


^  q-1 

where  N  =  7  (N  -k) . 

p=0  P 

Thus,  we  get  from  (3.6): 


(3.7)  o2 


qr1 


p=0 


N 

„P 

n=k+l 


x  (n ,  p ,  q ) 


k  12 

l  a  x(n-j ,p,q) 


If  M  is  the  matrix  of  the  normal  equations  of  the  overdetermined  system 
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k 

(3.8)  j  a  x(n-i,p,q)  =  x(n,p,q), 

j  =  l  ] 

n=k+l,...,N  ,  p+0 , 1 , . . . , q-1 .  and  X  is  che  right-hand  side  of  these 
normal  equations,  then  the  coefficients  that  minimize  c-~  in  (3.6) 
satisfy  the  following: 


(3.9)  (M  -  N  :2  I)  a  =  X, 

T 

where  a  =  (a.,a0 , . . . ,a^) • 

Thus,  estimates  of  the  a.'s  are  obtained  by  iterating  (3.7)  and  (3.9) 
with  initial  value  =0  in  (3.9). 

In  order  to  compute  a.'s  by  this  procedure  we  have  to  choose  k  and 

q  in  (3.7)  and  (3.8).  Obviously,  a  larger  number  of  model  parameters, 
i.e.,  larger  k,  yields  a  model  better  matching  the  data.  A  smaller 
value  of  q  describes  the  data  structure  in  a  greater  detail.  However, 
increasing  k  as  well  as  reducing  q  makes  the  system  (3.9)  ill-conditioned. 
Hence  the  value  of  k  and  the  data  spacing  qA  must  be  chosen  to  minimize 
<s2  in  (3.7)  and  at  the  same  time  to  prevent  the  matrix  in  (3.9)  from 
becoming  nearly  singular.  Thus,  we  have  two  conflicting  criteria  for 
selecting*  the  optimal  pair  (k.q).  As  usual  a  measure  of  optimality 
must  be  chosen  heurist ieall y .  Our  choice  is  an  index 

(3.10)  ■!  (k.q)  =  (k,q)/[D(k,q)]‘k 

where  D(k,q)  is  the  absolute  value  of  the  determinant  of  the  last 

iteration  of  (3.9)  corresponding  to  the  choice  of  k  and  q.  Thus,  we 

compute  the  a.'s  and  .J(k,q)  for  k=l,2,...,k  and  q=l,2,...,q  and 
j  o  M  Mo 

select  the  pair  (k.q)  and  the  corresponding  a.'s  that  minimize  J(k,q). 

We  impose  an  additional  constraint  on  (k.q)  in  order  to  prevent  a  choice 
of  a  model  for  which  the  data  are  inadequate,  i.e.,  a  model  :hat  contains 
terms  of  higher  frequency  than  can  be  determined  by  the  frequency  of  the 
data  points.  Thus,  if  is  the  maximum  frequency  of  the  selected  model 


This  is  similar  to  the  solut ion  of  the  numerical  differentiation  problem 
bv  regti I ar i zal  i on  where  increasing  the  regularization  parameter  reduces 
ill-conditioning  of  t he  problem  and  decreasing  the  parameter  Yields  a 
better  rit  of  the  data. 
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then  we  must  at  least  have 


(3.11)  q  A  <  pj- 
m 


Suppose  further  that  for  some  q  the  coefficients,  a^'s, 
a  real  negative  eigenvalue,  say,  \  .  <  0.  Then  the  term 


in  (3.2)  yield 

c  .  ■  in  { 2  .  7  ) 

jo  J 


is  equal  to  c . 


]°  J ' 


cos  n  "  for  every  n.  The  frequency  of  this 


7t  radians  per  qA  sec  or  Ti/qi  radians  per  sec,  i.e.,  we  have  ** 
contrary  to  requirement  (3.11). 


If  for  some  k  and  q  the  equation  (3.2'  has  an  eigenvalue  with  a 
negative  real  part,  say,  X.  =  -a  +  ib  (a  >  0),  then  the  corresponding 

term  c.^.  °  in  (2.1)  is  expressible  as  c^o  exp  (tn+ion)  where 

cos  m  =  -a/ </&~+  bz ,  i.e.,  w  >  if  expressed  in  radians  per  unit  tine 


equal  qA  sec.  Therefore  this  choice  of  q  yields  a  spacing  qA  with  less 
than  four  data  points  per  period  of  the  corresponding  tern  in  (2.7). 
Although  theoretically  two  points  per  period  may  be  adequate  to  deter¬ 
mine  the  real  and  imaginary  parts  of  the  corresponding  eigenvalue,  even 
three  points  per  period  are  inadequate  when  the  data  contain  measuring 
errors.  Furthermore,  a  negative  real  part  only  implies  tha_  the  corre¬ 
sponding  frequency  is  greater  than  ~/2  per  unit  time.  It  may  also  be 
greater  than  !  and  less  tiian  3'/2,  in  which,  case  the  spacing  qA  provides 
less  than  two  points  per  period.  This  is  the  reason  why  the  pairs 
(k,q)  leading  to  complex  roots  with  negative  real  part  are  rejected. 


In  summary,  the  models  (3.2)  are  determined  for  q=l, 2 , . . . ,q  , 
k=l,2, . . . ,k  and  among  those  with  eigenvalues  having  non-negative  real 
components  that  one  which  yields  minimum  J(k,q)  in  (3.10)  is  selected. 

When  the  data  is  very  noisy  this  selection  of  q  may  lead  to  a 
rather  large  step-size  q.'.  and,  thus,  may  eliminate  high  frequency  terms 
present  in  the  data  even  if  the  original  spacing  is  adequate  to  re¬ 
present  this  high  frequency.  This  may  happen  when  the  amplitudes  of 
high  frequency  terms  are  too  small  relative  to  the  measuring  error 

to  be  determined  by  the  data  taken  at  any  spacing  .  The  prccedurt.- 
described  above  is  intended  to  determine  only  the  terms  of  (2.7)  for 
which  both  the  spacing  and  also  the  accuracy  of  the  data  are  adequate, 
and  the  selected  index  J(k,q)  is  satisfactory  in  applications. 
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IV.  WEIGHT  INC  FACTORS  FOR  DERIVATIVES.  With  the  .lutor^jr.  s.-,  io:. 
coefficients  determined  as  described  above  the  weighting  factors  b .  in 

(2.3)  for  the  first  derivative  can  be  obtained  by  . olving  the  equation 
(2.9).  Similar  systems  of  equations  define  the  weighting  factors  for 
higher  order  derivatives  as  in  (2.4).  The  system  >2.9)  and  its  equiva¬ 
lent  for  higher  derivatives  are  completely  defined  bv  the  eigenvalues, 

X s  ,  of  the  autoregressive  model. 


It  is  very  seldom  that  an  autoregressive  model  obtained  fr  m 
experimental  data  yields  multiple  eigenvalues.  Thus,  the  case  of  single 
eigenvalues  is  of  special  interest.  In  this  case  the  equations  defining 
weighting  factors  can  be  solved  in  a  closed  form  by  applying  Cramer's 
rule  since  the  corresponding  determinants  can  be  expressed  in  ratner 
simple  form.  Indeed,  when  trie  roots  are  simple  the  determinant  of  L  is 
proportional  to  the  Vandermondian  of  the  eigenvalues 


The  numerator  in  an  expression  for,  say, 
factor  for  the  r-th  derivative,  is  the  k 
s+1  .  s+2  .  s+j-1 


(r) 


2  ’  ‘  ’  k 

(s)  ,  the  j-th  weighting 


i-th  row  equal  (X 


.  s+2 

A  .  , 
1 


b) 

J 

x  k  determinant  B.  with  tht 
J 

,  s+k. 


log 


. s+j  +  1 
i 


V). 


It  can  be  shown  that  the  minor  of  the  (n+1)  x  (n-t-1)  Vandermondian 
n 


of  Xq,  x^,...,  corresponding  to  the  (j+l)-tn  element  of  the  first 

row  is  equal  to  S  .V 
n-j 

x», . .  .  ,  x  of  order  n- j  and  V  is  the  Vandermondian  of  the  same  variables. 
2  n 

Therefore  expanding  with  respect  to  its  j-th  column  yields 


where  S  .  is  the  symmetric  function  of  x, 
n-]  '  i 


(4.1)  B.  =  (-1) 


j-s  -  (-i)piogr-.  ss+:  .-s-1  s,cp)  v(?; , 
-* ,  p  k.  ;■)  k-  ;  +s  K.-1 

p=i  # 


where  ,  is  the  symmetric  function  of  order  k-'.+s  of  the  variables 

k-j+s 

(n) 

X.,  X  „  , .  . .  ,  X  ,,  X  . X ,  and  V.  '  is  the  Vandernond  i.m  of  the  same 

1  2  p-1  p+1  k  k-1 

variables. 


The  symmetric  functions  in  (4.i)  can  he  expressed  in  terms  of  the 
coefficients  of  the  character istio  oquat ion  of  the  autoregressive  model. 
After  this,  dividing  each  term  of  (4.1)  by  dot  L  and  cancelling  common 

factors  (i.e.,  and  otiiers)  the  following  expression  for  the 

weighting  factor  bfr^(s)  is  obtained: 
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bjr)(s) 


lOR 


(lA)  P=1 


v=l 


,  V 

v  >  a, 
p  k-v 


This  together  with  (2.4)  yields  the  value  of  the  r-th  derivative  v 

V.  EXAM  ’LF.S  OF  SVaTHdOTC  j.’.VA.  Table  I  describes  the  s  yntr.et 
data  used  bel  >w  to  illustrate  Cue  method  of  th.s  paper  anc  to  cor.-pa 
it  with  moving  polynomial  arc,  but to. -worth  fil.er,  ana  b-spli  ie  sr:;0 
procedures.  lore  column  1  numbers  cue  cases  f/oia  1  to  6  for  tor.ver. 
of  reference.  The  corresponding  function.-.  x(t  are  specified  in  co. 
The  last  cast  here  is  the  Bessel  function  o.  cue  first  ttino  o .  o-ae 
The  values  of  the  functions  were  car..'). .ted  at  points  in  the  interval 
listed  in  col  inn  4,  and  column  3  snows  the  step  size  for  seietcing 
points  in  the  respective  intervals.  Pseudo ran.: cm  whi  Co  ^(luss  i cl n  no 
with  zero  neat  and  the  standard  deviation  :  given  in  column  5  was  a 
to  each  value,  ana  then  various  methods  for  numerical  differs  it  cat  i 
were  applied  :o  the  noisy  data. 


Tible  1.  Synthetic  Data 


1 

Cas  i 

2 

x(t ; 

3 

4 

T 

i. 

s 

c 

1 

sin  2~t 

.004 

[0,1; 

.02 

0 

sin  2nt 

.  004 

.  0  s 

3 

ec 

.01 

;  0 , 0 ; 

.0  . 

4 

4C( l+t+t^—c 

.  004 

ro,2i 

C 

sin  2  tt  +  . I s i n  i  Ont 

.0  04 

:0,r 

.03 

6 

vo 

.  0  1 

r  1 , 6  ] 

.01 

The  methods  used  are  listed  at  the  top  of  Table  2.  Here  moving 
polynomial  are  corresponds  to  a  cubic  polynomial  it  tea  to  either  11 
17  data  points  as  indicated.  The  derivatives  were  valuated  at  the 
midpoint  of  this  span.  Thus,  derivatives  at  a  fev  points  at  tne  beg 
ning  and  the  end  of  the  data  sequence  are  net  available. 

The  Butterworth  filter  applied  here  cor-esponds  to  the  transfer 
8  3  2  2  3 

function  "/(s  +2rs"+2~'"s+-  ).  This  method  does  not  provide  first 

derivatives  at  65  data  points  at  the  end  of  the  data  sequence  w.  er. 
a  =  .  01  and  at  163  data  points  when  =  .004.  Additional  points  are 
lost  when  higher  derivatives  are  calculated. 

The  method  of  this  report  provides  derivatives  at  every  data  po 
with  appropriate  values  of  s  in  (2.2)  and  in  the  corresponding  exp  re 
sions  for  higher  derivatives.  The  bulk  of  .he  derivatives  art  cornu 

at  the  midpoint  of  the  span  of  formula  (2.2),  i.e.,  for  s  =■  - 

Table  2  lists  the  RMSF.  of  the  first  and  second  derivatives  a; 

x"  expressed  in  percentage  of  the  SMS  of  the  derivatives  obtained  bv 
the  analytic  met hoc .  The  errors  correspond  to  the  data  described  in 
Table  1  as  indicated  bv  tne  case  numbers  in  column  1  of  Table  2. 
seen  the  current  method  is  much  more  accurate  in  all  these  -„ses  exc. 
the  Bessel  function  vac re  Butterworth  filter  yields  better  results. 
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COMPUTER  AIDED  ANALYSIS  OF  MECHANICAL  SYSTEMS 
WITH  INTERMITTENT  MOTION'- 


Edward  J.  Haug  and  Roger  A.  Wehage 
Materials  Division 
College  of  Engineering 
The  University  of  Iowa 
Iowa  City,  Iowa  52242 


ABSTRACT.  A  general  method  is  presented  for  dynamic  analysis  of 
systems  with  impulusive  forces,  impact,  discontinuous  constraints,  and 
discontinuous  velocities.  This  class  of  systems  includes  discontinuous 
kinematic  and  geometric  constraints  that  characterize  backlash  and  impact 
within  systems.  A  method  of  computer  generation  of  the  equations  of 
motion  and  impulse-momentum  relations  that  define  jump  discontinuities 
in  system  velocity  for  large  scale  systems  is  presented.  An  event 
predictor  working  in  conjunction  with  a  new  numerical  integration  al¬ 
gorithm  efficiently  controls  its  progress  and  allows  for  automatic 
equation  reformul ati on .  A  weapon  mechanism  and  a  trip  plow  are  simu¬ 
lated  using  the  method  to  illustrate  its  capabilities. 

I.  INTRODUCTION.  Dynamic  analysis  of  mechanisms  and  machines 
that  undergo  impulsive  loading,  impact,  and  cammed  locking  of  parts  is 
a  field  that  has  seen  only  moderate  development.  In  spite  of  the 
technical  difficulty  of  analysis  of  such  systems  and  their  inherently 
discontinuous  behavior,  such  systems  are  commonly  encountered  in  manu¬ 
facturing  equipment  and  in  weapon  mechanisms  and  must  be  carefully 
analyzed  during  the  design  process.  The  purpose  of  this  paper  is  to 
present  a  computer  aided  analysis  method  that  is  capable  of  analyzing 
complex  mechanisms  and  machines  that  undergo  intermittent  motion. 

Previously  used  methods  of  intermittent  motion  analysis  have  gen¬ 
erally  used  pieced  interval  analysis,  in  which  the  analysist  writes 
the  equations  of  motion  between  times  at  which  discontinuous  events 
occur  [1].  Momemtum  balance  equations  must  be  written  to  account  for 
velocity  discontinuities  that  may  occur  in  a  specific  system  configura¬ 
tion.  Numerical  integration  is  halted  at  the  point  of  discontinuity, 
new  initial  conditions  on  velocity  are  formulated  and  in+egration  is 
continued.  A  basic  limitation  of  this  method  of  analysis  is  the  effort 
required  to  write  system  equations  that  are  valid  in  intervals  between 
events  whose  ordering  is  not  generally  known  before  the  analysis  is 
begun.  Thus,  the  analyst  is  required  to  write  equations  and  computer 
code  for  all  ordering  of  logical  events  that  may  conceivably  occur. 

One  method  that  has  been  used  to  alleviate  the  foregoing  diffi¬ 
culty  is  to  use  Heaviside  step  functions  that  define  logic  associated 

♦Research  supported  by  U.S.  Army  Research  Office,  Project  No. 

0AA629-79-C-0221  . 
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with  the  events  occurring  during  intermittent  motisn.  These  disconti¬ 
nuous  functions  may  then  be  smoothed  to  provide  a  set  of  governing 
differential  equations  of  motion  [2].  This  procedure  can  be  justified 
on  the  basis  of  distribution  theory  [3,4]  and  has  been  successfully 
employed  in  weapon  mechanism  dynamics  [5].  The  distribution  theoretic 
method  has  been  used  in  conjunction  with  a  computer  code  that  auto¬ 
matically  generates  the  system  equations  of  motion  [6]  by  defining 
"logical  spring-dampers"  that  account  for  certain  aspects  of  inter¬ 
mittent  motion  [7].  In  this  paper,  the  method  of  computer  generated 
equations  of  motion  i.s  employed  with  the  pieced  interval  analysis  method 
to  treat  dynamics  of  quite  general  planar  systems  that  undergo  inter¬ 
mittent  motion. 


II.  EQUATIONS  OF  CONSTRAINED  PLANAR  MOTION.  For  planar  mechanical 
systems  treated  here,  constraints  between  elements  are  taken  as  friction 
free  (workless)  translational  and  rotational  joints.  Extensions  to 
include  constraints  such  as  cams  and  prescribed  functional  relations 
are  possible  by  incorporating  provisions  for  nonstandard  elements  that 
are  supplied  by  the  user.  In  addition  to  standard  constraints,  standard 
spring-damper-actuator  combinations  connecting  any  pair  of  points  on 
different  bodies  of  the  system  are  included  in  the  model.  Allowance  is 
also  made  for  arbitrary  user  supplied  external  forcing  functions. 

In  order  to  determine  the  configuration  or  state  of  a  planar 
mechanical  system,  it  is  first  necessary  to  define  generalized  coor¬ 
dinates  that  specify  the  location  of  each  body.  As  shown  in  Fig.  1, 
let  the  x-y  coordinate  system  be  a  fixed  inertial  reference  frame. 

Define  a  centroidal  body-fixed  coordinate  system  c-j  -  n-j  embedded  in  a 
typical  body  i.  The  location  of  body  i  is  specified  by  the  global  coor¬ 
dinates  (x-j  ,y^ )  of  the  origin  or  vector  frj  and  the  angle  <j>i  of  rotat  ion 
of  the  body  fixed  coordinate  system  relative  to  the  global  coordinates. 
In  terms  of  these  generalized  coordinates,  the  kinetic  energy  of  the 

i  t h  boc)y  -js 

T1  =  j  mi (x?  +  y^)  +  \  J.  ^  (1 ) 

where  m^  is  the  mass  of  the  ith  body  and  Jj  is  its  centroidal  polar 
moment  of  inertia. 


Figure  1  further  depicts  an  adjacent  body  j,  with  body-fixeo 
coordinate  system  located  by  the  vector  tfj.  Let  arbitrary^points  pg 
on  body  i  and  pg  on  body  j  be  located  by  vectors  rg  and  rjg  respec¬ 
tively.  These  points  are  in  turn  connected  by  a  vector  r  , 


*  *.  * 


(2) 


The  vector  condition  for  a  rotational  joint  at  points  pg  and  pg  is 
rp  =  0,  yielding  the  following  pair  of  scalar  constraint  equations: 
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xi +  «1j cos  *i  -  r'ij sin  *1 

-  xj  -  t:ji cos  *j +  nji sin  *j  = 0 


(3) 


y.  +  .  sin  a.  +  rt.  -  cos  <*. 


-  yi  -  £ji  Sin  t.  -  nJ(  COS  #j  -  0 

For  a  translational  joint  shown  in  Fig.  2,  let  points  p-j -j  and  p.-p 
on  body  i,  and  points  pj}  and  on  body  j  lie  on  some  line  parallel 
to  the  path  of  relative  motion  between  the  two  bodies,  such  that  Si  and 
are  of  nonzero  magnitude.  Since  5-j  and  Sj  are  parallel,  f-j  *  =  3, 

with  zero  z  component  yielding  the  scalar  equation 


[(£12  - 

cil ) 

cos 

♦i 

-  (ni2  - 

nil } 

sin 

[<cj2  - 

Cjl] 

sin 

+  {nj2  - 

V 

cos 

»o] 

[(Cj2  - 

CJ1> 

cos 

-  (nj2  - 

V 

sin 

[U(2  - 

ci  1 } 

sin 

♦i 

+  (ni 2  ’ 

nil} 

cos 

♦|J  •  0 

(4) 


Likewise,  rjj  and  are  parallel  so  fjj  *  ?j  =  (5  yields  a  zero  z 
component  and  the  second  scalar  equation 


[x.  +  ?il  COS  ^  -  nu  sin  -  x.  -  fjl  cos  4,  +  sin  c,] 

[(tj2  ‘  *jl}  Sin  *j  +  (nj2  ’  r'jl)  C0S  *j] 

-  +  fM1  sin  p.  +  ni1  cos  *.  -  ^  sin  *.  -  njl  cos  9 .  ] 

[(Cj2  -  Cji  )  cos  -  (nj2  -  Hj-j )  sin  $..]  =  0  (5) 

The  parameters  (f.-jq  ,n-ji)  and  ('cli2»ni2^  l°cate  points  Pi q  and  p,-  ^  in 
body  i  coordinate  system,  and  ( ^ jl  * n j  1 )  ar|d  ( f-j 2 * n j 2 ^  locate  points 
Pjl  and  p^  in  body  j  coordinate  system. 

Since  springs,  dampers,  and  actuators  generally  appear  together, 
as  shown  in  Fig.  3,  they  are  incorporated  into  a  single  set  of  force 
equations.  If  any  are  absent,  their  effect  is  eliminated  by  setting 
the  corresponding  terms  to  zero.  The  equation  for  spring-damper  force 
is 
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Spring-Damper-Actuator  Definition . 


ku(lij  •  V  +  C1j  !fj  + 


^  j 


Sij 


(6) 


where  ft. .  is  the  resultant  force  vector  [F  ,F  in  the  spring-damper, 
U  xij  *ij 

ft  is  the  vector  [«..  .  cos  a,  l.  .  sin  a]T  between  points  S,,  and  S..  of 

S^j  Ij  ij  ij  J* 

a  spring-damper  connection,  k..  .  is  an  elastic  spring  coefficient  that 
may  depend  on  generalized  coordinates  and  time,  c^.  is  a  damping 
coefficient  that  may  depend  on  generalized  coordinates  and  time, 

ij 

is  the  undeformed  spring  length,  j,. .  is  the  deformed  spring  length, 

l. .  is  the  time  derivative  of  and  FQ  is  an  actuator  force  applied 
ij  J  uij 

along  the  spring  and  may  depend  upon  generalized  coordinates  and  time. 

The  virtual  work  of  externally  applied  forces  and  spring-damper 
forces  acting  on  body  i  can  now  be  written  as 


6W.  =  Qx  (q,q,t)6x •  +  Q  (q,q,t)6y.  +  Q  _  (q,q,t)fi<j>. 


(7) 


where  q  =  [q  ,  q^  ,...,qn  ]T  and  q1  =  [x.  ,y,  ,$,]  are  the  total  system 
and  body  i  generalized  coordinate  vectors,  respectively,  and  q  =  ^  . 
The  vector  Qi  =  [Qx  ,Q  ,Qrt  ]T  of  generalized  forces  on  body  i  is 


1T  ?T  nT  T 

thus  defined  and  Q  =  [Q  ,Q  ,  ...,Q  ]  is  the  vector  of  system  gener¬ 

alized  forces,  depending  on  q  and  $. 

Let  the  m-vector  equation  of  all  kinematic  constraints  be  denoted 
simply  as 

<t>(q,t)  =  0  (3) 

A  virtual  displacement  5q  of  the  system  is  then  consistent  with 
constraints  if 

$  sq  =  0  (9) 

q 


where  $> 


34>. 

L^jJ 


is  the  Jacobian  matrix  of  the  vector  constraint  function. 
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If  the  constraints  are  workless,  the  variatior.al  rorm  of  Lagrange's 
equations  of  notion  is  [8] 

It  (T-)  -  Tq  -  qTj  Sq  .  o  00) 

for  all  6q  satisfying  Eq.  9.  By  Farkas  Lemma  [9],  there  exists  a  vector 
\  t  Rm  of  multipliers  such  that 


A  (T.)T  -  TqT  -  q  *  ,qTx  .  0  Oil 

which  with  the  constraint  equations  of  Eq.  8  form  the  constrained  equa¬ 
tions  of  motion  of  the  system.  For  planar  systems  treated  in  this  paper, 

the  kinetic  energy  is  T  =  ^  q^Mq,  where  M  is  a  constant  diagonal  matrix. 

Thus  Eq.  11  becomes  simply 

Mq  -  Q  +  $qTA  =0  (12) 

Initial  conditions  for  system  motion  are  given  as 


q ( 0 )  =  q° 
q(0)  =  q° 


(13) 


where  q  and  q  are  consistent  with  constraints.  That  is,  q^  satisfies 
Eq.  8  and  £j°  satisfies  the  equation  obtained  by  taking  the  time 
derivative  of  Eq.  8, 


+ 


=  0 


(14) 


To  define  the  intermittent  nature  of  the  motion  of  a  mechanical 
system,  a  set  of  event  times  t-j ,  i  =1,  ...,  k  at  which  some  disconti¬ 
nuity  in  system  behavior  occurs  is  defined  by  equations 

fl’(t,q(t))  =  0  (15) 


The  ordering  of  event  times  is  defined  by  the  dynamical  system  and 
forcing  functions.  The  equations  of  motion  are  integrated  forward  in 
time  and  the  values  of  .Q1  are  monitored  until  one  of  them  become^  zero, 
defining  t-j  .  The  process  is  continued  until  a  second  function  n1 
becomes  zero,  defining  t2-  The  process  continues  until  the  simulation 
is  completed. 


The  constraints  may  be  modified  at  the  event  times,  so  the  vector 
l' ( q , t )  of  Eq.  8  may  be  modified  as  the  motion  of  the  system  progresses 
For  example,  one  of  the  events  may  be  an  impact  and  subsequent  locking 
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together  of  two  of  the  bodies  in  the  system.  Thus,  after  the  event 
occurs  additional  constraints  are  added  and  the  equations  of  motion 
and  constraint  are  modified,  with  additional  components  of  the  multiplier 
A  introduced. 


The  foregoing  equations  of  motion  and  constraints  are  computer 
generated  using  a  computer  code.  Dynamic  Analysis  and  Design  System,  DADS 
[6]  that  constructs  all  of  the  matrices  needed  in  the  simula:ion.  This 
computer  generation  of  equations  is  crucial,  since  the  form  of  equations 
between  event  times  is  variable  and  depends  on  ordering  of  the  event 
times.  The  remaining  task  in  generation  of  the  complete  system  of 
equations  is  formulation  of  velocity  jump  conditions  that  must  hold  at 
event  times  involving  impulsive  loading  and  impact  between  bodies  in 
the  system. 


3_. _ Reduced  Equations  of  Motion  and  Momentum-Impulse  Relations . 

In  order  to  obtain  momentum-impulse  relations  needed  for  modelling 
intermittent  motion,  it  is  helpful  to  eliminate  the  multiplier  A  from 
the  equations  of  motion  of  Eq.  12.  To  do  this,  a  partitioning  of  the 
generalized  coordinates  is  introduced  that  defines  dependent  generalized 
coordinates  in  terms  of  independent  coordinates,  through  the  constraint 
equations . 


Beginning  with  the  initial  value  q®  of  Eq.  13,  a  Gauss-Jordon 

.  r a*,- 1 

with  double  pivoting. 


■>  <i) 

reduction  of  the  Jacobian  matrix  t  =  —  = 


Sq 


’34>  .  " 


defines  a  partitioning  of  q  =  [uT,vT]T  such  that  cu  is  nonsingular.  By 
the  implicit  function  theorem  [10],  the  constraint  equations  of  Eq.  8 
guarantee  existence  of  a  twice  continuously  differentiable  function 
f(v,t)  such  that 


u  =  f(v,t) 


satisfies 


f ( f ( v ,t)  ,v ,t)  =  0 


and 


]•_£ 

•v 


D(v,t) 


(16) 

(17) 


(18) 


where  the  matrix  D(v,t)  is  continuously  differentiable. 

The  matrix  vu  is  numerically  decomposed  into  lower  and  upper  tri¬ 
angular  matrices  L  and  U  such  that 
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Forward  elimination  and  back  substitution  steps  rep. ace  tne  less 
efficient  matrix  inversion  process.  For  example  Eq.  18  is  written  as 

L*U*D  =  -4> 

v 

which  is  solved  in  two  steps 
L  •  A  =  -  0 

v 

and 


U  •  D  =  A 


for  the  matrix  D. 

Given  a  numerical  value  of  v  and  a  time  t,  u  can  be  found  by  Newton 
iteration,  with  the  increment  in  u  defined  by 


uU  =  -  0  (19) 

Differentiating  Eq.  8  with  respect  to  time  and  partitioning  gives 

t>uu  +  $yv  +  =  0  (20) 

Thus,  by  Eq.  18, 

u  =  Dv  -  4>  ^  1>  (21  ) 

u  t 

Similarly,  taking  the  time  derivative  of  Eq.  20  yields 

*uu  +  '.'vv  +  V(v,v,t)  =  0  (22) 

where 


V ( v , v , t )  =  (ou)  u  +  ( ■; >  v )  u  +  (ou)  v  +  (:  v )  v 
'  ’  '  u  U  V  U  U  V  V  V 


+  2v.  u  +  2o.  v  +  0.  . 
tu  tv  tt 


(2: 


which  can  be  evaluated  explicitly  in  terms  of  v,  using  Eq.  21. 

The  equations  of  motion  of  Eq.  12  can  now  be  partitioned  in  the 

form 


Muii  -  Qu  +  $uTa  =  0 
Mvv  -  QV  +  $  TA  =  0 

V 


(24) 

(25) 
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where  Mu,  M  ,  QU,  and  Qv  are  partitions  of  M  and  Q  consistent  with 
the  partitioning  of  q.  Solving  for  \  from  Eq.  24,  substituting  into 
Eq.  25,  and  noting  that 


yields 


Mvv  +  DTMUu  =  QV  +  DTQU  (26) 

Substituting  from  Eq.  22  yields  an  explicit  differential  equation  in 
the  independent  variables 

[Mv  +  DTMUD]v  -  oVrSfv.v.t)  =  Qv  +  DTQu  (27) 

Let  t-j  be  a  point  in  time  at  which  a  "violent  event"  occurs,  which 
is  to  be  approximated  by  a  discontinuity.  In  reality,  the  event  occurs 
over  a  time  interval  t-j  <  tn-  <  tj,  as  shown  in  Fig.  4,  and  behavior  is 
smooth  except  possibly  at  t-j .  Integrate  Eq.  27  to  obtain 

^2  '  ^  2 

[MV  +  DTMuD]vdt  -  |  DTMU;u_1Vdt  =  j  [QV  +  DTQu]dt  (28) 

S  S  T1 


Since  D  is  differentiable,  integration  by  parts  and  using  the  mean  value 
theorem  gives 


[MV  +  L)TMUD]v 


t 

I  o  r  c- 


2  -  1  [m  (°Th“d), 


ll 


J. 


ll 


2  Qvdt  +  DT  [  2  QUdt 


ll 


J 


v  +DTMUOu_1V(v,v,t)jdt 


(29) 


T1 


where  0  is  a  matrix  whose  elements  are  those  of  D  evaluated  in  (t^.i^)- 


T1 


t. 


t2 


Figure  4,  Event  Interval 


Treating  Q  as  impulsive  at  t. ,  the  integrals  of  generalized  force  are 


"generalized  impulse",  P 


^  Qvdt  and  Pu  =  j"  ^  Qudt.  Taking  the 
i  T1  _  , 

J  A.  _ 4.  "111/..  J.  \ 


limit  in  Eq.  29  as  -r^  ->  t^  and  -►  t.,  noting  that  D  Mu«>  "  V(v,v,t) 
is  bounded,  yields  the  "impulse-momentum"  equation  at  t.  as 

[Mv  +  DTMuD][v(t.+)  -  v(t.-)]  =  Pv  +  DTPu  (30) 

This  prescribes  the  velocity  jump  in  v  due  to  impulsively  applied  loads. 

It  is  important  to  note  that  Eq.  30  involves  impulse  and  momentum 
of  all  elements  of  the  mechanical  system.  This  is  crucial,  since  tfl 
bodies  making  up  the  system  interact  through  constraints,  so  an  impuTse- 
momentum  balance  relation  involving  only  the  bodies  on  which  the  j 
impulsive  force  acts  is  impossible.  Deriving  the  relation  of  Eq.  3f) 
by  manual  calculation  would  be  extremely  difficult  and  time  consuming. 
One  of  the  strongest  points  of  the  method  presented  here  is  the  auto¬ 
matic  assembly  of  the  coefficient  matrices  of  Eq.  30. 


body  i 


body  j 


Figure  5  Impacting  Bodies 

For  impact  of  bodies  i  and  j,  as  shown  in  Figure  5,  a  coefficient 
of  restitution  e  provides  the  relative  velocity  relation  in  direction  n 


or  with  N 


"T  (i\V)  -  -’Vl) 

,  r  t  t]t 

f  R  ,  N  =  [Nu  ,  Nv  J  ,  Eq.  31  may  be  written 


T  T  T  T 

'  v(t  +i  +  Nu  uft^)  =  -e  Nv  v(t.-)  +  Nu  u(t.j- 


or  using  Eq.  21 ,  this  is 
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The  generalized  impulse  of  the  force  f(t)  in  Fig.  5  is 
ft  ,+e 


P  = 


f(t)Ndt  =  pN 


(33) 


t.-c 


where 


t  .+£ 

1  f (t )dt 

Ve 

Defining  the  partitioning  Pv  =  pNv  and  Pu  =  pNu ,  Eq.  30  gives 


(34) 


v(t.+)  -  v(t.- 


p  j^MV  +  DTMUD  _1 


NV  +  DTNU 


(35) 


vT  ,iT 

Premultiplying  by  N  +  N  D  and  using  Eq.  32,  p  is  determined  from 
the  scalar  equation 


T  T  1 

T  T 

NV  +  NU  Dj  v(ti - )  =  p 

NV  +  Nu  D 

•  [mv  +  DTMUd]_1  NV  +  DTNU]  (36) 


With  p  known,  v(t-j  +  )  is  given  by  Eq.  35.  Equations  35  and  36 
thus  define  jump  discontinuities  in  velocity  due  to  given  impulsive 
loading  and  impact  between  bodies. 


The  above  equations  are  put  into  matrix  form  for  automatic 
solution  by  the  DADS  computer  program.  Subtract  Eq.  32  from  the 
identity 


f  T 

T 

T 

T  1 

NV 

+  NU  D 

v(tr)  =  | 

NV 

+  NU  D 

and  define 


Av.j  =  v (ti  +  )  -  v(t.-) 


(37) 


The  matrix  equation  thus  becomes 


(Hv  +  DTMuD)  -(NV  +  DTNU)  av. 
T  T 

- (Nv  +  nu  D)  0  p 


T  T 

(e+1)  (Nv  +  Nu  0)  v { t. - ) 


whose  solution  yields  the  desired  change  in  velocity  and  impulse 
magnitude  p. 

A  numerical  integration  algorithm  for  automatic  formulation  and 
efficient  solution  of  the  reduced  system  of  differential  equations  of 
motion  is  presented  in  Ref.  6.  The  algorithm  is  breifly  reviewed  here 
and  extensions  to  include  pieced  interval  analysis  and  momentum  balance 
are  discussed  in  the  following  steps. 

Step  1 .  An  approximate  (from  initial  estimate  or  prediction)  or 
exact  (from  static  equilibrium  analysis)  system  configuration  is  known. 
Evaluate  and  perform  L-U  factorization  to  determine  $u,  ov,  D,  and 

the  partitioning  of  q  into  u  and  v.  If  any  constraint  equations,  Eq.  3, 
are  not  satisfied  iterate  to  determine  u  using  Eq.  19.  Independent 
variables  v  remain  fixed  at  the  values  provided  by  the  integration 
algorithm. 

tep  2.  Evaluate  and.factor  as  in  Step  1.  Evaluate  u  by  Eq.  21, 
where  independent  velocities  v  remain  fixed  at  the  values  provided  by 
the  integration  algorithm. 

Step  3.  Compute  independent  accelerations  v  from  Eq.  27  and 
evaluate  dependent  accelerations  u  from  Eq.  26  if  desired. 

Step  4.  Before  advancing  the  solution  ahead  in  time  check  Eq.  15 
for  any  =  0  in  the  time  interval.  This  is  done  by  introc^cing 

.  _i  i 

variables  r  =  and  formulating  '  =  q  +  •  These  differential 

0q  3t 

equations  are  integrated  along  with  the  system  equations  of  motion.  The 
variables  J.1  are  first  predicted  to  the. next  point  in  time  and  if  one 
or  more  change  sign  the  corresponding  n1  are  zero  in  the  time  interval. 

A  new  time  step  is  then  calculated  corresponding  to  the  point  in  time 
where  the  first  pi  becomes  zero  and  control  then  passes  to  Step  5.  If 
no  f1  changes  sign,  control  passes  directly  to. Step  5.  (The  algorithm 
also  checks  for  the  possibility  that  a  given  E1  passes  through  zero 
twice  in  a  given  step  in  which  case  the  first  root  is  selected.) 
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Step  5.  Using  the  explicit  Adams  PECE  algorithm,  advance  the 
solution  to  the  next  time  step.  The  algorithm  requires  execution  of 
Steps  1  to  3  each  time  evaluation  of  the  reduced  system  of  differential 
equations  is  called  for.  Go  to  Step  6. 

Step  6.  If  no  event  is  detected  return  to  Step  4.  Otherwise 
determine  the  appropriate  action  to  be  taken  such  as  momentum  balance 
using  Eq.  38.  Then  return  to  Step  4  to  continue  the  simulation.  A 
more  detailed  description  of  the  procedures  involved  in  Steps  4  and  6 
is  presented  in  the  numerical  examples  of  Section  4.  The  procedure 
for  solving  Eq.  38  for  av .  and  p  is  basically  the  same  as  for  solving 
Eq.  27  for  v.  1 

4.  NUMERICAL  EXAMPLES.  Two  numerical  examples  are  presented 
here  to  illustrate  the  analysis  method.  The  first  example  is  a  75  mm 
automatic  cannon  with  three  moving  masses.  Although  the  system  is 
composed  mainly  of  translating  bodies,  it  does  have  a  number  of  sig¬ 
nificant  logical  events  that  include  discontinuous  velocities  due  to 
impulsive  loading,  body  impact,  mass  capture  and  release,  and  dis¬ 
continuous  accelerations  due  to  contact  with  and  separation  from 
buffers.  The  second  example  is  a  more  complicated  trip-plow  mechanism. 

It  consists  of  seven  rigid  bodies,  five  of  which  undergo  large  angular 
displacements.  These  bodies  experience  multiple  impacts  as  the 
mechanism  progresses  through  a  reset  cycle. 

4,1,  The  75  mm  Cannon  System.  The  75  mm  automatic  weapon  mechanism 
shown  in  Fig.  6  consists  of  three  main  masses:  the  barrel  assembly  B, 
the  sleeve  S,  and  the  sear  SR.  A  camming  action  is  used  to  move  the 
sleeve  over  a  telescoped  cartridge,  so  that  the  cartridge  can  be  safely 
fired  during  each  cycle  of  system  operation.  The  B-cam  path  is  fixed 
in  the  barrel  assembly  B,  while  the  R-cam  path  is  fixed  in  the  receiver 
R,  which  is  rigidly  attached  to  ground.  The  sleeve  S  is  connected 
by  a  rigid  bar  PQ  to  a  pin  at  point  P  that  slides  without  friction  along 
the  R  and  B  cam  paths. 

Two  forces,  Ff  and  Fb,  drive  the  barrel  during  its  forward 
(counter  recoil)  and  rearward  (recoil)  motion,  respectively.  A  front 
buffer  Bf  and  a  rear  buffer  Br  slow  the  barrel  assembly  during  extreme 
displacement.  Both  front  and  rear  buffers  are  designed  produce 
constant  retarding  forces. 

Logical  times  t-j  at  which  impact  or  other  irregularities  of  inter¬ 
mittent  motion  occur  are  introduced  as  an  integral  element  of  the  dynamic 
model.  Between  these  times,  the  motion  and  acceleration  of  the  system 
is  continuous.  At  these  times,  discontinuities  in  velocities  and 
acceleration,  changes  in  system  constraints,  and  mass  capture  or  release 
can  occur.  These  logical  times  are  functions  of  the  system  state  and 
are  determined  as  the  simulation  progresses.  Logical  times  will  now  be 
defined  for  the  firing  from  run-out  mode  of  weapon  operation: 
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(1)  tg  =  0:  The  barrel  assembly  B,  in  automatic  fire,  passes 
the  sear  position  with  velocity  X£  =  40  in/sec.  (Initial 
starting  point,  not  considered  as  a  logical  event).  A 
forward  driving  force  Ff  =  1600  1 bf  acts  on  the  barrel. 

(2)  t-|  :  The  barrel  B  contacts  the  front  buffer,  Bf  =  -6900  lbf 
becomes  active  (restart  integration  because  of  discontinuous 
acceleration) . 

(3)  t2 :  The  charge  is  ignited.  An  impulse  of  -880  lbf-sec  acts 
on  the  barrel  B,  (perform  momentum  balance  to  obtain  new 
velocities.  Ff  is  deactivated  and  drive  force  F^  =  2000  lbf 
is  activated.  Restart  integration.) 

(4)  tg:  The  barrel  B  breaks  contact  with  the  front  buffer, 

Bf  =  0  1  bf  (restart  integration). 

(5)  t4:  The  barrel  B  impacts  and  captures  the  sear  SR  which  was 
locked  to  the  receiver.  The  rear  buffer  Br  =  12100  lbf  acts 
against  the  sear  (rel ease  constraint  between  sear  and  receiver, 
perform  momentum  balance  with  coefficient  of  restitution 

e  =  0,  activate  constraint  between  barrel  B  and  sear  SR,  and 
restart  integration  with  new  velocities.) 

(6)  tg:  The  barrel  B  and  sear  SR  come  to  rest.  The  barrel  drive 
force  Fg  is  deactivated,  the  drive  force  Ff  is  activated,  and 
the  rear  buffer  force  Br  is  deactivated  (restart  integration). 

(7)  tg:  If  automatic  fire  is  to  terminate,  the  barrel  B  and  sear 
SR  return  to  the  initial  sear  position.  The  sear  impacts 

the  receiver, and  the  sear  and  barrel  are  captured  by  the 
receiver.  (Perform  momentum  balance  with  coefficient  of 
restitution  e  =  0,  activate  constraint  between  sear  and 
receiver.)  The  cycle  is  complete  with  sear  and  barrel  locked 
to  receiver. 

(7')  tg:  If  automatic  fire  is  to  continue,  the  barrel  B  and  sear 
SR  return  to  the  initial  sear  position.  The  sear  impacts  the 
receiver  and  is  captured  by  the  receiver,  while  uhe  barrel 
is  released  from  the  sear,  (release  the  constraint  between 
sear  and  barrel,  perform  momentum  balance  with  coefficient 
of  restitution  e  =  0,  activate  constraint  between  sear  SR 
and  receiver,  and  restart  integration  with  new  velocities). 

The  cycle  is  complete  and  barrel  is  in  the  runout  configura¬ 
tion  for  another  round. 


Logical  times  t-]  to  tg  depend  upon  the  state  of  the  system;  the 
relative  horizontal  displacements  and  relative  velocities  between  bodies 
of  the  system.  Since  the  horizontal  position,  velocity,  and  acceleration 


of  body  centers-of-mass  are  state  variables,  logic,.]  times  are 
expressed  as  functions  of  these  variables. 


The  logical  events  are  defined  as  follows: 


(1) 

tl : 

x2  -34.26  = 

l1  - 

0 

(2) 

t2: 

x2  -36.75  = 

2 

i  = 

0 

(3) 

V 

x2  -34.26  = 

1 

l  - 

0 

(4) 

V 

x2  -  x^  -16 

II 

U> 

=  0 

(5) 

t5 ' 

A 

x2  =  i  =  0 

(6) 

V 

x2  ~  x3 

II 

CO 

=  0 

The  six  events  ti  to  tg  are  thus  defined  by  the  four  logical 
variables  v  to  V .  In  order  to  incorporate  these  event  predictors 
into  the  numerical  integration  algorithm,  the  derivatives  of  the  above 
equations,  with  appropriate  initial  conditions,  are  formulated  and 
integrated  along  with  the  system  equations  of  motion.  Thus 

21  =  x2  ,  £](0)  =  -18.26 

i2  =  x2  ,  j.2(0)  =  -20.75 

*  =  x2  -  x3,  *J(0)  =  C 

i =  x2  ,  jf  ( 0)  =  40 

The  procedure  for  determining  the  complete  system  state  precisely 
at  logical  times  t]  to  tg,  identified  by  logical  variables  .  to  .4, 
is  as  follows.  An  appropriate  time  step  is  determined  by  the  numerical 
integration  algorithm  based  on  the  previous  system  state,  polynomial 
predictor  order,  and  error  tolerance.  Each  logical  variable  in 
succession  is  predicted  ahead  in  time,  using  this  time  step.  If  no 
logical  variable  is  found  to  have  passed  through  zero,  the  program 
advances  the  solution  by  the  desired  time  step  and  the  process  is 
repeated.  If  one  or  more  logical  variables  have  passed  through  zero, 
the  precise  times  at  which  the  corresponding  logical  variables  are 
zero  are  calculated  by  interpolation,  using  the  polynomial  predictor. 

A  solution  is  then  forced  at  the  earliest  logical  time,  indicating 
occurance  of  the  first  event.  Control  is  then  returned  to  user 
supplied  subroutines  so  that  actions  can  be  taken  according  to  the 
intent  of  the  active  logical  variable. 


Acceleration  (in/sec  )  Velocity  (in/sec)  Displacement  (in) 


Most  discontinuous  events  can  be  categorized  a. cording  to  the 
order  of  increasing  difficulty  as  follows: 

(1)  Those  requiring  restart  of  the  integration  process  only, 
such  as  when  discontinuous  forces  act  on  or  within  the 
system.  These  forces  are  not  considered  to  be  impulsive  in 
nature,  thus  only  discontinuous  accelerations  result. 

(2)  Those  requiring  momentum  balance  due  to  impulsive  external 
loads  (impact  between  bodies  and  mass  capture  or  release  is 
excluded)  with  no  supplemental  restitution  equations  or 
constraint  equation  modification. 

(3)  Those  requiring  momentum  balance  due  to  impact  between  bodies 
and  mass  capture  or  release.  Supplemental  coefficient  of 
restitution  equations  are  appended  to  the  momentum  balance 
equations  to  achieve  the  desired  velocity  changes.  Constraints 
are  added  or  deleted,  as  needed  to  facilitate  mass  capture  or 
release. 

The  six  events  t-j  to  tg  fall  into  the  following  three  categories: 

(1)  t-|  ,  tg,  t5  -  These  events  define  discontinuous  forces  of 
relatively  small  magnitude,  therefore  only  a  restart  of  the 
integration  procedure  is  required. 

(2)  t2  -  This  event  defines  an  externally  applied  impulsive  load 
requiring  a  momentum  balance  and  restart  of  the  integration 
procedure . 

(3)  t/ptg  -  These  events  define  impulsive  loading,  due  to  impact 
between  bodies  of  the  system,  and  mass  capture  and  release. 
Supplemental  equations  are  required  for  momentum  balance  and 
a  restart  of  the  integration  procedure  is  required. 

The  effects  of  the  various  events  at  logical  times  t-|  to  tg  on 
the  position, velocity.and  acceleration  of  the  barrel  are  shown  in  Fig.  7. 
The  DADS  computer  program  required  14  seconds  on  an  I  tel  AS6  computer 
to  execute  one  cycle  of  tne  weapon  system. 

4,2.  The  Spring-Reset  Trip-Plow  Mecnanism.  A  spring-reset  plow¬ 
share  mechanism  model  is  shown  in  Fig.  8,  in  its  initial  configuration, 
just  prior  to  impact  between  the  plow-share  tip  and  a  rock  buried  in 
the  ground.  The  model  consists  of  six  moveable  rigid  bodies,  identi¬ 
fied  as  follows:  body  1  -  plow-share  and  standard,  body  2  -  lower  link, 
body  3  -  rear  toggle  link,  body  4  -  front  toggle  link,  body  5  -  u-bolt, 
and  body  6  -  combined  plow-frame  and  tractor  mass.  The  bodies  are 
connected  by  various  rotational  joints,  as  illustrated  in  Fig.  8  and 
the  entire  tractor-plow  system  is  initially  moving  to  the  right  at 
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2  meters  per  second,  along  a  horizontal  translational  joint  between 
tractor  and  ground.  A  spring-damper-actuator  combination  is  connected 
between  the  u-bolt  and  rear  toggle  link,  to  simulate  the  spring  reset 
device.  In  addition,  five  potential  contact  points,  where  impact 
between  adjacent  bodies  will  occur,  are  identified  by  the  letters  A-E, 
as  follows:  A  -  contact  between  the  u-bolt  and  main  frame,  B  -  contact 
between  the  shank  and  lower  link,  C  -  contact  between  the  lower  link 
and  main  frame,  0  -  contact  between  the  front  and  rear  toggle  links, 
and  E  -  contact  between  the  plow-share  tip  and  rock  embedded  in  the 
ground. 

Contacts  are  simulated  by  attaching  markers  at  some  distance  from 
the  point  of  contact  on  adjacent  bodies,  such  that  the  nonzero  vector 
connecting  the  two  points  passes  through  the  point  of  impact  and  defines 
a  normal  to  the  surface  at  that  point.  These  markers  are  simply 
modified  spring-damper-actuator  combinations,  in  which  provisions  are 
made  to  control  spring  rates,  damping  coefficients,  and  actuator  forces 
as  needed.  The  elements  can  play  various  roles  in  the  simulation. 
Logical  variables  defining  logical  event  times  tm  of  impact  are 
formulated  in  terms  of  spring-damper  deformed  and  undeformed  lengths  as 


The  constant  2n  . .  is  selected  so  that  impact  occurs  at  t.  =  2n..  hence 
J  "1 J  J  ’ 

2  =0.  As  noted  earlier,  to  facilitate  event  prediction,  the 

differential  equation 


1  <°>  ■  -  £01j 


is  formulated  and  solved  for  i.  .  The  system  state  and  event  times  are 

thus  determined  precisely  when  r  =  0  or  t.  =  £»... 

ij  Oij 

At  this  point  one  has  several  options  in  continuing  the  simulation 


(1 )  Define  spring  and  damper  coefficients  or  actuator  forces  in 
the  element  to  represent  contact  characteristics  c.nd  restart 
the  integration.  (They  remain  active  until  L  becomes  zero 
again,  indicating  separation,  at  which  time  they  are  set  to 
zero . ) 

(2)  Define  a  coefficient  of  restitution  e;  the  normal  impulse 
direction  and  location  is  determined  by  the  element’s  direc¬ 
tion  and  location.  Perform  momentum  balance  to  determine 
jump  discontinuities  in  velocity  and  restart  integration. 
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The  impacts  encountered  in  this  simulation  usually  occur  between 
bodies  driven  together  (and  then  held  together  for  some  time)  by  large 
forces.  Relative  displacement  between  the  impacting  bodies  after 
impact  is  usually  negligible.  Assuming  a  coefficient  of  restitution 
of  zero  prevents  multiple  impacts  and  simplifies  the  computer  logic. 
The  procedure  for  most  impacts  in  the  abuve  simulation  is  then  to  set 
e  =  0  in  the  second  option  above  and  perform  momentum  balance  to  get 
new  velocities.  Then  set  spring  and  damper  coefficients  as  in  option 
1  to  represent  physical  contact  between  bodies  and  restart  the 
integration . 

1  5 

Logical  variables  f.  to  a  are  formulated  for  the  five  contact 
points  A  to  E.  Logical  times  are  defined  for  the  spring-reset  plow 
model  (not  necessarily  in  the  order  of  occurrence)  as  follows: 

(1)  tfl  =  0:  The  tip  of  the  plow  contacts  the  rock  (a  =0; 
perform  momentum  balance  with  coefficient  of  restitution 
e  =  0.5;  restart  integration). 


(2)  t] :  The  tip  of  the  plow  makes  second  contact  with  the  rock 
(x.5  =  0;  repeat  above. ) 

(3)  t?:  The  u-bolt  contacts  plow  frame  (^  =  0;  perform 
momentum  balance  with  coefficient  of  restitution,  e  =  0; 
activate  spring  and  damping  coefficients;  restart  integra¬ 
tion  ) . 

3 

(4)  tj:  The  lower  link  contacts  plow  frame  (l  =  0;  perform 
momentum  balance  with  coefficient  of  restitution,  e  =  0; 
activate  spring  and  damping  coefficients;  restart  integration). 

p 

(5)  t^:  The  lower  link  and  standard  separate  (f  =0;  set  spring 
and  damping  coefficient  to  zero  and  continue). 

(6)  t5 :  Impact  between  toggle  links  (^  =  0;  perform  momentum 
balance  with  coefficients  of  restitution,  e  =  0;  activate 
spring  and  damping  coefficients;  restart  integration). 

3 

(7)  t$:  Lower  link  breaks  contact  with  plow  frame  ( >.  =0;  set 

spring  and  damping  coefficient  to  zero  and  continue). 

(8)  ty :  u-bolt  breaks  contact  with  plow  frame  (c/*  =  0);  set 
spring  and  damping  coefficient  to  zero  and  continue). 
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(9)  tg:  Impact  between  lower  link  and  stand,  ,-c  ( =  0;  perform 
momentum  balance  with  coefficient  of  restitution  c-  ■=  3; 
activate  spring  and  damping  coefficients;  restart  integration). 

The  predicted  motion  of  the  plow-share  mechanism  is  shown  in  Fig.  9  as 
follows:  The  tip  of  the  plow  makes  contact  with  the  rock  at  time  =  0.0 
seconds.  The  plow  tip  fails  to  clear  the  rock  and  impacts  it  again  at 
0.33  seconds.  The  impacts  impart  angular  velocity  to  the  plow-share, 
causing  it  to  move  rearward  and  upward.  This  motion  drives  the  toggle 
links  upward,  bringing  spring  1  into  tension.  The  u-bolt  and  lower 
link  come  into  contact  with  the  plow  frame  (contact  points  A  and  C)  at 
0.12  and  0.40  seconds,  respectively.  Contact  at  3  between  the  standard 
and  lower  link  is  broken  at  C.33  seconds. 

Contact  at  C  between  the  lower  link  and  frame  stops  upward  movement 
of  the  plow-share  and  the  reset  cycle  begins.  Stored  energy  in  the 
spring  rapidly  collapses  the  toggle  links.  This  action  causes  a  rapid 
change  in  angular  displacement  of  the  plow-share,  with  only  a  small 
effect  on  its  vertical  displacement.  At  0.55  seconds,  the  toggle  links 
have  reset  (contact  at  0). 

The  lower  link  and  u-bolt  break  contact  with  the  frame  at  0.57 
and  0.70  seconds,  respectively.  It  is  interesting  to  note  that  the 
toggle  action  results  in  the  plow-share  being  brought  to  within  20°  of 
horizontal,  while  its  center  of  mass  is  still  0./5  meters  above  ground. 
The  plow-share  therefore  re-enters  the  ground  at  a  shallow  angle,  pre¬ 
venting  the  mechanism  from  being  tripped  again.  Finally,  at  about 
0.86  seconds,  contact  occurs  at  stop  B  and  che  mechanism  regains  its 
approximate  initial  configuration.  The  DADS  computer  program  required 
38  seconds  on  an  I  tel  AS6  computer  to  execute  one  cycle  of  the  trip- 
plow  mechanism. 


g-Rese 
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APPLICATIONS  OF  DELAY  FEEDBACK  IN  CONTROL  SYSTEMS  DESIGN 


N.  P.  Coleman,  E.  Carroll,  D.  Lee  and  K.  Lee 
US  ARRADCOM 
Dover,  NJ  07801 


ABSTRACT :  Necessary  and  sufficient  conditions  for  exact  state  recon¬ 

struction  using  delays  are  discussed  together  with  an  example  in  which  the 
technique  is  implemented  in  real  time  using  an  8080/8085  microprocessor. 

Also,  a  frequency  domain  technique  for  synthesizing  certain  feedback  control 
laws  with  delays  is  developed  and  several  examples  discussed. 

I ■ _ INTRODUCTION :  In  designing  a  control  system  using  optimal  control 

theory  or  classical  frequency  domain  techniques,  one  often  encounters  sit¬ 
uations  in  which  certain  required  signals  or  states  of  the  system  are 
unavailable  by  direct  measurement.  In  modern  control  design  this  problem  is 
usually  handled  by  implementing  some  form  of  reduced  order  or  full  order 
observer  which  provides  an  asymtotic  estimate  of  the  unmeasured  state.  In 
this  paper  a  technique  is  developed  for  exact  state  reconstruction  of  unmeasured 
system  states  using  values  of  the  measured  variables,  their  delayed  values 
and  the  control  variables  on  the  maximum  delay  interval.  Several  examples 
are  discussed  which  demonstrate  the  application  of  this  technique  on  a 
laboratory  servo  system  using  an  8080  microprocessor. 

A  second  application  of  delay  feedback  for  frequency  domain  compensation 
is  also  discussed.  A  frequency  domain  technique  is  developed  for  selecting 
appropriate  gain  and  delay  parameters  for  synthesizing  a  feedback  controller 
using  delays  in  the  output  and  several  applications  as  discussed. 

II.  REAL  TIME  STATE  RECONSTRUCTION  USING  DELAYS:  In  this  section  a 
technique  is  presented  for  exact  state  reconstruction  using  delay  feedback 
of  measured  states  of  a  control  system  and  the  values  of  the  control  input 
over  the  delay  interval.  A  real  time  application  of  this  technique  in  a 
servo  control  system  using  an  8080  microprocessor  is  also  discussed.  For 
simplicity,  consider  the  linear  time  invariant  system: 

x(t)=Ax(t)+Bu(t)  (1) 

where  x  is  an  nxi  state  vector,  u  is  an  rxl  control  vector,  A  is  an  nxn 
constant  matrix,  and  B  is  an  nxr  constant  matrix.  Let  the  observation  vector 
y(t)  be  given  by: 

y ( t )  =  Rx(t) 

where  y  is  a  mxl  vector,  and  H  is  an  mxn  constant  matrix.  Let  o£  h^<  h2<--'<h  <a 
be  time  delays.  ' 

The  problem  is  to  reconstruct  the  state  x(t)  from  the  measurements  y(t), 

y(t-h),  ■'•,  y(t-h  )  and  the  measureable  control  vector  u(s),  t-h  ,-s-t. 

£  **• 

The  following  argument  due  to  D.  H.  Chyung,  Reference  (  1  )  provides  the 
basis  for  a  real  time  state  reconstruction  algorithm  discussed  in  the  examples. 
This  argument  makes  use  of  the  well  known  variation  of  parameter  expression 


1  :  !  ' 


l  i  :v  i  t  :  ,.f  Li,-  :.y  :  i  (!)  /  iv.  by: 


x  (t  )  -  eA^1  hi  ^  X  (  L-dj  )  +j  cA(t  "'^iUi(s)ds 


(2) 


t-lu 


o 

;Ahtx(t-hi)  +j  e-AsRu(t+s)ds 


-hv 


i  =  1 ,2 , • • • , t  . 


Multiplying  both  sides  of  equation  (2)  by  He  Ahi  results  in  the-  equ.tion: 

o 

He~Ahlx(t)  =  Hx(t-hi)  +  He"Ahi  j e_AsBu ( t+s ) ds 


-hi 


=  y(t-hi)  +  lie  A^^  e  AsBu(t+s)iis 


(3) 


i  =  1.2, - ,L 


in  which  the  right  hand  side  is  completely  known.  Letting  C  denote  the  matrix 
given  by: 


a 
C  = 


He-Ah 1 
He~Ah2 


He_Ah  i. 


(A) 


we  can  now  write  equation  (3)  in  the  form 
Cx(t)  =  z(t) 


(4)* 


where ; 


z(t) 


y(t-hj)  +  He'Ahl'  e_As 
"hl 
r° 

y(t-h2)  +  He  A^2  je  "s 
-h2 

y(t-hjt)  +  He-A^k  j  '>e-As 


Bu  ( l+s )ds 


nu ( t+s ) ds 


Bu(t+s)ds 


is  a  known  m£xl  vector  and  C  is  an  m£>n  constant  matrix  depending  on  the 

_ . _ _  i  i_  .  .  ,  fh  r  r  .1.  ,  n  u  - _ _ f !. ' 


parameters  hj,  h2» 
can  be  written  as 


x(t) 


^ .  If  the  matrix  C  has  rank  n,  then  equation  (4)* 
=  |cTcj  CTz(t) 


(5) 


where  denotes  matrix  transpose. 
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-i 


Equation  (5)  has  several  important  implications;  First,  if  the  matrix  ET3 
exists,  then  the  state  x(t)  can  be  exactly  reconstructed  from  the  measurement 
y(t),  its  delayed  values  and  the  input  signal  u(t),  o=t~h  ;  secondly,  the 
C  matrix  depends  only  on  the  delays  hj,  •••  h,  so  the  right  band  matrix  cal¬ 
culation  can  be  performed  completely  off  line.  This  leaves  only  the  relatively 
straight  forward  calculation  of  x(t)  and  a  matrix  mul t ipl.cation  for  on-line 
microprocessor  computation.  This  latter  comment  is  of  particular  importance 
in  real  time  control  applications  in  which  relatively  low  speed  microprocessors 
are  utilized  for  control  law  implementation.  The  following  result  establishes 
the  condition  under  which  the  matrix  C  has  rank  n. 


Result:  There  exists  a  set  of  n  delays  o=h]<  ho  •  •  •  <  hn  =  a,  for  any  a>o 
such  that  the  matrix  C  has  rank  n,  if  and  only  if  rank  (Q)  =  n,  where 


H 


HA 

HAn_  1 


Proof:  Let  a  >o  and  assume  rank  (Q)  =  n.  Then  the  row  vectors  of  the  matrices 

He-Ahhe  Jo, aj  contains  n  independent  vectors  since,  if  not,  there  exists  b£Rn 
such  that  He-Ahb=0  for  all  he  fo , aj  .  Repeated  dif ferentat ion  with  respect  to 
h  gives  He-Allb=HA_A^b=HAn- ^ e  -A^b=0.  This  implies  that  the  non  zero  vector 
e-Ahb 

is  in  the  null  space  of  the  matrix  Q  and  hence  rank  (Q)<  n. 


Conversely,  assume  rank  C  =  n,  then  rank  (Q)  =  n  since,  if  not,  there  exists 
b  ^  o £  Rn  such  that  Hb  =  HAb  =  •••  =  HAn-^b  =  o.  This  implies  He_A^b  =  o  for 
all  h  and  hence  rank  C<  n,  a  contradiction. 


Example:  Evaluation  of  the  state  reconstruction  technique  given  by  equation  (5) 

was  carried  out  on  an  8080  microprocessor  development  system  which  was  in  turn 
interfaced  with  a  laboratory  servo  system  as  shown  in  Figure  1.  In  this  example 


the  system  state  vector  is  given  by 


X1 

Xi 


where  x^  is  the  motor  shaft  output 


position  and  X2  is  the  motor  shaft  velocity.  The  measured  signal  is  x;  and  xt  is 
reconstructed  using  equation  (5).  Once  the  software  was  developed  and  debugged 
the  program  was  down-loaded  to  a  single  board  8085  microprocessor  shown  in 
Figure  2,  for  faster  execution.*  The  block  diagram  of  the  servo  system  without 
tack  feedback  is  shown  in  Figure  3. 


2406 

i 

-  -  :<  £ 

S+4 

s 

Figure  3 


*  The  8083  configuration  shown  in  Figure  3  is  currently  being  used  to  evaluate 
digital  control  concepts  for  the  XM97  turret  system. 
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1 


The  state 

^  j7.iv. 

t 

•qua  t  i  on  i  r. 

given  by: 

r.  1 

xi 

0  1 

V 

0 

x2 

_  — 

SE 

-2406  -4 

+ 

2406 

_  — 

y  =  xj  -[1,0] 


U 


(6) 


The  state  transition  matrix  for  this  system  is  readily  computed  to  be 


eAt  =  e-2t 


cos49t 


1 


49 


-sin49t 


cos49t  -  ^~sin49t 


-49. Isin49t 

with  the  associated  C  matrix  of  equation  (4)  being  given  by: 

C  = 


(7) 


H 

-Ah 

— 

1 

u  9 

0 

-e*h 

A  '  HI 

He 

h2  =  h 

e‘h(cos49'n  -  ~  sin49h) 
_  19 

i  s  i  n  y  n 

(8) 


For  values  of  h  4  2 rcT,  the  matrix  C  is  ncn  singular  and  we  may  compute  (C^C)-  C1 


C  1  directly  as  . - 


„-l 


49 

1 


49cot(49h)  -  2 


-49e  2hcsc49h 


(9) 


Using  equation  (5)  one  obtains  the  required  state  reconstruction  equation  for 
X2(t)  in  terms  of  the  measurements  x-(t),  xj(t-h)  and  u(s),  k-his  <t. 


x2(t)  = 

|49cot(49h)  -  2J  x1  (t) 

+  2406 

e‘"^cos49h  - 

-  2e^^sin49h 
49 

o 

^(e^seos49s 

+  2406 

-e^*1sin49h 

49  J 

J 

-  (49e-“^csc49h)xj (t-h) 

j  -e"'s(sin49s)u(  t+s)  ds 
J  49 

-h 

+  2e“ssin49s)u(t+s)ds 


(10) 


The  implementation  of  this  state  reconstruction  algorithm  was  carried  out  on  an 
8080  microprocessor  with  a  delay  value  h  =  .01  sec.  The  position  output  state 
was  sampled  at  2. 2  millisecond  intervals  and  the  accuracy  of  the  A/D  and  D/A 
converters  was  12  binary  bits. 
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Figure  4a  compares  the  .«•  t  uai  tach  out  •>..(  •>!  gn.w  represent  i  :ig  the  xml,  sjat  e 
with  the  microprocessor  output  si.';.'.:  wnicii  attempts  t.  rvotu-t :  t  <  t  )  via 

equation  tlOi  usi:i  :  .  .n  1  ••  the  :irst  two  ’>r"s  •:  in;  •  ■ u-.si.  v.  In 

this  case  equal  weighings  .and  he  used  t  -r  »:tti  ana  :<  ;  — ;  i ;  .  1'i  1 1  .  :  ec  ts 

of  measurement  noise  uv  readilv  app  irent  in  t!i:  ligure.  Figure  -t>  again 
compares  measured  cacti  output  with  trie  mi.  ropr.  •  essor  ■  it  put  signal  ,  however. 


in  this  case  the  full  state  re.  .instruction  equation  <  iOi  is  .  •  ,p  a-xitt  t  e.i .  ."his 
implementation  is  seen  to  give  a  verv  ..  urate  state  re-u  nstru-  'ion  wiiich  is 
less  sensitive  to  'Measurement  noise. 

III.  FREQUENCY  DOMAIN  roilTKOI.  SVI.THHS  IS_  i'SlSf.  DFLAY  FKKnHAQ:  Vveral 

papers,  (see  Reference  •  ,  i  an.,  in  i  have  ippe.ir-  .  in  t  ne  recent  It  .  •  c-ture 
which  address  the  problem  of  f eec.n.t.  k  ontrol  is  del.,-.  ..  ?.■  n-rcto  i  h  i 


develops  several  feedback  control  laws  using  dei.iVs  in  tin-  ->:  ir.u  ..eiivative 

of  the  state  which  are  shown  to  drive  trie  rail  st.it-  f  tin  svstem  to  zero 
and  keep  it  there.  The  construct  1  .'ns,  however ,  twee  1  ir.i  tew  utility  in  sc.vo 
control  applications  since  tiiev  assume  :irst  that  tile  ontr.T  s.-.ice  r.  'is  the 
same  dimenstion  as  the  state  and  ali  states  of  tin  svster  ire  ...  .  es.sible  for 
on-line  measurement. 

In  this  section  w«  consider  a  restricted  class  iolay  fee. .back  untrai  iers 
shown  in  Figure  _> .  This  configuration  lias  -roved  quite  u.  in  turret  .no 

servo  control  applications  in  wni-  it  igsi  represents  t  tie  -:;-n  '.o.  p  transfer 
function  between  the  .  m.i  input  and  c:u  position  i.itput  .  i  :n.  tw  aouign 
parameters  introdu.  ed  by  ielaveg  :  eegb.ick  ire  seen,  to  be  K ,  trie  feedback  gain, 
and  T,  the  feedback  time  dei  iv .  file  reason  for  ciiosir.n  the  tv  fee.ih.iCK  gains 
in  the  form  K  and  l-l  differing  by  unity  in  tne  general  case,  will  be  mage  clear 
below.  The  equivalent  feedback  transfer  function,  H isi,  for  tne  system  in 
Figure  5  is : 

H(s)  =  K  -  (K- 1 ) e~ • s  i.I) 

We  may  represent  the  e“'s  term  by  its  equivalent  Taylor  series  form,  as: 

e-Ts  =  1  -  Ts  +  T2s2  -  T  >s3  +  ... 

2  n 

The  frequency  band  of  primary  interest  from  a  stabi Lit v  and  transient  response 
point  of  view  in  £s :  |  ti  (s)  it  (s  ;|  =  f]  or  Qa :  s=  w0j  where  w\  denotes  the 

gain  crossover  frequency  of  the  compensated  open  loop  svstem.  betting  s  -  ;w 
and  assumming  |  wT | <<  1,  we  may  approximate  e“is  by  the  first  tw  terms  of  its 
Taylor  series  expansion  or; 

e”^s  =  1  -  Ts  =  1  -  jwT  (i~> 

Substituting  (12)  into  equation  (11)  yeilds; 

H  (s )  =  K  -  (K-l)U-jwT)  =  I  +  j  ( K—  1 )  Tv  (in 

Since  K>  1  will  be  required,  this  corresponds  to  a  phase  lead  network  (on  a 
first  order  approximation  basis)  j  n  the  controller  ue.ii.i.  k  path.  i  •  this  ;  base 
lead  term  is  proper  1  v  positioned  in  frequence,  it  will  pro, in.  e  i  st.ibilir.ing 
effect  upon  the  eon’ ro I  systems  unit  .top  or  impulse  response  .  V.rn.  t  er i st ios . 

As  will  be  seen  in  the  esa  -p  !«•.;,  the  tie.  delav  ->r  feehhi.k  gain  ...n  be  a.i  ;  asted 


\ 
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to  provide  any  desired  damping  in  the  system  response.  The  procedure  for 'intro¬ 
ducing  a  lead  network  effect  around  w  -  wc  using  delayed  f eedba.  k  t  an  now  he 
developed . 


First , 


choose  wc  such  that 


1 


Second,  select  the  feedback  time  delav,  T,  such  that  Twc<  <1.  The  choice  of 
Twc  =  .  1  is  reasonable  and  is  used  in  the  examples.  For  this  choice,  the  first 
term  disregarded  in  the  series  expansion  has  magnitude  .005  at  w.  and  rapid • y 
becomes  smaller  for  higher  frequencies.  Third,  select  the  feedback  gain  para¬ 
meter,  K,  such  that  the  lead  time  constant  becomes  effective  at  or  near  w  =  wc 
i.e.  (K-l)T  ~  1  .  Note  under  this  condition  using  step  1  and  equation  (8),  that; 

wc 


| G (wc ) H (wc ) j  =  j  G (wc >  j  j  H(wc) 

Jl 

=  ~  =  1  and  K  =  11 

The  delayed  feedback  design  procedure  thus  is  seer,  to  be  straight  forward  in 
concept.  The  effect  of  the  particular  delayed  feedback  configuration  discussed 
here  is  to  replace  the  more  standard  tnch  feedback  stabilization  loop.  When 
the  delay  time  and  gain  parameters  are  properly  chosen,  system  response  charact¬ 
eristics  may  be  improved  substantial  iv . 


Examp le : 


We  consider 
f  unc t ion  ,  His)  , 


first  i  s imp i e 
is  given  by; 


laboratory  servo  system  whose  open  loop  transfer 


G  ( s )  =  jm_ 

s  ( 1 +=0  (14) 

4 

The  -3db  crossover  frequency,  w,., 

56  rad/sec  and  the  delay  tiro,  !, 
or  I  =  .0017  sec.  The  gain  K  is 


of  the  open  loop  transfer  function  C(s)  is 
is  computed  from  step  j  and  satisfies  10T  =  1 
ixed  and  satisfies  the  relation;  5 


K  -  1  =  1  =  1  -  10 

Tw,-  .  i 

Due  to  limitations  of  the  id.",)  m  i  c  r.  'processor ,  the  above  design  using  a  delav  c: 
1.7  ms  could  not  be  imp  1  omen:  e.: .  The  smallest  delav  which  •  ruin  re  i:  1  emer.  ted 
with  the  3080  was  1. 2  ms.  Iho  per :  'rmun.  ■  o:  this  cosi  n  : or  a  step  input  comma  mi 
is  shown  in  Figure  oh.  Fi  :  ire  6  il  .liStrales  that  the  ortective  damping  intro¬ 
duced  by  the  feedback  lelav  can  be  ' urther  increased  by  increasing  the  delay 
parameter  T.  File  desired  lamping  i  in  also  he  acnieved  by  adjusting  the  gain 
parameter  k. 

To  evaluate  the  effects  o:  ueiav  parameters  whi>  h  were  ton  small  for  ir.ple- 
ment.it  io  i  on  an  8080  microproces  *or ,  sirra  1  it  ions  wi  r>  ran  for  values  ot  T  =  .8 
msec.  1.7  msec,  2. 2  msec ,  « .  •  mso.  ,  8.8  -so.  nd  1  ' .  *>  r.soc ,  using,  the  servo 
trnns!  or  :  unc  t  i  on  i  l  ai  .  1  hose  :  ■•-•u  I  :  •>  i :  ■  •  •  shown  in  T  i  o  :  a  s  '  -  if.  Do!  ic  ienc  ies 
in  tin  ;  i  n.  ,r  -.ujo!  m  t  ho  i\.  svsti:v  ire  :  .  a.)  i  1  v  .pp  irer.t  since  tin  sir-tii  it  ions 
indicate  more  damp in  ;  than  is  . vid.at  in  the  tost  results  > f  Fi  cure  8  and  Figure  1 
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Indicates  an  instability  with  the  17.6  msec  delay  in  constrant  to  the  over 
damped  response  in  the  hardware  test  shown  in  Figure  6e. 

Example : 

In  this  example  we  illustrate  the  application  of  the  delay  feedback  control 
synthesis  technique  to  the  design  of  a  controller  for  an  X1197  helicopter  turret 
control  system  shown  in  Figure  13.  The  transfer  function  block  diagram  of  this 
system  is  shown  in  Figure  14.  The  -3db  crossover  frequency  for  the  open  loop 
system  (tach  loop  open)  was  computed  to  be  20  rad/sec  resulting  in  feedback 
time  delay  of  .005  sec.  The  step  response  of  the  original  XM97  des.. :t.  is 
shown  in  Figure  15  and  that  of  the  delay  feedback  design  in  Figure  16.  The 
latter  design  exhibits  a  dramatic  improvement  with  respect  to  overshoot  and 
settling  time.  This  improvement  can  be  explained  partially  by  the  fact  that  the 
original  system  uses  motor  tachometer  feedback  for  stabilization  while  the  delay 
feedback  design  effectively  uses  actual  turret  position  and  rate  for  feedback 
stabilization.  Figures  17  -  20  also  show  the  effects  of  increasing  and  uecreasing 
the  delay  feedback  parameter.  Saturation,  columb  friction  and  deadband  non- 
linearities  are  included  in  the  simulation. 

IV . _ CONCLl'S ION :  Applications  of  delay  feedback  for  state  construction 

and  feedback  control  are  presented  together  with  simulation  results  and  examples 
of  actual  implementac ions  using  Intel  8080  and  o085  microprocessors.  These 
examples  demonstrate  the  practicality  of  the  ideas  and  suggest  that  these  tech¬ 
niques  may  provide  a  useful  adjunct  to  the  more  standard  frequency  domain  «nd 
state  variable  techniques  for  estimation  and  control  applications. 
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AN  ADAPTIVE  LEAD  PREDICTION'  ALGORITHM  FOa  MANEUYi-.K '  TAP.NET  F.Nr.ACEMr.NT 
Pak  T.  Yip  &  Norman  P.  Coleman 
USA  ARRADCOM 
Dover,  NJ  07801 

ABSTRACT .  An  algorithm  concept  which  processes  target  bearing 
and  range  input  data  and  provides  "optimal"  estimates  of  target  position, 
velocity  and  acceleration  a  time -of -flight  in  the  future  is  disc  ..,sed . 

Since  the  algorithm  concept  involves  certain  important  statistic..',  assump¬ 
tions  about  target  acceleration  dynamic  models,  these  assumptions  will  be 
discussed  in  detail  along  with  several  important  methods  used  in  the  *ut.c 
identification  process.  Secondly,  the  filter  algorithm  itself  will  be  u  .  •  - 
cussed.  This  algorithm  involves  the  parallel  processing  of  target,  range 
bearing  data  by  several  extended  Kalman  Filters  corresponding  to  d  ist inc  r 
maneuver  characteristics  of  anticipated  target  vehicles.  At  time  of  fire 
the  filter  with  the  largest  computed  likelihood  function  is  selected  fur 
lead  prediction.  Finally,  results  of  simulation  studies  in  which  actual 
target  path  data  is  used  to  generate  filter  input  data  for  hit  probability 
evaluation  is  discussed.  Comparisons  are  made  between  the  adaptive  al¬ 
gorithm  and  non-adaptive  first  order  algorithms. 

I.  INTRODUCTION.  This  paper  describes  a  multiple  model  adaptive 
Kalman  Filter  approach  to  the  problem  of  estimating  and  predicting  the 
position,  velocity  and  acceleration  states  of  tank  targets  of  varying 
maneuverable  tv.  The  estimation  and  prediction  problem  presupposes  that  the 
range  and  angle  DATA  (measurements  corrupted  bv  Gaussian  white  noise)  is 
available.  The  target  dynamics  is  described  bv  a  system  equation.  Our 
solution  to  this  problem  is  an  adaptive  algorithm  implementable  in  real  time 
with  a  microprocessor  to  compute  target  position  a  projectile  tine  of  flight 
in  the  future.  This  studv  begins  with  the  selection  of  the  Antitank  Miss¬ 
ile  Test  (ATMT)  phase  IT  dataj  to  identify  the  filter  acceleration  models. 
It  consists  of  three  dimensional  (x,v,z)  position  data  recorded  at  approx¬ 
imately  10  samples  per  second.  Maximum  likelihood  identification  method  is 
applied  to  this  data  to  identify  a  finite  set  of  Markov  Acceleration  Models 
which  are  representative  of  a  broad  spectrum  of  vehicle  maneuvers  consider¬ 
ed  likelv  to  occur  in  actual  encagements .  These  models  provide  the  requir¬ 
ed  state  variable  description  of  the  target  dynamics  used  in  the  formulation 
of  the  multiple  model  extended  Kalman  Filter  Algorithm  for  lead  prediction. 
The  extended  Kalman  Filter  is  required  in  this  appi ication  as  a  result 
of  nonlinear  it  ies  induced  hy  target  coordinate  transformations  and  non¬ 
linear  measurement  equation. 

The  adaptive  lead  prediction  concept  is  based  on  the  simultaneous 
(parallel)  processing  of  the  discrete  extended  Kalman  Filters  corresponding 
to  the  distinct  target  mode  identified  from  the  ATMT  data.  The  likeli¬ 
hood  function  associated  with  each  filter  is  computed  up  to  the  time  of 
fir  of  the  weapon,  and  the  filter  having  the  greatest  likelihood  is 
automatically  selected  for  lead  prediction. 
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In  the  present  study,  only  the  izimuth  and  range  information  of  the  tar¬ 
get  is  processed  in  the  filter  with  the  target  elevation  cons idereo  con¬ 
stant.  The  perfertnar.ee  of  this  design  is  examined  -ltn  a  Monte  Carlo 
simulation  and  the  sensitivity  of  the  lead  e' titrate-  to  measurement  noise, 
level  of  target  maneuver,  range  sampling  rate,  and  time  of  flight  of  pro¬ 
jectile  are  analyzed  to  determine  the  feasibility  of  using  this  algorithm 
for  fire  control  lead  prediction  against  various  maneuvering  targets. 

II.  DATA  ANALYSIS.  The  ATMT  data  consists  of  six  tracks  pro¬ 
duced  by  a  M60A1  tank,  a  Scout  Vehicle  and  a  Twister  Vehicle  undergoing 
evasive  maneuvers.  The  MhOAi  tank  is  capable  of  speeds  of  10  to  16  miles 
per  hour  and  with  a  maximum  acceleration  of  approx imatelv  . 3g.  The  Scout 
is  an  armored  reconnassiance  vehicle  capable  of  moving  at  a  speed  of 
15  to  25  miles  per  hour  and  a  maximam  acceleration  of  approximately  . 5g . 
Since  our  only  interest  is  in  modeling  the  acceleration,  the  position  data 
is  sampled  at  a  frequency  of  2  cps  and  twice  differentiated  to  obtain  the 
acceleration  estimates  which  are  then  resolved  into  along-track  and  cross¬ 
track  components.  The  power  spectral  density  of  this  data  is  computed  by 
the  maximum  entropy  method-;  which  assumes  the  data  is  generated  by  an  auto¬ 
regressive  process.  The  power  spectral  desity  S(f)  is  aiven  hv 

s(t)  - - ^ ^ - 

1  ~ i= 1  iiexP(-j2~fi) 


where  a_  is  the  standard  deviation  of  a  Gaussian  noise  process;  is  the  i-th 
coefficient  of  the  autoregressive  process;  M  is  the  number  of  coefficients, 
and  the  coef f icients a '  are  estimated  recursively  . 

l 

The  number  of  the  autoregressive  coefficients  is  usually  larger  than  3 
which  is  not  desirable  for  Kalman  Filtering.  However,  the  power  density 
spectrum  affords  enough  information  for  estimating  essential  poles  and 
zeros  of  a  simplier  model  structure.  Later  the  maximum  likelihood  identif¬ 
ication  program  is  used  to  fine  tune  the  pole  and  zero  estimates. 
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The  simplified  model  determined  from  the  spectral  analysis  has  the  follow- 
form: 


A(s) 


q(s) 


where  q(s)  is  the  Gaussian  noise  process;  A(c)  is  the  system  acceleration; 

ana  ts^  are  parameters  to  be  identified  for  the  chosen  tracks  and 
each  of  the  aiong-track  and  cross-track  formulations. 

III.  DISCRFTF.  F.l'.TF.MDF.D  KALMAN  F 1  l.TER .  The  svstem  and  the  measurement 
equations  are  readilv  defined  as  follows: 


HC  =  1(-Vl  ’  dt)  +  1(S) 
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T 


where  x_^  is  the  syslc...  state  vector  at  the  discrete  time  kdt  in  the  Cartesian 
coordinate  system,  the  system  iunction  containing  ail  information  about  the 
system  dynamics,  q^  the  plant  noise  vector,  z  the  measurement  vector,  h (x  ) 
a  vector  containing  the  true  range  and  azimuth  angle  of  the  “target  position 
at  the  time  kdt,  r  the  measurement  noise  vector,  and  dt  the  time  between 
two  samples.  k 

The  necessary  statistics  and  conditions  are  : 


COvCi1 

’  V 

=  Q±6 

u 

> 

O 

U 

,  r  ) 
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where  6.,  is  the  Kronecker  Delta. 

ij 

Given  the  above,  the  discrete  Extended  Kalman  Filter  equations  can  be 
written  as  follows:  The  predicted  state  estimate  vector  is  given  by 

%H|k  =  dc) 

and  the  state  error  a  priori  covariance  matrix  by 


where 


'  k+1  k 


iP,  $ 

lC 


t  = 


3£(x,  dt) 


x.  + 

~k 


i^dt  +  x  (dt)z/2 


X  = 

1c 


dt 


x  =  x 
“1c 


The  updated  state  estimate  vector  can  be  written  as  follows: 


where 


£,  a  x  ,  +  Kz 

Hc+1  “k+1  |  k  ~k+l 


Z  =2  hi'S  1  ) 

“k+1  “k+1  -  k+1  k' 


K  ‘  pk+iik"T<»I>k+iikHT  +  \+i>_1 


H  = 


3h(x) 

3  x 


*'2k+l|k 


h(> 


2,1/2  .  -1. 


•  :<k+ 1 1  k  ^  =  +  (x2)z)  ,  tan  (x^x,,)} 
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xi  •  x-i  represent  x,  y  position  state  estimates  respectively  in  fixed  Cartesian 
coord ifiates .  The  state  error  a  posteriori  covariance  matrix  is  given  by 


P,  =  P,  ,  i,  -  KHP 
k+1  k+1 | k  k+1 | k 


ok  -  /  k  -  v  q/<S 

k-1 


where  the  continuous  case  plant  noise  covariance  matrix,  Q  ,  is  known. 

s 

The  continuous  time  system  dynamic  equations  used  in  deriving  the  discrete 
time  equations  are  given  by 
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and 

X 

,  are  the  corresponding 

x  and  v  i 

perpendicular  to  the  velocity  vector. 

With  this  filter,  target  range  an.i  angle  measurements  may  be  processed  to 
generate  target  state  estimate  recursively.  Before  defining  an  adaptive  filter 
procedure,  the  parameters  m  the  Markov  model  need  to  be  identified. 

IV.  LIKELIHOOD  FUMCTIj::  6.  MAXIMUM  1 1  KEL1HOOD  IDENTIFICATION  OF  PARAMETERS  . 

Given  a  parameter  vector  ,  the  probability  of  occurence  o:  the  measurement 

vector  sequence  z  can  be  represented  bv  a  multivariate  Gaussian  d ist l  ibut ion . 

— k 

k  ,  ■  k-1  1 

?(£;_>)  =  ?(£,. '2  ;  ±)  '  • '  ?(z_,  z  ;  OP  (2  ;  ±) 


k-1 

P(2  £  ;  O 

— k  — 


exp  (-  [  1/2  ]z  S  z  ) 

_ R  K,  I  v 

(2m)n/“(detS.  )L/ " 


k  k- L  ’  + 
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F 


where 

,  k 

Pt£  >  irO  -  tne  likeihood  function 

n  -  number  of  elements  in  the  measurement  vector  z  . 

—k 

In  order  to  identify  the  best  parameter  vector  2  to  give  a  maximum  p(z  ;  u) , 
we  can  equivalently  minimize  the  negative  log  likelihood  function:  ~  ~ 

M(zk;  a)  =  . "  {  a/2)aTs71z  +  (l/2)S,n(det  S.)}  . 

—  —  i=l  iii  i 

n  /  2 

Since  the  terra  (2~)  in  the  likelihood  function  dose  not  contribute  any 
interesting  information  it  has  benn  eliminated  in  forming  M(g  k;  t’ne 

Gauss-Newton  method  is  used  in  the  minimization  procedure.  — 


-jhl 
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x.) 

- _ Z _ ZfL- 
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where  p  =  1  for  this  method,  and  D,  the  expected  Hessian 


32M(z  ;  x.) 


D  ■  EC^- 
“J 


The  test  for  convergence  is  given  by 


<Vl  -  i;)  DU.+1 
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V.  PARALLEL  FILTERS  &  ADAPTIVE  ESTIMATION.  Target  state  prediction 
for  maneuvering  ground  targets  have  never  been  a  simple  task  to  undertake. 

The  major  uncertainty  comes  from  the  target  driver's  (stochastic)  decision 

to  maneuver.  However,  it  appears  there  exists  a  maximum  level  of  maneuver 
that  the  ground  vehicles  studio  can  attain.  This  maximum  level  provides  a 
non-trivial  range  of  dynamic  motion  that  can  be  quantized  to  a  finite  number 
of  maneuver  levels.  In  this  study,  five  filters  are  incorporated  into  the 
multiple  model  filter.  Model  Ml  (Filter  I)  is  a  simple  4  states  constant 
velocity  filter.  The  remaining  4  filters  are  identified  with  various  maneuver 
levels . 

The  adaptive  estimation  is  a  straight  forward  decision  making  process. 
Measurement  in  range  and  azimuth  angle  are  processed  through  tne  o.-'ailel 
filters.  The  filter  having  the  largest  likelihood  function  is  automatically 
chosen  to  provide  the  best  estimate  for  leaj  precietion  and  gun  orders.  Two 
concepts  of  adaptive  prediction  are  examined.  in  •oncept  A  the  likelihood 
functions  account  for  the  encire  measurement  historv  up  to  the  time  of  fire. 
Thus  this  adaptive  prediction  concept  is  good  against  targets  with  constant 
maneuver  level.  In  concept  R,  only  the  last  ton  samples  prior  to  the  firing 
time  are  used  to  compute  the  likelihood  functions.  Tills  adaptive  filter 
concept  tends  to  be  more  sensitive  to  changes  in  target  maneuver  levels. 

VI.  S IMLLAT  f  GN .  A  Monte  Carlo  sir.ih.it  ion  of  100  runs  was  set  up 

to  process  a  number  of  0  :  - . onts  •  :  or.  the  AT  VI  data  represent  i  nr. 

various  maneuver  levels  tor  tne  '.  .  v  1  dr:'  :  0e.1t  i  us.  -hose 

segments  e!  data  are  .it:  ;  .•  resit  :  •  ’  a  ■  >••  J  or  :  .v  parameter  taenl  i  t  ieat  10 

tasks  discussed  earlier. 
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For  evaluating  the  system  performance ,  the  perpendicular  miss  iisr.sr.ee  of 
the  predicted  line  of  sight  from  the  real  turret  position  is  .efi'.ed  as  t ::*• 
prediction  error  Ep  in  meters.  The  firing  t  ime  points  v'iy-d  for  each 

segment  under  process.  The  performance  indicator  ph  at  ch  firir.  time- 
point  is  defined  as  tile  ratio  of  the  number  of  times  th  a  "he  prediction 
error  Ep  is  less  than  1.13  meters  to  the  total  number  ■>;  run;.  .  Actually,  the 
are  hit  probabilities  considering  the  prediction  errors  alone. 

Assuming  engagement  range  of  approximately  2000  meters,  43°  cross  range 
(across  the  range  vector),  1  *  range  measurement  error  o!  2  meters,  1* 
azimuth  tracking  error  of  0.;  mils,  a  projectile  speed  of  1500  meters  per 
second  and  using  the  adaptive  prediction  concept  A,  the  hit  probability  re¬ 
sults  are  illustrated  in  Figure  i  and  summarized  the  following  table: 


mggm 

Number  of  Cases, 

7  F  lr  mg  Points 
per  Case 

tie  an 

Const.  Velocity 
Predi eti on 

ph 

Ada  pt i ve 
Fred i  ct ion 

F160A  1 

13 

.41 

.49 

Scout 

10 

.27 

.  38 

Twister 

8 

.20 

.26 

For  an  engagement  ranee  of  approximately  1158,  h 0°  cross  range,  1< 
range  measurement  error  of  1  meters,  la  azimuth  tracking  error  of  0.3  mils, 
a  projectile  speed  of  i  1 38  meters  per  second  and  using  the  adaptive  predict io 
concept  B,  the  hit  probability-  results  are  summarized  in  the  following  table: 


Target 

Number  of  Cases, 

Flea  n 

ph 

Type 

7  Firing  Points 

Const.  Uelocity 

Adaptive 

D«r  Case 

Prediction 

Prediction 

P160A1 

6 

.51 

.56 1 

Twister 

6 

.31 

.37 

With  the  latter  conditions,  the  sensitivities  of  the  system  are  observed 
for  a  particular  maneuvering  segment  as  shown  in  Figure  2.  Figure  j 
illustrates  the  system  range  (hence  the  time  of  flight  of  projectile)  sen¬ 
sitivity.  Figure  4  illustrates  the  svstem  sensitivity  to  angular  measurement 
noise.  Figure  5  illustrates  the  system  sensitivity  to  range  measurement 
noise.  Figure  6  illustrates  the  system  sensitivity  to  range  sampling  rate. 

VII.  DISCUSSION  Fl'  ii'KE  FLAN.  This  studv  has  demons!  rated  that 
maneuvering  target  acceleration  may  be  adequately  mo  ;e  led  as  a  crete 
set  of  stationary  Markov  processes  whose  parameters  can  be  iuenti:iei  of: 
line.  Parallel  discrete  extended  Kaim.in  i  i  Iters  have  been  used  to  suv  -ess- 
fully  process  range  and  angle  measurement  s .  The  ad  iptive  selection  of  the 
most  appropriate  filter  at  each  time  step,  .uased  on  its  largest  likelihood 
function,  has  been  aooompl ished  on  line.  Representatives  maneuver  patterns 
and  Kvels  used  in  ti.is  study  were  taken  from  the  ATM!'  data  base.  The 
results  from  the  Monte  Carlo  simulations  indicate  that  the  performance  of 
the  multipl.  model  adaptive  filter  design  is  genera  1  1 v  c-mp  liable  to  a 
filter  which  is  tuned  to  r  he  target  dvn.itt.i.*s  ot  tli.it  c  r  t  t  c  u  1  a  r  tracking 
interval.  In  particular,  the  results  show  that  the  ii.iplive  prediction 
consistent  lv  performed  better  than  :  constant  >-e ,  i  t  v  pr>  Motion  with  an 

i  zip  to  ■»■•  -"cm  t  in  p  red  i  c  l  i  o:i  r .  >n  in.  :  i  -  -  1 > )  '  e  -e '  ;v :  .  ,  u  t  . 


Since  the  range  data  is  c  irrent  1"  no 
the  range  sampling,  rate  has  been  examine 


measurement 


together  with  range,  a 
The  results  indicate  t 
heavily  dependent  of  a 
flight  in  terms  of  ran 
noise  and  range  sampli 
probability  of  hit  can 
the  down  range  (coming 


ngular  measurement  noise,  and  range  measurement  nois 
hat  the  system  performance  for  the  azimuth  channel  i 
ngular  measurement  noise  and  projectile  tine  of 
ge,  and  is  not  very  sensitive  t  >  range  measurement 
ng  rate.  The  results  also  indicate  that  higher 
be  obtained  in  the  cross  range  geometry  than  in 
down  along  the  range  vector)  geometry. 


e . 

s 


Implementation  of  this  filter  algorithm  in  real  time  with  a  state  of 
the  art  microprocessor  is  in  the  planning  stage.  We  have  noticed  that 
Bierman's  UD  factorization^ for  the  state  error  covariance  propagation  is  a 
desirable  feature  considering  computation  accuracy  and  stability.  Several 
variations  of  the  existing  filter  algorithm  are  also  under  consideration. 
Finally,  a  complete  real  time  simulation  of  the  fire  control  system  with 
the  auto-tracker  or  human  operator  in  the  loop  and  filter  modifications 
to  improve  maneuver  detection  will  be  subjects  of  our  future  work. 
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ON  VOLTERRA  INTEGRAL  EQUATIONS  OF  PULSE-CONV.'LJTION  TYPE 


Edward  W.  Ross,  Jr. 
Staff  Matnemati ci an 
US  Army  Natick  RSD  Command 
Natick,  MA  01760 


ABSTRACT.  This  paper  presents  a  discussion  of  methods  for  solving 
Volterra  Integral  Equations  of  first  kind  and  pulse-convolution  type. 

The  present  context  of  tne  problem  is  the  response  of  dyes  to  laser 
excitation  in  the  picosecond  pulse  range.  Data  on  the  excitation  and 
response  pulses  are  given,  and  it  is  desired  to  find  estimates  of  the 
system  function.  The  characteristic  difficulties  with  this  procedure 
are  discussed,  and  a  method  is  described  and  illustrated  that  appears  to 
be  optimal  in  the  worst-case  limit. 

I.  INTRODUCTION.  The  paper  is  about  methoas  for  solving  certain 
Volterra  Integral  Equations  of  the  first  kind.  The  general  form  of 
such  equations  is 


t 

/  K(t,s)  x ( s )  ds  =  f(t),  a  s  t  s.b.  (1) 

a 

It  is  assumed  that  the  kernal  <(t,s)  is  known  in  the  triangular  region 
a  is  <t 
a  <  t  <  b , 

and  the  function  f(t)  is  known  in  a  <  t  i  b,  We  want  to  find  tne  function 
x(t),  a  <  t  i.  b. 

The  physical  problem  that  concerns  us  is  that  of  estimating  tne 
response  of  various  dyes  to  irradiation  by  pulses  of  laser  light  in  the 
pico-second  range  of  pulse  widths.  A  model  which  is  commonly  used  in  the 
study  of  such  systems  can  be  written 

t 

f  h(t-s)E(s)ds  =  f(t),  0  4  t  <  »  (2) 

o 


where  E(s)  is  the  excitation  pulse  of  laser  intensity,  f(t)  is  the 
fluorescence  pulse  of  the  liqht  from  the  dye  in  solution,  and  h(t-s)  is 
the  system  function,  which  describes  the  effect  of  the  dye  on  the 
excitation  pulse.  It  is  assumed  that  the  excitation  begins  at  or  after 
t=0  and  that  the  system  function  is  causal,  i.e. 

E(U)  =  0,  h(U )  =  0,  U  <i  0  (3) 

We  want  to  find  the  system  function  b  (U). 
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Under  these  conditio) 

,s  the  integral  equation  can  be 

written  in 

the  alternate  forms 

t 

/E(t-s)h(s)ds  - 

f(t).  0  -  t  <  - 

(4) 

s  =  0 

/  E(t-s)h(s)ds 

;  fit),  o  s  t  <  * 

(5) 

s ~ 


and  it  is  these  forms  that  we  shall  study.  The  functions  E(t)  and  f(t) 
are  given  at  discrete,  unevenly  spaced  points,  and  not,  in  general,  at 
the  same  points,  i.e.  we  knew 

fi  =  f(t.)  1=1,...,  M 

Ej  =  E(U  )  j  =  l,...,  N 

and  M>N.  The  values  f  ^  and  Ej  are  read  from  photographs  of  oscilloscope 
traces.  Because  of  instrumental  difficulties  associated  with  these 
extremely  short  pulses,  there  is  some  fuzziness  in  the  photographs  and 
some  uncertainty  as  to  the  baseline  values. 

We  want  to  choose  <•  practical  method  that  enables  us  to  find  as  much 
as  we  can  about  the  function  h  (t)  from  data  of  this  type.  Equation  (4) 
is  clearly  a  special  case  of  (1),  in  which 


a  =  0,  b  =  oo  ,  K( t , s )  =  E(t-s),  X ( s )  =  h(s).  (6) 

The  main  features  of  this  special  case,  which  set  it  apart  from  (l),are 

(i)  The  kernel,  E,  is  of  convolution  type. 

(ii)  The  functions  E(U)  and  f(t)  are  both  pulse-1  ike;  in  particular 

K( o, o)  =  K(t,t)  =  E(t-t)  =  E(0)  =  0  (7) 

(iii)  Except  for  scale  factors,  the  functions  E(U)  and  f(U)  are 

quite  similar  in  shape,  though  perhaps  uni  form1 v  shifted 
in  time. 

II.  BACKGROUND.  The  books  of  Delves  and  Walsh,  Reference  [1],  and 
Baker,  [2],  contain  recent  accounts  of  more-or-less  practical  methoos 
for  numerical  solution  of  integral  equations.  Generally,  it  is  much 
easier  to  solve  equations  of  second  kind,  typically 

b 

/  K(t,s)  x  (s)ds  +  x(t)  =  f(t), 
a 

than  those  of  the  first  kind, 
b 

/  K(t,s)  x  (s)ds  =  f(t), 
a 
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whether  the  equations  are  of  Voiterra  type  (b=t)  or  Frednolm  type  ,'b  fixed  .• 
In  our  case  we  see  from  (4)  and  (5)  that  tnere  is  :  rod  distinction  be¬ 
tween  equations  of  Fredholm  and  Voiterra  type,  but  noth  are  affected  by  tne 
ailments  that  are  endemic  to  integral  equations  of  ere  first  xinc. 

These  difficulties  are  wel 1 -descri bed  in  [1],  If  we  regard  (1)  as 
an  operator  equation, 


K  x=f, 

the  difficulties  boil  down  to  the  fact  that  the  range  of  the  operator  ,< 
is  too  small  and  hence  its  nullspace  is  too  large.  That  is,  solutions 
exist  only  for  certain  functions,  f,  and  more  than  one  solution  exists 
when  f  does  have  the  required  form.  When  numerical  methods  are  useci,  this 
behavior  usually  manifests  itself  as  near-rank-deficiency  or  lack  of 
uniqueness  in  some  system  of  algebraic  equations. 

The  methods  commonly  given  for  solving  these  proolems  are  as  follows: 

(i )  Quadrature  methods,  i.e.  replacing  tne  integral  by  a  -inite  sum 
and  solving  the  resulting  linear  algebraic  system  either  exactly  or  by 
least  squares. 

(ii)  Integral  Transform  Methods,  i.e.  finding  transforms  of  tne  functions, 
solving  for  the  transform  of  x(t)  ana  inverting. 

(iii)  Parametric  or  Basis  Function  procedures,  i.e.  assuming  a  general 
form  of  x(t),  containing  unspecified  parameters,  tr.en  solving  for  these 
parameters,  e.g.  by  least  squares. 

frequently  when  these  methods  are  used  on  equations  of  the  first  kind, 
they  do  not  work  well.  Various  procedures,  loosely  described  as  regulariza¬ 
tion,  have  been  advanced  for  avoiding  tnese  difficulties,  "he  methods 
Tyknonov  and  Phillies,  Singular-Value  Analysis  and  Cross-Validation  are  cr‘ 
tnis  general  type  when  applies  to  tne  Quadrature  or  Parametric  schemes, 
and  smoothing  of  the  integral  transform  accompli  snes  sometning  similar  -"or 
procedures  of  class  (ii). 

For  many  problems,  any  of  these  methods  may  be  employed.  However, 
it  is  easy  to  see  that  all  come  to  some  kind  of  grief  in  our  :ase. 

Principally,  this  is  because  we  are  forced  to  deal  with  the  situation  where 
E(t)  and  f(t)  are  nearly  identical,  apart  from  a  shift  and  a  multiplicative 
constant.  It  is  obvious  from  (5)  that  in  tne  limit  wnen 


f ( t )=cE( t-o) 

tne  meaningful  solution  of  the  integral  equation  is 
h(t)  =  cT.(t-b) 


Thus  when  f (t)  and  E(t}  are  only  silently  di  * *erent ,  we  must  exuect  to 
find  the  h  is  a  rapidly  changing  function  of  t.  An  eetroo  .  e.g.  quadrature) 
that  relies  on  smoothness  will  encounter  substantia  difficu* ties  in  this 
case. 

If  we  attempt  to  take  Fourier  Transforms,  we  get  from  (5)  ana  the 
convolution  property 

T  (w)  Th(w)  =  tf(w), 

wnere  £y(w)  is  the  Fourier  Transform  of  f(t),  etc.  We  may  solve  -‘or  , 

t h ( w )  =  4>f (w)/i  (w) ,  /g; 

but  this  gets  into  trouble  because  Oc(w)  will  vanish  at  some  points,  hence 
we  can  expect  problems  with  this  method  as  well. 

Parametric  Methods  can  probably  be  made  to  work,  if  we  are  skillful 
at  guessing  the  bas’s  functions,  but  are  objectionable  because  we  may  be 
inadvertently  constraining  the  form  of  the  solution  to  oe  incorrect  if 
our  guesses  are  poor.  Moreover,  this  method  usually  will  involve  a 
(possibly)  non-linear,  iterative  least-squares  solution  to  the  problem  of 
minimizing  the  errors  at  the  data  points  t^ .  The  computational  costs  of 
this  are  unpleasant. 

Ill-  The  CUMULANT  METHOD.  To  this  writer,  it  aopears  that  the  essence 
of  the  problem  with  these  methods  is  that  the  data  :(t ,• )  anc  i(u'^)  cont^r 
less  and  less  information  about  h(t)  as  the  ^unctions  £(t)  and  f(t)  become 
more  nearly  similar.  In  the  limit  where 

f(t)  =  cE(t-b) 

h(t)  =  cf(t-b) , 

the  only  information  about  h(t)  that  the  integral  equations  can  possibly 
furnish  is  the  two  numbers  c  and  b.  On  the  other  hand  when  f(t)  and  E(t) 
are  sufficiently  dissimilar,  at  least  one  of  the  standarc  methods  will 
usually  find  stable  estimates  of  the  entire  shape  of  h(t). 

This  suggests  that  the  most  suitable  method  for  the  case  where  E  and  f 
are  generally  similar  is  one  which  concentrates  on  finding  only  a  snail 
number  of  resultants.  The  obvious  choice  is  the  low-order  moments  (or 
something  equivalent).  By  focussing  all  the  information  in  the  data  on 
the  estimation  of  a  few,  low-order  moments,  we  shall  find  these  quantities 
with  all  the  precision  that  the  information  can  provide.  If,  on  the  other 
hand,  we  attempt  to  find  the  entire  shape  of  the  function,  h(t),  we  are 
diffusing  the  comparatively  small  amount  of  information  across  a  large  number 
of  ordinates,  none  of  which  can  then  be  found  with  much  accuracy. 


It  ir.  convt  r.  i  t:nt  to  carry  out  those  notions  in  terms  of  trie 
cumulants,  rather  than  the  moments,  of  the  functions  E,  f  and  h,  These 
are  derivable  as  follows:  let 

'i'  (w)  =  In  C  (w)  -  In  Cy(o) 

E  E  L 

=  cumulant  generating  function  of  E. 

and  similarly  define  (w)  and  v  (w).  Then  from  (8) 

f  h 

and  the  fact  that 

tf(o)  -  *E(o):h(o) 


we  obtain 

U; h(w)  =  4if(w)  -  4,  (w)  (9) 

The  cumulants,  ^  (E),  are  defined  in  terms  of  the  coefficients  in  the 
Taylor  expansion  n  of  ^  about  w=o,  i.e. 


*Mw)  =  -T  ^  (E) 


iiwjn 


n  =  l 


n  r : 


or 


i'  CE)  =  i 


,n  ’  \  • 
.  -n  d  -Elw)  I 


dw  w^o 


The  cumulant  generating  function  is  thus  the  logarithm  of  the  Fourier 
Transform  of  a  function  having  unit  area,  i.e.  a  probability  density 
function.  For  such  a  function  it  is  well-known  that 


*2(e> 

*3(e) 


=  mean  of  E 


=  u':  =  variance  of  E 
E 


=VE) °i 


(10) 


*4<E>  =  Vz<E)'-£ 

where  y^(E)  and  y^E) 
for  f  and  h.  Combining 


Mh  =  Mf  -  me 

%  =  <°f  '  °E 


1/2 


are  the  skewness  and  kurtosis  of  E, 
(9)  and  (10),  we  have 


and  similarly 


(ID 


y1(h)=(Y-(f)of  -Y-j(E)^  } 

Y^hHY^f)^  -Y2(E)o"e  i/o4h 


Thus,  we  have  only  to  find  the  resultants  M.'V^o  and  y  for  f  and  E  and 
use  the  above  formulas  to  find  the  analogous  resultants  for  h. 
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il"  Suli*.  factory  met  hoc:  for  finding  the  resultants  M,  .  ,  y,  ana 

Y i  for  f  and  E  is  to  fit  cubic  spline*,  to  the  data  and  integrate  the 
spl  i  net. ,  We  def  i  no 


-k(E)  =  ;  sKE(s)ds 

—CO 


kaO.l  ..4 


and  similarly  for  f(t).  For  each  V)0  cublic  spline  is  fitted  to  the 
integrand  and  the  spline  is  integrated  exactly  to  obtain  u  .  Then,  e.g. 


u,(E)/y 

1  0 

°E  - 

w?(E) 

MET 

l(E)  = 

W3  (E) 

'bo  (E) 

M*(E) 

2(e)  = 

1  0 

and  similarly  for  f. 


-4M  U3(e)  +3  Me2(m_2  +  Zo'i  )  .  /„ 

E~cry 

o 


(12) 


This  spline  procedure  has  several  desirable  features. 

(i)  It  can  handle  unevenly  spaced  data. 

(ii)  It  makes  only  very  modest  assumptions  about  the  shape  of  the  fitted 
curve. 

(iii)  It  is  conveniently  executed  by  available  software. 

The  second  of  these  features  is  very  important.  It  means  that  the  method 
does  not  impose  any  constraint  on  the  solutions  except  the  rather  mild  one 
of  2nd  derivative  continuity.  Tnis  imparts  a  substantial  advantage  to  this 
scheme,  as  compared  with  the  parametric,  or  basis-function  procedure,  in 
which  implicit,  prior  assumptions  about  the  shape  of  the  solution  are 
unavoidabl e. 


It  is  scarcely  necessary  to  remark  that  considerable  caution  is 
necessary  in  using  this  spline  method.  Each  of  the  quantities  ,  Y,(h) 

and  Y2(’h)  is  found  by  subtracting  other  quantities  that  may  diffe*^  1 
only  slightly,  which  means  that  accuracy  will  be  a  problem.  As  E  and  f 
become  more  similar,  the  quantities  y9(h)  an^  Yi(h)  will  behave  more 
erratically.  Eventually,  even  o  E  will  become  so  small  that  we  cannot 
conclude  anything  about  it  h  except  that  it  is  nearly  zero.  At  that 

point,  the  function  h  is  so  narrow  and  sharply  peaked  that  our  method  and  data 
cannot  distinguish  it  from  a  6-function. 


IV.  SOFTWARE. 

A  small  set  of  FORTRAN  programs  was  written  in  order  to  carry  out 
and  test  this  method.  The  main  program,  MAIN,  reads  the  data,  contaminates 
it  with  Gaussian,  uniform  noise,  calls  the  subroutine  MOMTS  and  calculates 
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M.,  Ou  .  y  (h),  (h)  from  the  moments  of  E  and  f,  MOMTS  calculates 

n  n  l  ’  2 

the  moments  of  E  and  f  from  the  data.. 


In  addition  to  these,  a  program  was  written  for  test  purposes 
which  generates  Gaussian  pulses  tinged  with  noise  and  makes  two  calcu¬ 
lations  . 

(i)  It  finds  M^,  ,  y  (h)  and  exactly  as  MAIN  does. 

(ii)  It  calculates  the  ordinates  of  the  function  h(t)  by  the 
quadrature  method,  using  the  singular-value  decomposition  and  discarding 
singular  vectors  of  small  singular  values. 

This  program  permits  us  to  compare  these  two  methods  of  finding  h(t). 

The  spline  method  for  estimating  cumulants  invokes  the  IMSL 
subroutines  ICSSCU  and  DCSQDU  for  fitting  cubic  splines  and  integrating 
them.  The  first  of  these  allows  smoothing  of  the  data,  but  it  was 
found  that  smoothing  had  very  little  effect  on  the  accuracy  of  moment 
estimates  (as  one  would  expect). 

The  quadrature  method  (see  [1])  replaces  the  integral  equation 


f 

i 


E(t.-s)h(s)ds 


by  the  trapezoidal  formula 


f*  =  ZAW,  E.  h  =  TA . . h, 

1  k  l-k  k  ik  k 


k=o 


k=o 


i  =  1 , . .  ,N 


where  A  is  the  mesh  spacing  in  the  integration 

Ei_k  =E  (iA'kA) 

1<k<i-l 
k=o,  k  =  i 


This  leads  us  to  a  linear  algeoraic  system  with  NxN  matrix  A  =  [A  ]. 

A  is  a  lower  triangular  matrix  that  is  nearly  of  Toeplitz  form.  The 
matrix  equation 

Ah  =  f 


W, =1 »  for 
k 

=1/2,  for 
hi,  =  h(kA) . 


A • .=  AW  E.  . 
Ik  k  i-k 
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Figure  1  shows  the  exact  forms  of  the  pulses  E,  f  ana  n,  together 
with  the  points  obtained  from  the  quadrature  method  with  rank-selection 
based  on  the  singular  values.  Five  different  trials,  using  different 
random  number  seeds  for  noise  generation,  gave  the  results  shown  in  Table  1. 
The  results  for  the  five  trials  are  not  distinguishable  on  che  scale  of 
Figure  1 . 

These  results  show  that  both  methods  were  satisfactory.  The 
quadrature  method  with  rank  selection  based  on  singular  values  gave 
accurate  and  stable  estimates  of  the  function  values.  The  cumulants  up 
to  (h)  are  also  found  with  reasonable  precision,  but  ^2 ^ h )  ’s  unstable. 

Probably  we  would  regard  the  quadrature  method  as  the  better  one  because 
it  provides  somewhat  more  complete  information  about  h.  The  matrix  A  has 
N=25  and  rank  that  ranges  from  11  to  14,  so  A  is  very  rank-deficient  even 
in  this  easy  case.  The  rank  was  found  so  that  the  solution  for  h  agreed 
better  with  the  exact  solution  (in  the  L-  sense)  than  for  any  other  rank. 
Naturally,  this  method  cannot  be  used  when  the  exact  solution  is  unknown, 
as  will  usually  be  so  in  practice.  The  results  show  that,  while  the  rank 
may  vary  substantially,  the  solution  values  are  pretty  stable. 
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Figure  2  ana  Table  2  show  like  results  for  tr>-  h^rd  example; 

Me  =  8.0  j  =  1  .6 
M  =13.0  o  =  1.7 

which  has  as  exact  solution  the  narrower,  sharper  pulse  with 

Mh  =  5.0,  Th=  .57446,  y^h)  =  y  (h)  =  0 

Both  methods  had  a  difficult  time  with  this  example.  However,  the 
quadrature  method  gave  almost  no  accurate  information  beyond  the  fact 
that  the  h-pulse  was  located  near  t=5.  The  pulse  is  depicted  consistently 
as  somewhat  lower  and  lesssharp  than  it  really  is,  undoubtedly  because 
of  the  severe  smoothing  that  has  been  done  in  the  rank-selection  process. 
This  consistency  is  unfortunate  because  it  implies  that,  in  a  situation 
where  we  did  not  know  the  true  solution,  inconsistency  in  the  estimates 
might  not  occur  to  warn  us  of  impending  trouble. 

Although  the  cumulant  method  also  did  poorly,  its  results  were 
better  than  the  quadrature  method  on  two  counts.  First,  it  provides  good 
estimates  of  the  area  and  location  of  the  h-pulse,  and  acceptable  estimates 
of  j  as  well.  Second,  although  the  estimates  of  skewness  and  kurtosis  are 
bad,htheir  inconsistency  is  a  clear  warning  not  to  trust  them.  It  appears 
therefore  that  the  cumulant  method  gives  us  more  useful  information  than 
the  quadrature  method  in  this  case. 

VI.  DISCUSSION  AND  CONCLUSIONS.  The  examples  support  the  intuitive 
notion  that,  when  E ( t )  and  f(t)  are similar,  the  best  procedure  is  to 
estimate  a  few,  low-order  cumulants  of  h(t).  The  calculations  using 
splines  are  simpler  than  those  involved  in  the  other  procedures  and  focus 
on  the  only  quantities  that  can  be  predicted  with  any  accuracy  and  stability 
in  this  worst-case  limit.  The  method  does  not  require  evenly-spaced  data 
and  makes  the  mildest  possible  hypotheses  about  the  solution. 

Even  if  the  functions  E(t)  and  f(t)  are  not  much  alike,  it  may  be 
worthwhile  to  use  this  cumulant  procedure  as  a  preliminary  or  adjunct  to 
a  more  complete  analysis.  In  particular,  if  the  basis  func:ion  method  is 
employed,  it  may  be  very  helpful  to  have  at  hand  the  information  that  the 
cumulants  provide  about  the  general  shape  of  the  function. 

Obviously  further  work  is  needed  to  clarify  both  theoretical  and 
practical  aspects  of  these  methods. 
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TABLE  1:  Easy  Example  Results 


Tri al s 


Exact 

1 

2 

3 

4 

5 

uo(h) 

1.375 

1.375 

1.374 

1.374 

1.375 

1.374 

M. 

6.0 

6.006 

6.005 

6.005 

5.998 

6.004 

n 

Cumulant- 

1.5100 

1.519 

1.520 

1 .513 

1.477 

1.505 

Spl i ne 

n 

Method 

y  (h) 

1 

0 

.1133 

.0824 

.2560 

-.3178 

.1726 

y  (h) 

2 

0 

-.2529 

1.029 

1.751 

-4.319 

•1261j 

rank 

- 

14 

12 

13 

12 

11 

1  |errj  | 

2 

- 

.00151 

.00196 

.00177 

.00229 

.00185 

INI 

2 

- 

.59451 

.59438 

.5935 

.5941 

.5941 

M3) 

.0505 

.0487 

.0537 

.0473 

.0485 

.0500 

h(4) 

.1511 

.1450 

.  1492 

.1527 

.1547 

.1516 

Quadrature 

h(5) 

.2917 

.2973 

.2882 

.2946 

.2927 

.2922 

Method 

H(6) 

.3633 

.3628 

.3642 

.3605 

.  3565 

.3624 

h(7) 

.2917 

.2884 

.2957 

.2887 

.  2933 

.2923 

M8) 

.1511 

.1540 

.1495 

.1533 

.  15r  1 

.  1  502 

h(9) 

.0505 

.0489 

.0473 

.0533 

.0465 

.0492 
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TABLE  2:  Hard  Example  Results 


Exact 

1 

2 

Trials 

3 

4 

5 

■-  (h) 

0 

Mh 

1 .0625 

1.063 

1 .064 

1.062 

1.063 

1.062 

5.000 

5.003 

5.004 

4.992 

5 . 005 

5.003 

Cuniui  ant 

h 

.57446 

.5529 

.6222 

.5804 

.5354 

.6037 

Spline 

Method 

Y  (h) 

1 

0 

.4039 

4.543 

-3.468 

-.2004 

2.784 

r  (h) 

2 

0 

-62.77 

71.43 

-6.227 

-82.12 

44.69 

rank 

- 

15 

14 

17 

13 

15 

;  jerr 

- 

.00093 

.00163 

.00140 

.00140 

.00233 

- 

.7206 

.7202 

.7246 

.7153 

.7305  ; 

h(3) 

.0017 

-.0558 

-.0726 

.0081 

-.0617 

-.0300 

i 

•  Quadratu 

h  ( 4 ) 

.1622 

.2642 

.2790 

.2166 

.2805 

.2349 

Method 

j 

h(5) 

.7379 

.5947 

.5939 

.6293 

.5844 

.6275 

i 

h(6) 

.1622 

.2872 

.2762 

.2610 

.2825 

.2667 

1 

h(7) 

.0017 

-.0646 

-.0518 

-.0469 

-.0537 

-.0787 
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ABSTRACT;  (if  concern  here  is  the  numerical  solution  of  singular 
integral  equations  of  Cauchy  type,  i.o.,  equations  involving, 
principal  value  integral.-.  The  unknown  function  is  expressed 
as  the  product  of  an  appropriate  weight  function  and  a  cubic 
spline.  The  problem  is  reduced  to  a  system  of  linear  algebraic 
equations,  which  determine  the  approximate  values  of  tne  funct ioi 
at  each  of  the  knots .  It  turns  out  that  the  maximum  error  can  be 
est  i mated.  The  procedure  ha.-  been  tested  on  a  variety  of  problem, 
arising  in  mixed  boundary  value  problems  of  elasticity.  Vito 
prospects  for  refinement  and  extension  are  a i so  discussed. 
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Cubic  Splines  arts.  \pprox  i'  atv  ssut  i'-i: 
of  Singular  Integral  i  quat  i-  ri.- 

I  rica  Ion  ar.d  H.  I',  '->rivastav 

1,  Introduction:  'Lany  boundary  value  problems  in  physics  and 
engineering  can  be  reduced  to  the  problem  of  solving  a  singular  inteyrai 
equat  ion  of  the  form 

b,  -■  j  ’*  ■  .  r  sit  1  . 

( i .  1  i  a  i  s  1  c;  ( s  l  +  ■  -  ■  •  •  ••  -  +  m  t  ,s  '•„(  t  j  lit  -  :  i  s  .  ,  -  j  s  i  . 

-1  -1 

I'iie  singular  inteyrnl  is  to  he  taken  in  the  sense  of  the  Cauchy 
principal  value.  The  Inner  inns  a,  b,  K,  and  f  are  known;  and  y  is  the 
unknown  function.  liquations  of  this  typo  have  been  studied  extensivel 
in  the  classical  theories  of  elast icity  and  hydrodynamics,  These 
equations  also  arise  in  the  mathematical  treatment  of  such  diverse 
fields  as  radiative  transfer ,  neutron  transport ,  and  particle  physics. 

In  such  contexts,  the  function  y  usually  represents  either  a  potential 
:e.y.,  temperature,  displacement ,  velocity  potential;  or  a  flux-tvpe 
quantity  U'.y.  heat  flux,  stress,  charye  .lens  1 1  y  . . 

Hie  theoretical  t’oundat  ions  for  the  study  of  s  insular  into .mil 
equations  wore  la  id  hv  Hilbert’s  v.ork  in  analy;  ic  funct  ion  theory  and 
I'o  i  ncaro’ s  invest  i  eat  ion  of  the  yener.ii  tnooi  y  of  tico>.  import  ant 
i  on t  r  i hut  i ons  were  subsequent  1  v  made  In  \oether  in  her  work  on  t  ho 
■so-called  "index  theorems,"  and  hv  tar  1  email  in  !i  i  --  do  r  i  \  at  i  on  oi  .  i  r 
explicit  solution  foi  the  b,i-  ic  equation.  Hu-  classic  theorems  of 


Fredholm  served  as  a  model  for  the  development  of  the  analytical 
approach  now  known  as  the  Clarleman-Vekua  regular 1 cat ion  of  svs terns 
of  singular  integral  equations.  The  theory  of  singular  integral 
equations  of  one  variable  is  fairly  wel 1 -understood,  due  to  these 
earl\'  results  and  to  the  contributions  of  Muskhcl ishvi  1  i  [1],  (iakhov  [2j, 
and  I'rivalov  [5j. 

[Tie  attention  to  direct  methods  of  solution  i.-  of  comparatively 
recent  origin.  In  1%9,  f.  b.rdogan  [5]  pronosei.  a  technique  which 
explicitly  builds  the  "correct"  singular  behavior  of  the  solution  in 
the  approximating  sequence  of  functions.  The  index  theory  provides  the 
weight  function,  and  the  Jacob i  polynomials  orthogonal  with  respect  to 
this  weight  arc  used  to  represent  the  approximate  solution  by  tiie 
rc 1  at  ion 

11.2!  git)  =  cut')w(t), 

where  wit)  is  the  weight  and  : it )  is  a  linear  combination  of  the  Jacobi 
pel vnomials  of  degree  '-X.  Subsequently,  b.rdogan  and  f.upta  j o J  developed 
i  i-ri'S  -('hehyshev  type  formula  for  numerical  evaluation  of  singular 
in’cgml  s .  \n  excellent  exposition  of  the  f.rdogan-llupta  procedure  is 
riven  in  [ " | .  Theocaris  and  loakinidis  jX|  have  proposed  a  variant  of 
this  method,  based  on  the  l.obatto-dhebyshev  formula,  which  el  i;.  ...ates 
tin  not'd  for  the  extrapolation  to  determine  the  value  of  the  fund,  ion 
at  the  endpoints  of  the  interval.  Both  methods  re  1 v  on  a  d i sc  ret i cat  ion 
>!  i he  equation  which  involves  the  values  of  the  function  at  the  zeros 
of  certain  polynon ials .  |)nu  and  I! 1 iot  [d|  also  suggest  the  use  of  the 
ortho  /Hia  1  polynomial,  to  snive  t  hi  singular  in’eg.ral  rquation.  A  proof 


169 


of  the  convergence  of  their  algorithm  is  given,  oncer  tnc  assumption 


f 


that  the  approximating  sequence  of  polynomials  M'  ■  converges  to  f  in 
the  Holder  nonn.  It  is  to  he  noted  that  1  f  '•  is  a  sequence  of  inter- 
polatory  polynomials,  and  its  convergence  in  the  Holder  nonn  is  not 
entirely  obvious. 

In  the  evaluation  of  non-singular  integrals  whose  integrands  arc 
of  only  low-order  differentiability,  the  Gaussian  integration  formulae 
are  nearly  as  accurate  as  the  trapezoidal  or  Simpson's  rule  ([10], 
p.  18").  In  the  evaluation  using  a  product  integration  rule  of  singular 
integrals,  however,  the  accuracy  of  these  formulae  has  not  been  establishes 
Moreover,  the  methods  based  on  Gaussian  integration  formulae  suffer  from 
the  previously  mentioned  requirement  that  the  collocation  points  coincide 
with  the  zeros  of  certain  polynomials.  Hence,  if  cither  the  right  hand 
side  of  (1.1)  or  the  kernel  K  fluctuates  over  a  small  interval,  the 
methods  are  effective  only  if  large  number  of  points  is  used.  Thus 
there  appears  to  be  a  need  for  further  development  of  low-cost,  low- 
accuracy  methods. 

One  possible  approach  due  to  Gcrasoulis  and  Srivastav  [11]  uses 
piecewise  linear  functions  to  determine  the  function  ;■(  t )  in  u  .  2  ) . 

This  procedure  permits  the  analytical  evaluation  of  the  integral 
expressions,  and  yields  satisfactory  results  for  certain  test  problems 
with  known  solutions.  Gcrasoulis  [ 1 2 |  obtained  an  improvement  in 
accuracy  by  using  quadratic  interpolation.  These  earlier  results 
motivated  the  development  of  a  cubic  spline  approx imat ion  method.  In 
addition  to  providing  higher  accuracy,  the  spline  method  can  also  be 
expected  to  be  applicable  to  the  numerical  solution  of  singular 


integro-differential  equations . 


Spline  methods  have  been  used  successfully  for  the  solution  of  non¬ 
singular  integral  equations  (see  Ahlberg,  Nilson,  and  U'alsh  [13], 

Xetravali  and  Figueiredo  [14]).  In  fact,  Gabdulhaev  [15]  found  that 
under  certain  conditions,  the  spline  method  with  equally  spaced  knots  is 
optimal  among  all  collocation  methods  for  the  numerical  solution  of 
Fredholm  integral  equations  of  the  second  kind. 

The  organization  of  the  rest  of  the  paper  is  as  follows:  Section  2 
describes  a  procedure  for  the  solution  of  (1.1)  with  a(s)  =  0  and  b(s)  =  1; 
Section  5  is  devoted  to  error  analysis;  and  section  4  contains  comparisons 
of  the  numerical  results  obtained  from  spline  approximation  and  other 
methods . 

2.  Reduction  to  a  Linear  Algebraic  System:  The  general  strategy  of 
direct  methods  for  the  solution  of  integral  equations  is  to  discretize 
the  original  equation  by  considering  it  only  at  a  finite  set  of  points  in 
the  dor, rain,  and  to  use  some  numerical  integration  formula  to  obtain  a 
system  of  algebraic  equations  for  the  values  assumed  by  the  unknown  function 
at  these  points.  The  accuracy  of  the  solution  is  affected  by  'noth  the 
choice  of  collocation  points  and  the  quadrature  formula  used. 

Consider  the  case  where  ais)  =  0  and  b(s)  =  1  in  (I.  I;,  and  the 
solution  is  known  to  possess  square  root  singularities  at  '1.  (The  method 
described  below  is  applicable  in  general,  although  in  some  cases  it  may  he 
necessary  to  evaluate  certain  integral  expressions  numerically.)  Set 

(2.1)  git)  =  i-lf)(l-tJ)"’?. 
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In  most  applications,  it  is  possible  to  exploit  the  symmetry  properties  of 
the  problem,  and  to  work  with  either  odd  or  even  functions.  Therefore , 
assume  the  number  of  node  points  to  be  (2n+l),  and  let  -1  =  t^  <  t^  <...  <  t0 
Replace  the  unknown  function  <J>(t)  by  splines  S(t)  =  S.(t),  (j  =  l,2,...,2n) 
on  the  interval  [t^  ^ , t: ^ ] .  It  is  computationally  convenient  to  use  the 
form  [13] 

‘2-->  sj w  •  &r  ‘V  *>s  ♦  Sr « •  VP5*  2  •  VP 

j  j  j  J  J  '  - 


rf-  ,  M.  .hm 
•-J-1.  t±±  (t.  -  t) 


j  =  1, l,..., 2n 


where  h.  =  t.  -  t.  i .  =  ;(t.j,  and  '1.  =  S7(t .)  =  S7  .ft.).  (Although  the 

above  expressions  for  S..(t)  involve  the  moments,  or  second  derivatives ,  of 

splines,  it  is  possible  to  use  instead  their  first  derivatives . j 

'Lite  function  K(t,sv)  is  approximated  by  K.(t,s,.)  using  a  cubic  interpolation 

formula  in  each  of  the  intervals  ft-  ..t.l.  In  this  way,  the  original 

1  j  - 1  j 

eciuation  is  replaced  by  a  discrete  analogue 


2n  (- h j  V(t)Jt  2n  -tj  S  .  (t)K.  ft  ,s^)dt 

j  =  lJtj_1  bl-t  "  (t-sk)  j=l  y  \  f 


=  fls,.)  , 

fx 


k  =  1 , 2 , . . . ,  Jn 


where  the  collocation  points  are  chosen  so  that  t^_ j  •  s^  ■  t^.  Ail  tne 
quantities  in  (2.4)  can  be  evaluated  analytically  to  yield  2n  i inear  cquatio 


for  the  (4n+2)  unknowns  M  M  ... ,M,  . 


(),M1,...,M2n,:0,:1,...,;:n.  An  additional  v  dr.  - 1  i 


eauations  are  furnished  by  the  continuity  of  the  derivatives  of  splines; 


name 1 y , 

h+h.  p  h-  . 

(2.1  )  M.  ,  +2M.  , 


t>  ■ ' j  +  i  '  i  _  ’  j  '  i-l 


J  1  ’  j  li  ; 


h •  i  + 1  h .  (  h . 
i  i  r 


1 , 2 , . . . , 2n  1 
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Two  equations  relating  the  values  of  the  moments  at  the  endpoints  arc- 
needed.  These  equations  are  usually  chosen  to  be  ol'  the  form 


U.5) 


a0M0  +  Vl  S’ 


Zn'ln-l  +  u2n‘^2n  Sn' 


Finally,  a  single  equation  is  obtained  from  the  compatibility  condition 


(2.0) 


2n  rS  S.(t)dt 

y  !  .J_ — 

j-i  Jtj.,  .w 


k, 


k  constant. 


Thus  a  total  of  (4n+2j  ec|uations  in  as  many  variables  is  obtained.  The 
coefficient  matrix  for  the  system  of  equations  is  of  the  fonn 

[  Al  ] 

i 

I  A-' 

i 

i  A3 

where  \  is  the  2 n *  (4n+2)  submatrix  of  coefficients  obtained  from  the 
integral  equation  evaluated  at  the  2n  collocation  points; 

> 

A“  is  the  1  (4n+2)  submatrix  of  coefficients  obtained  from  the 

compatibility  condition; 

and  V1  is  the  (2n+l)  *  (4n+2)  submtrix  of  coefficients  obtained  from 

the  moments  conditions  and  the  continuity  relations  for  splines. 

In  order  to  display  the  elements  of  the  coefficient  matrix  in 


convenient  fonn,  some  operator  notation  is  needed.  Define  operators 


Ik,  .Jk  by 


(lkOOO  = 


Jt 


k- 1 


l\t)dt 

T-~F  ft -s) 


1  f  =  :'k  kitjdt 

J 1 . 1  I  ‘  _ 

Vi  ,]-r 


Note  that  for  polynomial  functions  f,  the  express  ions  for  (I^flfs)  and  d^f 
can  he  expressed  analytically.  In  particular, 
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(lvtp)(s)  =  . 

K  Jt 

Tk-1 


rrk  tP'l  tP-2  n-]'tk 

-  Jt  +  s , - lit  +  ...  ■>■  s' 

/TF  4k_i  vTF'7  Jt 


dt_ 

IFF 


sp(Fl)(sj. 


k  1 
P  =  1,2,... 


and  (. [16] ,  p.  147) 


lj 

(I,.l)(s)  = — - — £nj— 
k  /F1F  1 r 


-l+v’l-s'  +  s  tan tart 


(Vl-sr  +  1 )  tan-J^-j 


kF  ,jVl 


t-j  -1-/1-S'  +  s  tan tan— +  s  -  (-l-/T:sT)tanrf-’ 


i  I 


where  0  =  arcsint,  . 

k  k 

Then  the  elements  of  the  submatrix  A1  are  given  for  j  =  i,2,...,2n  by 


x  n; 


+  J. 


r5^(ti't,3blJ<t,-T(trt)Ki.Jlt)i 


+  :  I. 


1  [t-t 


+  .J 


[■ i-lL6hi.3  ^  i  - 
1 


hi-l , 


i-l['6h~Yl-t'ti-:1  Ki-l,j^>  -  -6“ (••-ti-2>Ki-l,^t> 


• , 2n+l 


i^ur^V13  J  /V  +'V(Yt)Ki.jft)j 


+  fi. 

(  i-i 


i  =  2n+2,  2n+5, . . . ,4n+2 

where  (I^Ol.sJ  and  J^f  are  taken  to  be  zero  for  k  =  0,  2n+l. 

7 

Ihe  elements  of  A“  are  given  by 
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a;  .  =  j. 
1,1  i 


BKT'V'^  -  -y-(ti't,J  * 


i  =  1,2, .. . ,2n+l 


'  ■’ilKTtV*)]  *  Ji-l[h7--(t-ti-2']  •  » ‘  2"*2’  2"*3 . 4”*2 


where  again  J^f  =  0  for  k  =  0,2n+l. 
lTie  elements  of  AJ  are  given  by 


From  the  above,  it  can  be  seen  that  the  coefficient  matrix  A  has  the 


structure 


Note  that  when  solving  the  system  by  Gaussian  elimination  using  only 
partial  pivoting,  it  may  be  advisable  to  rearrange  the  matrix  so  that  the 
?.'s  are  computed  first,  thus  reducing  the  effect  of  round-off  error 
propagation. 


3.  Error  Analysis : 


Define  the  functions  f*, 


6 


as 


follows : 


(i)  f*  is  the  Type  II  cubic  spline  on  the  true  values 

f(t.),  i  =  0,1 . 2n,  with  f*"(t0)  =  o"(t0),  b*"(t2n)  =  o"(t2n); 

g 

(ii’J  f  is  the  spline  on  the  computed  values  for  i  =  0,1,..., 2n. 

Let 


x  = 


X*  = 


X 


e 


[*"(t0) , y (tp , . . .  ,f"(t2n^(t0)  ,-Ktp , . . .  ,oCt2n)j 

) , . . .  ,C*"(t2n)  ,b*(tn)  ,$*  ft1 ) , . . .  ,**  (t , 


dn 


K6”(t0)  , . . .  ,fe"(t2n)  ,«€(t0)  , . . .  ,fc(t 


2n 


).! 

)] 


and 

f  =  [f(s1),f(s2),...,f(s2n),k,C0,0,...,0,C2n]. 

It  will  be  assumed  below  that  the  splines  used  are  the  natural  splines,  so 
Si  =  ^7n  =  ^*e  shsteIT1  equations  which  is  being  solved  can  therefore 

be  represented  as 


r 


[3.1)  Ax6  =  f. 

The  vector  x  of  true  values  satisfies 

[3. 2)  Ax  =  f 

where  f  =  f+0,  and  G  is  the  vector  of  errors  in  the  numerical  integration 
due  to  the  use  of  splines.  Hence 

[3.3)  i!x6-x|j  t’.A' 1  ii  -  ilo  il  . 


The  above  inequality  can  he  used  to  obtain  ;ui  error  estimate  for  the  spline 
method.  The  j-th  component  of  6  is  given  by 


(3.4)  6.  =  -f1  ' 

J  “J-i  (t-s.)/FF  J-i 


1  (Ke;*-K;)dt 


/F? 


where  K  is  the  piecewise  cubic  approximant  to  K, 


(3.5) 


2n+l 


r1  (a*  -.a,) 


dt. 


■l  v-FF 


2n+2  >"<V 


4n+2 


j  =  1 , 2 , .  . . , 2n 


and  9.  =  0  for  other  values  of 
J 


Let 


[3.6) 


e(t)  =  d* , 


e'  (t)  =  o*'-V  . 


Then  it  has  been  shown  (see  [17],  p.  107)  that 

(3.7)  |e 


5  -  (iv)  ...4 
384  11  r'  1|h  ’ 


J  • 

24' 


iv)  -..  o 

I  I  n 


where  h  -  max  h . . 

j  j 

The  second  term  in  (5.4)  is  easily  shown  to  be  less  than  or  equal  to 

r  {  max  l  4*j*inax  K  -K  +  max  j  e  [  *max  j  K  ’ } 

-l«t*l  6 

which  is  O(h^) . 
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Consider  now  the  first  term  in  (3.4).  Suppose  the  mesh  is  uniform;  i.e.  h-  =  n 
for  all  j.  The  results  below  are  not  significantly  affected  if  this  assumption 
does  not  hold,  furthermore,  assume  that  the  collocation  points  s.  are  chosen 
to  he  the  midpoints  of  the  intervals  (t.  ^.t.).  for  Sj  e  (t^t^), 


|  <  ';rtl  i^^csjjdt;  +  ,e(s 
(t-s^/l-t-  1  -40  tt-s:)/i-tz  •  '  1-1  kG 


(t-S,)/l-t2 


2n  .'rk  . .  . 

+  V  ■!  — ,M.t)dt 

k=2‘ 4k_1  (t-Sjvl-^ 

k"{’  "'h*  |  C,:'m2'  3TT 


where 


M!  = : 


rc‘  dt 


JtB  (t-S; )  vT-t’2  1  /h  /4-'h  I  _  1 2 - h  [ 

\  TTT 


=  Oth"  2) 
ftk 

M7  =  max > 


k  lJtL.  i  fT-t"  A-t-1 

/  I  K"  1 


—  =  cos  k(-l+h) 


m 

=  0(h'2) 


/  Tt— r  =  Oth 
k=l 


Therefore 


j-i  tt-Sjj/r-T-  * 


0(lf  '),  fi  >  0. 


This  estimate  is  not  sharp,  but  appears  adequate,  for  s7^  e  (,t7  j,t  J  the 
same  estimate  holds.  Next  consider  s.  e  (t.  j,t.)  with  j  /  1 , 2n .  In  this  case, 


■J-l  (t-Sjl/TV 

,  iftk  l£lt  i.-2-Jsj.JJdt  i  +  l(s  , 


i  .  1  j  ^  Ti- 

,  •'  _ dt _ :  +  f  :  ;  K  >:(t)dt 

'4.  .  (t-s.  j .  I  - 1 k=  I  ■  4 ,  .(t-s.|»T-T 
•'  1  -1  Mi  k  !  ' 
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=  o  i  h- ‘  -  o. 

'"1  (t-Sj)vl-t?  ■ 

Note  that  the  estimate  (3.3;  should  be  used  with  caution  since  the  quantity 
depends  on  h.  Tiie  appendix  lists  values  of  A  and  A  \  to  be 

used  in  estimating  the  error  involved  in  solving  a  particular  equation.  In 
practice,  it  has  been  found  that  for  problems  with  known  solutions,  the  spl ine 
method  produces  results  of  accuracy  considerably  better  than  would  be  expected 
from  (3.3),  thus  indicating  that  the  error  bounds  above  could  prooably  be 
s i gn i f i cant ly  improved . 


4.  Numerical  Results:  The  spline  method  lias  been  used  to  solve  a  number 
of  singular  integral  equations,  including  the  following: 

1  example  1. 

I  ' 1  i  fl 

(1.1)  ' ;dt  +  sin( t-s)g(tjdt  =  .1.(1  )cos  s+  1,  -1  ■  s  -  1 

'•  1  1  s  1  ^  1 
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where  is  the  Bessel  function  of  the  first  kind  of  order  1.  Yne  solution 
git)  is  required  to  satisfy  the  compatibility  condition 

r  1 

;  slt)dt  =  o. 

J-i 

Moreover,  g(t)  is  assumed  to  possess  square-root  singularities  at  1 1 ,  and 
hence  to  be  expressible  in  the  form 
(4.2)  g(t)  =  4>(t)  (l-t“)"1,/‘. 

Then  it  can  be  seen  that  the  true  solution  is  given  by  (4.2)  with  :(tj  =  t. 

The  table  below  displays  the  maximum  error  e  in  the  values  for  c(t)  computed 
using  the  spline  method. 

tv'j  _e_ 

2  0.000041 

3  0.000003 

•1  0.000001 

*n  is  the  number  of  nodes  taken  in  the  interval  [0,1] .  for  r.  =  ",  the  computed 

solution  was  accurate  to  the  limits  of  single-precision  computation  (8  digits > 


subject  to  the  compatibility  condition 
-1 

g(t)dt  =  0. 

J-1 


-i  •  s  <-  1 


Ihc  above  equation  arises  in  the  plane  elasticity  problem  for  a  plate  bonded 


to  an  elastic  half-plane.  The  solution  g(t)  is  again  assumed  to  be  of  the  for 
gft)  =  MtJ  (l-tV1^- 


file  table  below  displays  some  values  of  ;  ft)  obtained  by  t be  spl  ine  method 


for  ■  =  1/3,  p  =  1  compared  with  those  given  by  l.rdogan- uipta  | (' ]  . 


In  this  case,  natural  splines  were  used;  i.e.  it  was  assumed  that 


t 

lirdogun- Gupta  (n=40) 

Spline  (n=10 

0 .11753 

0.08016 

0.Cv-'17 

0.27144 

0 . 18o64 

0.  ISooS 

0.41860 

0.29205 

0.2920" 

0 . 55557 

0 . 39541 

0.39544 

0.67880 

0.49522 

0.45522 

0.78551 

0.58955 

0.58554 

0.87249 

0.674S2 

•  :.6  "41" 

0.93819 

0.74/62 

0.98078 

0.8024o 

."l  (.  1 4 

0.99925 

0.85172 

i ' . 

1.00000 

0.8531 • 

0.828b’ 

‘obtained  through  extrapolation 
^obtained  directly 

(It  should  be  noted  that  the  spline  method  used  equally  spaced  nodes,  for 
purposes  of  comparison,  the  values  of  ;(t)  at  the  liruogan- Gupta  node  points 
were  obtained  using  spline  interpolation.  It  is  to  be  expected  that  the 
spline  method  would  be  more  accurate  at  its  own  nodes  than  at  intermediate 
points. ) 

As  can  be  s-  on  from  the  table  above,  the  results  for  the  two  met  hods 
are  in  close  agreement  for  ,t.  ••  J.78.  the  discrepancy  near  the  endpoint 
f 1  would  seem  to  indicate  that  natural  splines  were  an  inappropriate  choice. 
Mien  "not -a- knot”  conditions  j 18  J  were  used  instead,  the  value  obtained  ior 
: i 1 !  was  0 . 8335 . 


i..\ ample  3. 


1'  gin 
’•-1  1  ; 


it 


If1  t  ( t  “  -  s  2 ) 


J-l  (t' 


iiindt 


subject  to  the  compatibility’  condition 
.-1 

vitjdt  -  0. 

J  1 


s 


18] 


t 

! 


The  above  equation  arises  m  the  problem  oh  a  era-  ,  ioa  crack  in  an 
infinite  isotropic  elastic  medium  under  constant  load  a i one  its  four 
branches.  As  before,  the  function  g(t )  is  assumed  to  lie  of  the  form 

K(t)  =  Mt)(l-t  ) 

Ihe  table  below  provides  a  comparison  of  results  obtained  from  the 
Krdoyan- Gupta  method  [ 8 J  (Col.  I);  its  Lobatto-Chebyshcv  variant  [Sj  ,Col . 
II);  and  the  spline  method  (Col.  Ill) .  Note  the  correct  value  for  : f 1 1  has 
been  calculated  by  Rooke  and  Sneddon  [19j  to  be  0 . 8t>3(> . 


It 

brdogan- Gupta 

Lobatto-Chebyshcv 

5p  1  i  ne 

5 

0 .6.1(14 

0.8507 

■  .8846 

4 

n.s:s8 

0 . 8659 

0.8641 

a 

0. 8(1 20 

0 . 8645 

6 . 8()38 

e 

0 . 8(i88 

0.8644 

0..SO.V 

- 

0 . 8('.' 8 

0.8642 

.  865c1 

S 

i 1 . 8628 

0.8641 

0 .  8636 

p 

0.805(1 

0 . 8640 

'  • .  86  56 

10 

0.8628 

0.  S()5S 

e .  8o3o 

APPENDIX 


The  error  estimates  (3.8)  and  (3.9)  can  be  written  using  (3.7)  as 

V"-> 


24VTTT 


/2-h  /Th  k 


!l  2FTji 


~  "  A  (iv)  I; 

=  4‘ 11 


(A.  2)  h 


7/2.  n-t)(iv)  1 1  (  1  ,  5  {  I-h  +  _J_  ?  1  '1 

'  384  !■  (2-h) 3/2  /TTf  k«l 


r  ;..(iv)' 

=  c2- ii^'-  i| . 

From  (3.3),  the  error  in  solving  the  equation 

7'1  gTlT  =  f(s)’  -1  <  s  <  1 

71 J- 1  L  17 

is  therefore  given  by 

jiA'1i|-max(C1,C2)*i,b('1V'1  ;j . 

The  table  below  lists  values  of  , ,  A  1  j  j  ^  and  max(CpC2)  for  selected  values  of  n. 


n 

;iA 

-1 

i  *  co 

max(C^ 

,C2) 

liA'xlL- 

>max(C2 ,C2) 

1 

6.3 

X 

10° 

9.3 

X 

10-2 

5.9 

X 

10'1 

2 

3.8 

X 

101 

8.3 

X 

10° 

3.2 

X 

10'1 

4 

1.9 

X 

102 

7.9 

X 

10'4 

1.5 

X 

10'1 

8 

7.8 

X 

102 

7.7 

X 

10'5 

6.0 

X 

7 

10  *• 

10 

2.9 

X 

ioJ 

7.5 

X 

10'6 

2.2 

X 

10‘2 

183 


References 


[1]  Muskhelishvili,  N.  I.  Singular  Integral  Equations,  P.  Noordhoff  Ltd., 
Gronigen,  Holland,  1953. 

[2]  Gakhov,  F.  D.  Boundary  Value  Problems,  Pergamon  Press,  New  York,  1966. 

[3]  Privalov,  I.  Boundary  Properties  of  Analytic  Functions  (in  Russian), 
Moscow- Leningrad ,  2nd  edition,  1950. 

[4]  Ivanov,  V.  V.  The  Theory  of  Approximate  Methods  and  Their  Application 
to  the  Numerical  Solution  of  Singular  Integral  Equations,  Noordhoff 
International  Publishing,  Leyden,  1976. 

[5]  Erdogan,  F.  "Approximate  solutions  of  systems  of  singular  integral 
equations,"  SIAM  J.  Appl.  Math.  17,  1041-1060  (1969). 

[6]  Erdogan,  F.  and  Gupta,  G.  D.  "On  the  numerical  solution  of  singular  inte¬ 
gral  equations  ,"  Q  .  Appl.  Math.  30,  525-534  (1972). 

[7]  Erdogan,  F. ,  Gupta,  G.  D.,  and  Cook,  T.  S.  "Numerical  solution  of 
singular  integral  equations,"  Mechanics  of  Fracture,  Volume  1:  Methods 
of  analysis  and  solutions  of  crack  problems,  Noordhoff  International 
Publishing,  Leyden,  1973. 

[8]  Theocaris,  P.  S.  and  Ioakimidis,  N.  I.  "Numerical  integral  methods 
for  the  solution  of  singular  integral  equations,"  Q.  Appl.  Math.  35, 

173-183  (1977). 

[9]  Dow,  M.  L.  and  Elliot,  D.  "The  numerical  solution  of  singular  integral 
equations  over  (-1,1),"  SIAM  J.  Num.  Anal.  16,  115-134  (1979). 

[10]  Stroud,  A.  H.  Numerical  Quadrature  and  Solution  of  Ordinary  Differential 
Equations,  Springer-Verlag,  New  York,  1974. 

[11]  Gerasoulis,  A.  and  Srivastav,  R.  P.  "A  method  for  the  numerical  solution 
of  singular  integral  equations  with  a  principal  value  integra,"  (to  appear). 


184 


[12]  Gerasoulis,  A.  "Product  integration  methods  for  the  solution  of 
singular  integral  equations  of  Cauchy  type,"  Rutgers  University 
Dept,  of  Computer  Science  Report  No.  DCS-TR-86,  New  Brunswick,  1979. 

[13]  Ahlberg,  J.  H.,  Nilson,  E.  H.,  and  Walsh,  J.  L.  The  Theory  of 
Splines  and  Their  Applications ,  Academic  Press,  New  York,  1967. 

[14J  Netravali,  A.  N.  and  Figueiredo,  R.  J.  P.  "Spline  approximation  to 
the  solution  of  the  linear  Fredholm  integral  equation  of  the  second 
kind,"  SIAM  J .  Nun.  Anal.  II,  S38-S49  (1974). 

[15]  Gabdulhaev,  B.  G.,  "Optimization  of  collocation  methods,"  Soviet 
Math.  Dokl.  20,  823-827  (1979). 

[16]  Gradshteyn,  I.  S.  and  Ryzhik,  Table  of  Integrals,  Series,  and  Products, 
Academic  Press,  New  York,  1965. 

[17]  Hall,  C.  A.  and  Meyer,  W.  W.  "Optimal  error  bounds  for  cubic  spline 
interpolation,"  J.  Approximation  Theory  16,  105-122  (1976). 

[18]  De  Boor,  C.  A  Practical  Guide  to  Splines,  Springer-Verlag,  New  York, 
1978. 

[19]  Rooke,  D.  P.  and  Sneddon,  I.  N.  "The  crack  energy  and  stress  intensity 
factor  for  a  cruciform  crack  deformed  by  internal  pressure,”  Int.  J. 
Engng.  Science  7,  1079-1089  (1969). 


185 


CAN  DISSIPATION  PREVENT  THE  BREAKING  OF  WAVES? 
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Division  of  Applied  Mathematics 
Brown  University 
Providence,  R.  I.  02912 


ABSTRACT .  We  show  that  dissipative  mechanisms  induced  by  friction, 
viscosity  or  thermal  diffusion  prevent  the  breaking  of  relatively  weak 
waves  but  are  ineffective  against  waves  of  large  amplitude. 

I .  INTRODUCTION .  Compressible  weak  waves  that  can  be  modeled  as 
solutions  to  quasilinear  hyperbolic  systems  of  conservation  laws  are 
generally  amplified,  as  they  propagate,  and  eventually  break,  due  to  the 
formation  of  shock  waves.  It  is  interesting  to  consider  the  situation 
where  this  destabilizing  mechanism  coexists  and  thus  competes  with 
dissipation.  Damping  induced  by  viscosity  of  the  rate  type  is  so  power¬ 
ful  that  it  dominates  and  prevents  the  breaking  of  any  wave.  Far  more 
interesting  is  the  situation  where  damping  is  induced  by  "friction", 
thermal  diffusion  or  viscosity  of  the  Boltzmann  type.  In  these  cases  the 
dissipation  mechanism  is  subtler  so  it  may  prevent  the  breaking  of 
relatively  weak  waves  but  is  ineffective  against  waves  of  large  amplitude. 

In  Section  II  we  exhibit  results  of  this  type  in  the  context  of  a 
simple  model  in  which  complete  proofs  can  be  displayed  in  short  space. 

In  Section  III  we  survey  related  results  for  more  complicated  systems  of 
physical  interest  in  which  the  analysis,  too  elaborate  to  be  presented 
here  in  detail,  is  based  upon  the  same  principles  as  the  analysis  of  the 
model  case  of  Section  II  so  that  the  reader  will  have  already  gotten  a 
taste  of  its  flavor! 

II.  A  MODEL  CASE.  We  consider  wave  phenomena  governed  by  the 
Hopf  equation 


u^  +  uu^  *  0  .  (II .  1) 

Expansion  waves  are  spreading  out  and  get  weaker  while  compression  waves 
are  amplified  and  eventually  break.  Specifically, 

PROPOSITION  II.  1.  The  Cauchy  problem  for  (II.  1)  with  initial 

conditions  u(0,x)  ■  u(x)  €  C*  (-«,•»),  with  bounded  derivative,  has  a 

global  C^-smooth  solution  If  and  only  If  u  (x)  >  0,  — »  *•  x  <  ■*.  When 
-  1  X 

u  (x)  takes  negative  values,  a  local  C  -smooth  solution  exists  which 
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breaks  down  at  t  =  [-inf  u  ] 

x 

PROOF ■  The  characteristic  equations  read 

dx  _ 
dt  U 


£-° 


(II. 2) 


so  that  characteristics  are  straight  lines  along  which  u  remains  con¬ 
stant.  Thus,  when  »T(x)  is  nondecreasing  on  (-“>,0O),the  fan  of  charac¬ 
teristics  diverges  and  a  global  C^-smooth  solution  exists.  On  the  other 
hand,  when  tf^x)  takes  negative  values,  characteristics  collide  and 

shock  waves  develop. 

in  order  to  determine  the  exact  time  the  first  wave  breaks,  we 
follow  the  evolution  of  u^  along  characteristics.  We  set  v(t,x)  = 

u  (t,x)  and  take  the  derivative  of  (II. 1)  with  respect  to  x,  thus 
x 

obtaining 

v  +  uv  +  v^  =  0  (II. 3) 

t  x 

or 

~  +  v2  =  0.  (II. 4) 

dt 

Thus  inf  v(t,x)  will  be  bounded  for  t  <  [-inf  u^(x)]  1  but  will  tend 
X  -  -1 

to  -®  as  t  -*■  [-inf  u  (x)  ]  .  As  a  matter  of  fact,  when  u  (x)  attains 

X  x 

a  minimum  on  (-0o,o°)  at  a  point  x,v  along  the  characteristic  issuing  at 

x  will  tend  to  as  t  ->  [-u  (x) ]  1  so  that  the  wave  emanating  from 

x 

x  will  break  at  t  =  [-u  (x)]  .  SB 

x 

Let  us  now  investigate  the  effect  of  the  presence  of  frictional 
damping, 

u  +  uu  +  mu  =  0,  p  '  0.  (11.5) 

t  x 


We  will  show  that  even  compression  waves  do  not  break  so  long  as  their 
amplitude  is  not  large. 


IBM 


1 


PROPOSITION  II. 2.  The  Cauchy  problem  for  (1 1. 5)  with  Initial 

conditions  u(0,x)  =  u(x)  €  cH-00,00),  with  bounded  derivative,  has  a 

global  C^-smooth  solution  if  and  only  if  ux(x)  >  -“  <  x  <  °°,  and 

the  amplitude  of  waves  emanating  from  points  x  with  u^(x)  >  ~U 

decays  to  zero  exponentially,  as  t  -+  ».  When  u  (x)  takes  values  less 
1  x 

than  -y ,  a  local  C  -smooth  solution  exists  which  breaks  down  as 
t  ■+■  y  log[m/(m+y)]  ,  where  m  *  inf  u^(x). 


PROOF.  In  the  place  of  (ii.2)  we  now  have  characteristic 
equations 


< 


(II. 6) 


Setting,  as  before,  v(t,x)  =  u^(t,x)  and  taking  the  derivative  of 
(II. 5)  with  respect  to  x  we  obtain,  in  the  place  of  (II. 4), 


dv  2 
__  +  v  + 


pv  =  0. 


(IT. 7) 


It  is  now  clear  that  if  u^(x)  “h*  <  x  <  “'»  ^(t.x)  will  be  bounded 

and  a  global  C^"-smooth  solution  will  exist.  Furthermore,  v  along  any 
characteristic  issuing  from  a  point  x  with  Tf  (x)  >  -y  decays  to  zero 

exponentially,  as  t  -*■  <*>.  On  the  other  hand,  when  u  (x)  takes  values 

X  -1 

less  than  -y,  inf  u  (t,x)  will  be  bounded  for  t  <  y  log [ml (nH-y ) ] 
x  x  _ 

but  will  tend  to  -«>  as  t  -*•  y  log  [m/  (m+y )  ] ,  where  m  =  inf  u^(x). 

In  fact,  if  u  (x)  attains  its  minimum  m  <  -y  at  a  point  x,v  along 

x  —  -1 
the  characteristic  issuing  at  x  will  tend  to  as  t  ■+■  y  log[m/(m+u)] 

so  that  the  wave  emanating  from  x  will  break  at  t  =  y  Hog [m/ (m+y) ] .  (ffl 


As  seen  from  the  above  proof,  the  advantage  of  the  method  of 
characteristics  lies  in  that  It  yields  explicitly  the  threshold  amplitude 
beyond  which  waves  break  as  well  as  the  time  the  first  wave  breaks.  On 
the  other  hand,  the  method  is  very  special  and  it  may  be  expected  to  work 
only  when  the  equations  are  very  simple.  We  now  state  another  result  fn 
the  same  spirit  which  is  less  precise  but  whose  proof  is  more  versatile 
and  thus  amenable  to  far  reaching  generalizations: 
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PROPOSITION  I I. 3.  Consider  the  Cauchy  problem 
initial  conditions  u(0,x)  =  u(x)  with  u^(x) .u^fx) 
Then,  if 


I! 


u 

X 


II 


for  (II. 5)  under 
in  (-“>,“>)  . 

(TT.8) 


there  exists  a  global  C^-smooth  solution 

2  ;■ 
u  (t  ,•)  are  in  1.  (-»•»»)  and  their  l.‘ 
xx 

exponentially,  as  t  -*■  “. 


u(t,x)  such  rliat  u  (t,-), 
norms  <leeny  ti>  zero 


PROOF .  We  first  give  the  idea  of  the  proof.  Assuming  that  a 
sufficiently  smooth  solution  u(t,x)  exists  on  [0,T)  x  (-00,00),  we 
differentiate  (11.5)  with  respect  to  x,  we  multiply  by  2u^,  we  integrate 


over  [0,s)  x  C-™,"’),  0  <  s  <  T, 
identity  2(uux>xux=  (uu^  +  u3. 


and  integrate  by  parts, 
thus  arriving  at 


using  the 


u  (s,x)dx  + 
x 


I' 

J0 


(2p+u  )u  dxdt  = 
x  x 


ux(x)dx. 


(IT. 9) 


from  which  we  could  get  an  l.  bound  on  u  ,  uniform  in  time,  if  we  had 
|u  (t,x)|  <  2p.  This  appears,  of  course,  useless  since  pointwise  bounds 
X  2 

are  locally  stronger  than  L  bounds  so  one  would  have  to  assume  more 
to  get  less.  One  may^attempt  to  obtain  pointwise  bounds  on  u  by 
establishing  first  L  bounds  on  u^.  To  this  end,  we  differentiate 


(II. 5)  twice  with  respect  to  x,  we  multiply  by  2u 


we  integrate 


over  10, s)  x  (-«,«»)  and  integrate  by  parts  to  derive  the  analog  of 
(II. 9)  for  second  derivatives.  The  anticipated  difficulty  is  that2we  now 
may  have  to  assume  pointwise  bounds  on  in  order  to  obtain  L 

bounds  on  uxx-  This  danger,  however,  does  not  materialize!  The  derived 
estimate,  upon  using  in  the  Integration  by  parts  the  identity 

reads 


2  2 

2  (iiu  )  u  =  (uu  )  +  5u  u 

x  xx  xx  xx  x  x  xx 


°°  2 

■s 

2 

u  (s,x)dx  + 

(2)1-1 'in  )u  dxdt  = 

— xx  J 

0‘ 

X  XX 

—no 

u  (x)dx. 
xx 


(11.10) 


The  miracle  is  that  only  a  pointwise  bound  5|u  (t,x)|  <  2y  on  u  is 

2  ^  ^ 
needed  in  order  to  get  a  uniform  L  bound  on  u  .'  This  is  not  a 

xx 

coincidence  but  rather  a  consequence  of  the  algebraic  structure  of  the 
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operator  of  differentiation.  Consequently,  as  it  will  become  evident 
in  what  follows,  this  methodology  has  wide  applicability. 

It  is  now  easy  to  synthesize  our  proof.  Let  [0,T),  T  £  ”,  be 

the  maximal  interval  with  the  property  that  there  is  a  C^-sraooth  solution 
u(t,x)  on  (0,T)  x  (-<o,»)  such  that  ux(t, •) ,uxx(t, •)  are  in 

L*oc( [0,T) ;L2(-”,”))  and 

ilux(t.-)!i  2  |luxx(t,-)|!  2  <  ,  0  <  t  <  T.  (II. 11) 

L  L 

The  existence  of  such  a  T  follows  from  a  straightforward  local  existence 
theorem  and  assumption  (II. 8).  For  s  £  [0,T)  we  have  estimates  (II. 9) 
and  (11.10);  (the  given  derivation  of  (11.10)  is  only  formal,  within  the 
present  function  class,  but  the  estimate  can  be  easily  established 
rigorously  either  through  difference  approximations  or  via  a  density 
argument) . 

By  account  of  (II. 11)  and 

u2(t,x)  =  (u2)xdx  <  2  j|ux(t,  •)  ||  2  ^Uxx(t’  II  2’  (11.12) 

1  -ca  L  L 

we  get 

|ux(t,x)|  <  —  ,  ~®  <  x  <  ”,  0  <  t  <  T,  (11.13) 

which,  in  conjunction  with  (It  .9)  and  (II .  10)  ,  implies  that  ||u  ( s ,  * )  ||  „ 

and  1 1 u  (s,-)||  7  are  nonincreasing  on  [0,T).  Thus,  if  T  we 

XX  . 

L 

may  extend  u(t,x)  up  to  t  =  T  and  (II.  11)  will  now  hold  for  t  =  T. 

But  then,  by  the  local  existence  theorem,  u(t,x)  can  be  extended  onto 
a  small  interval  beyond  T,  still  satisfying  (II.  11),  and  this  is  a 
contradiction  since  (0,T)  was  assumed  maximal.  Therefore,  T  =  ®  and 
the  solution  is  global. 

Exponential  decay  of  |ju  ( t ,  * )  }|  7  and  ||u  (t,-)||  ?  follows 

X  \_f~  XX  |  l 

easily  from  (II. 9)  and  (11.10)  upon  observing  that  2p  +  ux(t,x)  and 
2p  +  5ux(t,x)  arc  uniformly  positive  on  [0,°°)  *  (_®,®) .  {g 

Let  us  now  equip  (II. 1)  with  a  dissipative  mechanism  induced  by 
viscosity  of  the  Boltzmann  type: 

u  +  uu  +  [  a’(t-t)uu  dt  =  0,  (11.14) 

t  x  j0 

where  a(t)  Is  a  smooth  relaxation  function  with  properties  to  be 
specified  below. 
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The  casu.il  observer  does  not  discern  any  similarity  between  (II.  3) 
and  (11.14):  Damping  Is  Instantaneous  In  (11.5)  but  distributed  over  the 
entire  history  of  the  solution  in  (11.14) .Nevertheless, the  following  argument 
(compare  with  MacCamy  [7])  reveals  a  close  similarity  between  these  two 
equations. 

Let  k(t)  be  the  resolvent  kernel  associated  with  a'(t); 
that  is  k(t)  is  the  solution  to  the  linear  Volterra  integral  equation: 


k(t)  + 


■t 

a ' (t- x)k(x)dx  =  -a'(t). 

Jo 


(11.15) 


Taking  the  convolution  of  (11.14)  with  k(t)  and  after  a  simple  calcula¬ 
tion  we  arrive  at 


u  +  uu  +  k(0)u  +  k'(t-x)udx  =  k(t)u  (11.16) 

C  x  Jo 

where  u(x)  =  u(0,x).  We  thus  observe  that  when  -a'(0)  =  k(0)  >  0, 

(11.16)  contains  the  frictional  damping  term  k(0)u.  In  fact,  when 

a(t)  =  e  then  k(t)  :  1  so  that  (11.16)  essentially  reduces  Lo  (11.5) 

(the  forcing  term  u  on  the  right-hand  side  of  (11.16)  can  be  handled 
easily.  ) 


It  is  not  easy  to  establish  the  existence  of  global  smooth 

solutions  to  (11.16)  by  the  method  of  characteristics  since  the 

integration  in  (11.16)  is  along  lines  x  =  const,  rather  than  along 

characteristics.  In  contrast,  it  is  straightforward  to  adapt  the  energy 

method  employed  in  the  proof  of  Proposition  11.3,  provided  that 

2  — 
k(t)  €  L  (0,°°)  (in  order  to  handle  the  forcing  term  k(t)u)  and  that 

there  is  p  >  0  with  the  property 


v(l) 

0 


d 

dt 


t 

k (t-r) v(t )dxdt 

0 


> 


P  v2(t)dt, 
Ml 


(11.17) 


for  any  s  €  (0,°°)  and  every  v(l)  £  1,*"^  (0,“).  For  assumptions  on 

a(t)  that  would  guarantee  the  above  properties  of  k(t),  we  refer  the 
reader  to  [7].  Under  these  coiul  I (  Ions,  we  obtain  easily,  in  the  place  of 
(  I  I  .  ‘1  )  and  (11.10), 


u  (s,x)dx  + 
x 


0J  — ’ 


(2p+u  )u  dxdt 
X  X 


(11-18) 


u2(x)dx  +  2 
x 


k(t) 
0  ‘ 


u  u  dxdt, 

X  X 


u  (s,x)dx  + 
xx 


0J  - 


(2p+r>u  )u  dxdt 
X  XX 


(11.19) 


u  (x)dx  +  2 
xx 


k(t) 


11  u  dxdt, 
xx  xx  ’ 
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respectively.  On  the  strength  of  the  above  estimates,  following  closely 
the  pattern  of  the  proof  of  Proposition  II. 3, we  establish 


PROPOSITION  11.4.  Assume  that  the  relaxation  function  a(t) 

induces,  through  (11.15),  a  resolvent  kernel  k(t)  £  L2(0,°°)  which 
satisfies  (11.17).  Consider  the  Cauchy  problem  for  (11.14)  (or, 
equivalently,  for  (11.16))  with  initial  conditions  u(0,x)  =  lf(x)  where 

ux  and  u^  are  in  L  (-°°,“>).  If  IfuJI  2>  1 1  u^x  ||  are  sufficiently 

^  I.  L 

small,  then  there  exists  a  global  C  -smooth  solution  u(t,x)  and 
ux(t,’)»  uxx(t,0  are  in  L°°(  [0,“)  ;L2  (-“,«>) )  (1  L2([0,»);L2(-»,«)). 


III.  SURVEY  OF  KNOWN  RESULTS.  Consider  the  second  order  quasi  - 
linear  wave  equation  in  one  space  variable, 

w  -  o(w  )  =0,  o'  '•  0,  a"  •»  0,  (II  1.1) 

tt  x  x 


which  is  equivalent  (upon  setting  u  =  w^,  v  =  w^)  to  the  genuinely 
nonlinear  system  of  hyperbolic  conservation  laws 


vt  -  °(u)x  =  0  . 


(Ill .2) 


The  characteristic  speeds  of  ( I IT . 2 )  are  ±/o ’ (u)  generating  a  family 
of  forward  and  a  family  of  backward  characteristics. 


The  principal  Niemann  Invariants  are  defined  by 


r  =  v  -t 


u 

/a ''TO  dr,, 

0 


•S  ~  V 


vV(>)dr.. 

o 


(in. i) 


For  C^-sraooth  solutions,  r  remains  constant  along  forward  characteris¬ 
tics  and  s  remains  constant  along  backward  characteristics. 


By  monitoring  the  evolution  of  rx^sx^  along  forward  (backward) 

characteristics.  Lax  [6]  has  established  the  following  analog  to 
Proposition  II. 1: 


PROPOSITION  ITT.l.  The  Cauchy  problem  for  (1IT.1)  (or,  equivalent¬ 
ly,  for  (Til. 2))  under  initial  conditions  w  (0,x)  -  u(0,x)  =  u(x)  £  0  (-", 
—  1  x  1 

wt(0,x)  *  v(0,x)  =  v(x)  £  C  (-■•,■")  has  a  global  C  -smooth  solution  it  and 


only  if  r (u(x)  , v(x) )  <  0,  s(u(x) ,v(x))  <  0,  -«>  <  x  <  <®.  when 

_  _  X  _  x 

r (u(x) , v(x) )x  and/or  s(u(x) ,v(x) )  take  positive  values,  there  is  a 

local  C^-smooth  solution  which  breaks  down' .at  t  =  T  given 
asymptotically  (for  small  initial  data)  by 


T  ''  min{  '~(0)  Sup  r(u(x)  ,v(x))xl  1,  snp  s(u(x),v(x))x)  1K 

(II I .4) 


We  now  equip  (III.l)  with  a  fricLional  damping  mechanism,  viz.. 


w 


(  1 


or,  hi  system  term. 


‘>(w  )  t  I'w  -  (I.  n  -•  0. 
X  x  t 


f  u  -  V  =0 
J  t  x 

I  V  -  0(„)  +  Mv  =  0  . 

It  X 


(I  i  I .  r>) 


(111.6) 


Nishida  flO]  estimates  t lie  growth  of  r  (s  )  along  forward  (backward) 

X  X 

characteristics  and  deduces  the  following  theorem,  analogous  to 
Proposition  II. 2: 


PROPOSITION  111.2.  The  Cauchy  problem  for  (111.!))  (or,  equiva¬ 
lently,  for  (III. 6))  under  initial  conditions  w  (0,x)  =  u(0,x)  = 

—  1  1  x  1 

u(x)  €  C  (-<»,«>),  wt(0,x)  =  v(0,x)  =  v(x)  €  C  has  a  global  C  - 

smooth  solution  provided  that  11  (x),  v  (x)  are  hounded  and 

x  x 

|  r(n(x)  ,  v(x)  )  |  ,  |  s(u(x) ,  v(x)  )  |  are  sul I  le ient  I  v  small. 

Oti  the  oilier  hand,  Kos in-ski  J!>)  and  Slomrod  |  1 1  J  have  shown  that 
when  r(u(x) ,v(x))y  and/or  s(u(x) ,v(x) take  large  values,  waves 
generally  break  and  no  global  smooth  solution  exists. 

The  problem  of  existence  of  global  solutions  to  (III. 5)  (as  well 
as  to  the  multidimensional  analog  of  (111.5))  was  also  studied  by 
Matsumura  [9]  via  energy  estimates  akin  to  those  used  in  the  proof  ot 
Proposition  TT.1.  This  approach  yields  the  following: 


PROPOSITION  II 1.3.  Assume  that 


is  C^-smooth  and  o'(0)  ?  0. 


Consider  the  Cauchy  problem  for  (III. 5)  under  initial  conditions 

a 

in 


w^ ( 0 , x )  =  u(x),  wt(0,x)  =  v(x),  with  11 , u^, uxx , v , v  , v 


x 

Wlii'it 


II 


x  '  xx 
mil 


I. 


I. 


I. 


I, 


I 


L-(  —  cl. 

i  >  '"'l- 

l.‘ 


sul I iclontl v  small,  there  exists  a  global  C  -smooth  solution  wllli 
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derivatives  of  first,  second  and  third  order  in  l“'(  { C: ,<*.)  ;  L  (—r,,)). 
Furthermore ,  as  t  ->■  «>,  second  order  derivatives  deca\  to  zero, 
uniformly  as  well  as  in  (—00,0,)  . 

We  now  turn  to  damping  mechanisms  of  the  memory  type.  Our  first 
example  is 


w  =  a(t-')o(w  )  dr 

t  Jo  xx 


(III. 7) 


which  is  a  model  of  the  heat  flow  equation  in  a  material  with  memory 
[3]  (w  is  temperature).  Here  o  is  a  smooth  function  with  a'(^)  >  0 
and  a(t)  is  a  relaxation  function  normalized  so  that  a(0)  =  1  and 
having  properties  to  be  specified  below. 

Upon  differentiating  (111.7)  with  respect  to  t  we  obtain 


w  -  <,(w  ) 
tt  xx 


a ' (t- > )o (w  >  d  ~  0 
x  x 


(  i  1  I  .  K ) 


which  bears  to  (III. 5)  the  same  relationship  that  (I  i.14)  bears  to  (1 1. 5), 
In  particular,  as  in  Section  IT,  we  may  employ  the  resolvent  kernel 
k(t)  of  a'(t)  (cf.  (11.15))  to  rewrite  (ITT. 8)  into  the  equivalent 
form 


Wtt  _  c’('Wx;x  +  + 


k 1  ( t ~  :)w  d  :  =  0, 


(Ml  .9) 


analogous  to  (11.16).  Exploiting  the  similarity  between  (1(1.9)  and 
(III. 5),  Mac.Camy  [7]  establishes  thp  existence  of  global  C--smooi h 
solutions  to  (III. 9)  (and  thereby  to  (Ill.  7))  by  adapting  the  afore¬ 
mentioned  methodology  of  Nishida  for  (1LI.5),  namely,  by  estimating  tin 
growth  of  rx  and  sx  along  characteristics;  tie  imposes  assumptions  on 
a(t)  guaranteeing  that  k(t)  satisfies  (11.17)  and  that  k’(t),  k"(t) 
decay  sufficiently  fast,  as  t  -*■  <».  A  necessary  condition  for  (II.  17) 
is  that  a(<»)  =  0,  an  assumption  compatible  with  the  physical  interpreta¬ 
tion  of  (III. 7).  Subsequently,  Dafermos  and  Nohel  [1]  established 
existence  of  global  C^-smooth  solutions  to  (ITT. 9)  by  means  of  energy 
estimates  thus  arrLving  at  a  theorem  analogous  to  Proposition  11.4. 
Finally,  Staffans  [13]  proved  existence  by  employing  energy  estimates 
derived  directly  for  (ill. 7).  Here  Ls  a  representative  result  from  [1  1]: 

PROPOSITION  111.4.  Assume  tint  a  Is  C -smooth  with  a'(0)  >  0, 
and  that  a(t)  is  a  strongly  positive  definite  kernel  with  a 1  ( t ) , 
a"(t)  £  1.^(0,"').  Consider  the  Cauchy  problem  for  (TI  1.7)  under  the 


Initial  condition  w(0,x)  =  w(xl  where 


w  ,  w  ,  w 
x  xx  xxx 


1.  (--,«•)  • 


are  sul f ic iont lv  small,  there 


exists  a  global  C  -smooth  solution  with  derivatives  of  first,  second  am 


t  litre!  order  in  L  ([0,*');  I,  Furthermore,  ns  t  -  ",  se< 

order  derivatives  decay  lo  zero  uniformly  as  well  at;  In  l?  ■ 


As  another,  related ,  example,  consider 


Wtt  -  °( 


■t 

w  )  -  a'(t-T)<t>(w 

X  X  j0 


’  )  dr  =  0 
x  x 


(III. 10) 


which  is  a  model  for  the  equation  of  motion  of  a  nonlinear  viscoelastic 
material.  We  normalize  <J>  and  a  so  that  <j)'(0)  =  o'(0)  and  a(0)  =  1 
Here  w  is  displacement,  a  is  the  instantaneous  elastic  stress  and 
=  o  -  [l-a(co)]4>  is  the  equilibrium  stress.  The  physically  natural 

assumptions  are  o'(0)  =  ifr'(O)  ■  0  and  o'(0)  =  n(»°H'(0)  >  0. 

When  1'  (i,  (  1  I  I  .  I  0)  reduce:;  to  (111. HI  and  mav  therefore  In' 

rewritten  In  the  lorm  (III.')).  However,  here  a(“)  0  :;o  that  the 

kernel  k(t)  cannot  satisfy  (11.17).  Nevertheless,  MacCamy  [H]  devised 
an  alternative  line  of  estimates,  compatible  with  the  physically  reason¬ 
able  assumptions,  and  established  a  global  existence  theorem  which  hinges 
upon  pointwise  bounds  on  r  and  s  along  characteristics.  Subsequent 

X  X 

ly,  Dafermos  and  Nohel  [1]  and  Staffans  [13]  considered  the  same  problem 
by  means  of  energy  estimates.  In  [1]  the  estimates  are  derived  for 
Equation  (III. 9)  while  in  [13]  the  estimates  are  established  directly  for 
Equation  (III. 8).  In  fact.  Proposition  III. 4  also  covers  the  present 
situation  in  the  special  case  wt(0,x)  =  0. 

The  general  case  (TII.10),  with  different  from  o,  is  studied 
by  Dafermos  and  Nohel  [2]  through  energy  estimates.  They  assume  that 
a(t)  is  a  strongly  positive  definite  kernel  and  a(t)  =  a(°°)  +  A(t), 

where  a(°°)  >  0,  A(t) ,A' (t) , A"(t)  in  L^(0,“),  and  establish  an 
existence  theorem  analogous  to  Proposition  III. 4. 

We  should  emphasize  that  the  aforementioned  methods  of  Dafermos 
and  Nohel  [1,2]  and  Staffans  [13]  apply  also  to  the  mixed  initial¬ 
boundary  value  problem  for  Equations  (111.8)  and  (I  II. 10)  as  well  as  to 
the  corresponding  problems  for  the  two-and  three-space  dimensional 
versions  of  these  equations. 

As  our  last  example  we  consider  the  conservation  equations  of  one¬ 
dimensional  nonlinear  thermoelasticity: 


w  -  a(w  , 0) 

1 1  x  x 


0ri(w  ,0)  f  q(0  )  =0 

X  t  XX 


( II 1 . 1 1 ) 


where  w  is  the  motion,  0  is  the  temperature,  o  is  the  stress,  n 
is  the  entropy  and  q  is  the  heat  flux.  Equation  (III. 11)^  expresses 


conservation  of  linear  momentum  and  (Tir.il).,  expresses  conservation 
of  energy.  It  is  important  that 


aQ(u,0)  +  nu(u,G)  =  0. 


(TIT. 12) 


0.  Dis- 


Physically  natural  assumptions  are  >  0 ,  rig  :•  0  and  q'  0.  Dis¬ 
sipation  is  here  induced  by  thermal  dii fusion  which  manifests  itself 
through  the  presence  of  the  term  fl(°x)  •  The  question  is  whether  the 

coupling  between  the  two  equations  in  (III. 11)  is  sufficiently  effective 
so  that  the  "parabolic"  (Tll.ll)^  may  prevent  the  breaking  of  waves  by 

the  "hyperbolic"  (III. 11)  .  It  turns  out  that  the  effectiveness  of  the 

coupling  is  indeed  ensured  by  (  Til  .12) . 

Slemrod  [12]  considers  the  mixed  initial-boundary  value  problem 

for  (III. 11)  on  (0,1)  x  (0,'°)  with  initial  conditions  w^_(0,x)  ~  u(x)  , 

wt(0,x)  =  v(x),  0(0, x)  =  0(x)  and  boundary  conditions  w^(t,0)  = 

w^(t,l)  =  0  and  6(t,0)  -  0(t,l)  =  0.  By  means  of  energy  estimates  he 

establishes  the  existence  of  a  global  smooth  solution  under  the  assumption 

that  u,  u  ,  u  ,  v,  v  v  ,  v  ,0,9,6  ,  0  and  0  are  in 

2  x’  XX ’  *9  x  xx  XXX  x’  XX  XXX  xxxx 

I,  (0,1)  and  their  I.  -norms  are  sufficiently  small. 

In  contrast  to  the  examples  discussed  before,  l  lie  proof  of  the 
above  result  depends  crucially  upon  the  one-d Imonslona I Ity  of  the  bedv 
and  It  is  not  known  whether  thermal  dissipation  may  prevent  the  breaking 
of  waves  in  two-  and  three-dimensional  thermoelasticity. 

Another  dissipation  mechanism  that  may  prevent  the  breaking  of 
waves  is  Induced  hy  attenuation  due  to  spreading  of  a  wave  of  f ixed  energy 
into  a  large  portion  of  space.  Tt  Is  clear  that  the  effectiveness  ol  this 
mechanism  will  Increase  with  the  dimension  of  space  and  the  results  ob¬ 
tained  so  far  require  dimensionality  higher  than  the  dimension  of  physical 
space.  For  relevant  information  the  reader  may  consult  the  interesting 
article  by  Klalnerman  [4] . 
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The  topic  of  this  paper  is  some  boundary-value  pro: 
tial  equation 


V'w  f  w  *  i'‘(x-x  ).  (y-v  i  , 

O  o 


which  govern::  the  deflection  w  of  a  floating  elastic  plate  sustaining  a  :onc 
t rated  load  *J  at  a  point  (x  ,  where  ~2  is  the  laplaeiar.  operator  and  5; 

the  delta  function.  Ve  useCthe  ncndimer.sional  coordinates  in  ( 1 ) . 

The  solution  of  (l)  for  a  plate  cover! nr  the  entire  infinite  plane  is 

P 


w(x,y) 


2  71 


kei 


iVpMp  +  (y-y  )‘ 


Thin  solution  was  lerived  by  Wyman  (1*0,  hut  his  ier;  vat  i  :r.  is.  r.ot  conplet  e 
cause  he  iil  not  show  that  the  substitution  ->f  into  the  '  eft -hand  h* 

l)  yields  r  i.e  singularity  on  the  r*  eht-harvi  -  i  !e  of  '  O. 

livesiey  (  y )  used  the  double  Fourier-lr-ir.r.  fern  t  .>  sure  the  !; ffer-nt in. 
equation  obtained  by  replacing  the  right-hand  side  of  1 : '  with  a  distribute 
lend  c(x,t/).  He  found  the  solution,  however,  ~nly  f  •  r  the  simple- edge  hour, 
condition  with  regard  to  the  semi-infinite  plate  by  use  of  the  reflection 
nrinciple.  Kerr  (t,  extended  the  application  of  the  reflection  principle  t. 
many  shapes  of  floating  plates  of  simple-edge  bound  nr;.’  ccr.diticr,  by  using 
solution  (2)  as  an  influence  function. 


Vi th  the  unstated  but  implicit  objective  of  fir.dir.r  a  break  though  the 
--  f'  ip  ■  ].  the  i'^r.  3 f*  r  1  o 'it.  i r.  p 2 "* '  c  ~  I  ri  t  c  ■/ n 

chares  and  various  boundary  conditions,  Kerr  ,7)  solved  some  simple  bound ar. 
val’j»  r.rohlems  of  ’I)  with  two  Ji  f  forint  re*  hods  and  rh-  wed  •  hn*  .  ev»>rnl 
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relat  i  unship r  involving  Bessel  function:;  must  hold  true.  Takag i  (11,12  >!  analyti¬ 
cally  7  roved  'all  the  relationships  shown  by  Ft  rr  (T).  Tims ,  a  double-: ourier- 
*  r  :t  z. f  c :  ;  f^rt  ul  ■; , 


■i\/(x-x  )2+  (y-y  )2 


l_ 

2  T1 


a?+n?)2+l 


H(x-x  )+i»(y-y  ) 
e  o  i)  d£,dn  ,  (3) 


hey  tc  the  development  in  this  rarer,  where  i  =  ^-1,  was  found. 

Ve  car.  now  show  that  '2)  satisfies  ^l)  exactly.  Cn  substituting  the  rich 
hand  side  of  (3),  the  left-hand  side  of  (l)  becomes 


P 

4  77 


U(x-x  )  +  in  (y-y  )JrJ 
e  o  o  dr  dr,  , 


wr.ich  transforms  to  the  right-hand  side  cf  1'  when  the  express:  ~n 


eitXd 4  -  2 nr 6  (x)  (4) 

'  —no 


of  the  delta  function  as  the  Fourier  transfer-,  cf  unity  fref.  -,(  )  is  used. 

Use  of  tne  key  formula  (3),  analysis  in  Takagi  ( 11 ,12 recognition  that  the 
solution  w  of  eq  (i)  is  a  generalized  function  ( Appendix  I),  and  use  cf  the 
Fourier  transform  of  the  generalized  functions  (3, ^,5, 6)  have  enabled  us  to 
institute  an  analytical  machinery,  called  virtual  reaction  method,  which  we  have 
expected  to  be  effective  for  solving  (l)  for  the  deflection  of  floating  elastic 
plates  of  various  shapes  and  various  boundary  conditions,  problems  which  have 
hitherto  been  impossible  to  solve. 

In  the  following,  first  we  show  the  derivation  cf  (3)  and  some  theorems 
basic  to  the  operation  of  the  virtual  reaction  method.  Second,  for  solving  the 
deflection  of  a  semi-infinite  plate,  we  introduce  a  set  of  virtual  reactions 
that  may  include  the  effects  of  the  reflection  principle.  Third,  we  solve  the 
boundary- value  problems  of  the  semi-infinite  plate  by  use  of  the  virtual  reaction 
method.  It  is  found  that  the  reflection  principle  yields  a  solution  only  for 
the  sirrple-edge  boundary  condition,  but  not  for  other  boundary  conditions.  W i t h 
or  without  the  effect  of  reflection  principle,  the  virtual  reaction  method  con¬ 
sistently  yields  a  solution  for  every  boundary  condition.  All  the  solutions, 
however,  are  not  unique.  The  reason  for  the  nr.nuniqueness  is  discovered  and 
the  condition  that  we  expect  will  produce  the  unique  solution  is  presented. 

BASIC  TKECPY 

We  nrove  (3)  by  way  of  the  following  four  propositions . 

Proposition  1.  The  Fourier  reciprocal  relationship  holds  between  the  Kankel 
function  of  zeroth  order  and  the  exponential  function  in  the  following: 
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0>O 


I 


-c+,ui 


-c-®i 


?(-s)(^)2S 


ds 


iaxn  ■> ,  s 

e  (!+■)" )  dti 


(d) 


Tc  evaluate  the  internal  single 


integral  in  (d) 


M 


oo 

iaxz 

e 

—  00 


( 1+z •’ )  8dz 


r y  the  contour  integral  method,  we  :'ir: 
_oo  <  r  <  )  may  be  restricted  to  0  <  x 

x,  as  the  right-hand  side  of  (fc '  shows 
the  fciicvir.g  contour  integration  feat 
that  starts  at  origin  1,  goes  along 
the  positive  real  axis  to  A  (i.e. 

3  =  «i  ,  takes  a  ~)CC  turn  alone  the 
infinitely  large  circle  to  reach 
N  i.e.  3  =  1«),  comes  down  ulonr 
the  imaginary  axis  to  C  ’i.e.  z  - 
i),  makes  a  2-0°  turn  along  an 
infinitely  small  circle  clockwise 
around  C,  goes  upward  along  the 
imaginary  axis  to  reach  9  (i.e. 
s  =  i«),  takes  a  90°  turn  along 
the  infinitely  large  circle  to  reach 
E  (i.e.  z  -  -»),  and  finally  reaches 
origin  9,  thus  completing  a  circuit. 

No  singularity  of  the  integrand 
exp( i.exe ) ( 1  +  o2)s  exists  inside 
this  closed  contour.  Among  the 
internals  along  the  path  mention¬ 
ed  above,  the  integrals  along  AB  and 
DE  vanish,  provided  ur  >  0.  The 
integral  around  C  also  vanishes.  Then 
x  >  0 ,  we  have 


t  note  that  the  criminal  ran me  cf  x  (i.e. 
x  ?  0,  because  7  ic  an  even  function  of 
The  rendition  x  4  9  is  added  to  mane 
tie.  ~cnsiier  the  contour  in  Figure  1 


D  B 


Figure  1.  Transformation  of  Integral  M 
on  the  z-plane. 


•  fore,  ^.n  the  condition  that  x  >9,  and 


where  f 

-  i  r  2.S 
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•,  and  Cg 

aro'onc  C. 
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Letti 


,  laxz  .  y .»  . 

)e  (1+z' )  dz  , 

C2 

initial  and  terminal  point 
ng  3  =  it,  where  t  is  real. 


s  of  the  infinitely 
'1  reducer  to 


small 
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M 


We  now  let  s  be 


1(1  -  e'2"13) 


-2  +  ip 


-axt 


(l-t?)  dt 


i.e.,  let  c  in  (a)  be  1/2,  where  p  is  a  real  number,  in  order  to  integrate  M  by 
use  of  the  formula 


K  (z)  =  mni&lll  f 00 
V  r(v+l/2)  J1 


-zt  ,  v-1/2 

e  (t2-l)  dt  , 


(e) 


which  is  valid  when  Re(v+  1/2)  >  0  and  |arg(z)|  <  t/2  (Watson  13,  p.  172).  When  we 
let  v-1/2  *  s  and  z  =  ax  to  integrate  M,  these  two  conditions  are  satisfied. 

Thus  letting 


(1-t2)' 

M  Integrates  to 

M 


TTis  „  s 
e  ( t 2  —  L )  , 


-2ain(ts) 


rje+i± 


K. . ,  „(ax) 


s+1/2  s+1/2 


/iT  (ax/2) 

In  this  way,  (d)  transforms  to  a  single  integral: 


T  _  « _ 

I  58  T 
1TZ 


+  00  i 


\  r2(-s)(?)2Ssin(ns)  Ks+i/2(ax)ds  • 


-  i  _  ooi  ‘  /ri (ax/2) 

2  1 


Changing  the  Gamma  function  of  the  negative  argument  to  the  positive  argument 
by  the  reflection  formula 


r(-s) 


r(l+s)8in(tre)  ’ 


[  becomes 


t  9  \/2a/m3x 


-  -  +coi 


,(ax) 


2  '  2  3+1/2  /P_a.\S 

^  Hin(ns)  r(s+l)  2x  S 


_ - ooi 

2 


Taking  the  residues,  I  integrates  to 


I  =  - 1  /8a7"nx"  1  „ 

n=0 


Jtillrfen,, 

n!  2x 


n+1/2 


(ax) 


Replacing  Kn+x/2^ax^  with 
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K  (z)  =  y  (f)U 

v  2  2 


.  Z*\  -V-l 

exp (-c-  77)  t  dt 

0  4t 


(Watson  13,  p.  183,  I  becomes 


ia  7  (-1)' 

~r=  ‘ -  — ; — 

/ k  n=o  n ! 


J0 


.a  2  g  2  n  .  >v  . 


The  order  of  the  summation  and  integration  may  be  exchanged,  and  we  get 


I 


-2 


la 

/? 


exp (-t- 


a2  (x2+g2)  ^  dt 
4t  & 


Leting  t  -  r  t  this  becomes 
2ai 


I  =  - 


exp (-^ 


-2  a2(  x2+82) 


C2)dC  . 


(f) 


To  Integrate  (f),  we  introduce  a  lemma: 

,CO  .  _2  _ 

5'  -  •  <15  -  «-2a  f  . 

2u 


if  arg(u)  is  in  the  range 


4 


where  n  is  an  integer.  When  u  is  in  the  above  range,  the  integral  is  convergent. 
To  prove  the  lemma,  we  first  note  that  the  Integral 


L  = 


■>  r  •>  ,  -  2 

-|j*  5  - 

e  d% 


transforms  to 
L 

wnere 


-2m. 


N  = 


e-<^~'>\1( 


(g) 


(h) 


letting  =  l/(un)  and  clianging  the  resulting  contour  0 
get 


to  0 
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1 


N  = 


,  -1  V 

-(p'.-n  )  1 

e  — 7  dr,  . 

un 


(i) 


idition  of  (h)  and  (i)  yields 

u 


2N  = 


e  }(y+  J-pr)dh 


Letting 


yS  -  ? 


-1 


we  ,-<-t 


- I  • 

*'  d  t 


Changing  th»>  range  of  integration  to  the  rinr»  fr or.  to  +™j,  'i  integrates  to 

."  =  r/(2 u).  Substituting  this  value  into  'g!,  the  lemma  is  proved. 

Letting  u  be 


y  =  | 

ir.  the  lemma,  (f)  is  integrated,  because  y  above  is  obviously  in  the  range  pre¬ 
scribed  before.  Thus,  under  the  conditions  ,r  4  0  and  *  0,  Formula  ’  5)p  is 
proved.  Applying  the  analytical  continuation,  the  concision  .7*0  is  extended 
to  the  condition  a2  +  0?  4  0.  Because  the  integral  Is  converrent  at  x  - 

the  condition  ~  4  0  may  be  removed.  The  proof  is  thus  ccmt : etc* i . 

F- arcs ! * i on  2.  The  formula 


1  iyz  ,  tt  -y  y 

e  dz  =  -  e  1 

z  +y  y 


(6) 


true  for  any  real  number  u ,  where  y  is  a  complex  number 
Re(y)  >  0 


(7) 


-ocf :  First  let  us  assume  that  y  >  9.  Then  the  integration  c-f  e-s'2/:  2'+y 

'f  retard  to  n  alor./z  the  upper  semicircle  FCA  of  infinitely  larse  radius 

Figure  2)  is  ecual  to  aero.  Therefore,  the  integral  or.  the  left  -har.  i  t  le 
-%'r  *  rant  f  arm.  ~  a  the  contour  irT°  *ra  1  rami”  *  chr  ‘  *  h  *'  re.a'  nxi”  A  .1 
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and  the  infinitely  large  semicircle  BCA. 
Because  of  (?)  there  is  only  one  pole 
z  -  yi  inside  the  contour.  Applying  the 
residue  theorem,  the  lemma  is  proved  for 
the  case  of  y  >  0. 

If  w  <  0,  we  take  the  lower  semi¬ 
circle  EDA.  Inside  the  contour  that 
passes  through  the  real  axis  AGP  and  the 
infinitely  large  semicircle  PDA,  there 
is  only  one  pole  3  -  -  yi ,  where  use  is 
made  of  (?).  Applying  the  residue  theorem 
the  lemma  is  proved  for  the  case  of  y  *  0. 

If  'J  =  0,  (6)  is  still  true  us  may 
be  proved  by  the  straightforward  inte¬ 
gration.  The  proof  is  thus  completed. 

Proposition  3.  The  single  Fourier- 
trans forms  in  (5)  are  equivalent  to  the 
following  double  Fourier-transx'orrcs , 


Figure  2  Contour  integration  for  proving  ft) 


'  —OO 


f  H^1)(6e(l,i/2)  &+  y^e^+^dxdy 


-41 

t2+n  2+P2  * 


1  -ix£-ivn 

2+ni.,:T  e 


*2iH*1)(Be(,ri/2) 


(8) 


Proof:  Acnlication  of  the  double  Fourier-transform  changes  (c).  or  (3)„  to 

In 


l 3  or  ( 8)1  respectively. 


V'e  show  that  application  of  a  single  Four ier-trar.s form  on  (8)^  yields  (5)^ 
i.e.,  we  calculate 


I  =  J  hq  (Pe  /x2+y2)e  dx  , 

—  OO 

,irh,  :y  ' 3)o> becomes 
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1  = 


Ti^i  J 


1  — i  y  fi .  _ . 

t'2^+B2  e  cHd,, 

—  OO  /  —GO  **  — QC 


~ixf+ iax  , 
e  dx 


Applying  the  Fourier  transform  (4)  of  unity  on  the  internal  single  integral,  1 
becomes 


1  =  71 


r  a- 


—  00  —  oo 


1  -iyn 

t2+n2+^2  e  6(a-t)dCdn 


Using  the  sampling  property,  eq  (51),  of  the  delta  function,  1  becomes 
2_  f"  1  -iyr, 

1  =  Tri  J  c2+(a2+62)  6  dn  * 

—  00 

Use  of  the  integration  formula  (6)  yields 


J  =  ~2i  e- 1 y I ^ 

/^Tb2 


'a  2+6  2 


which  is  the  right-hand  of  (5)  expressed  with  the  current  notation. 

We  show  that  application  of  a  single  Four ier-t ransform  on  (5)^,  yields  (8)^, 
Letting  x,  £,,and  a  in  (5)^  be  £.,  x,  and  |y|,  one  may  use  (5)^  to  integrate 


-1,|ydy  f  H o(1W"1/2>/xV)eU^  . 

'  — OO 


Thus  we  have 


J  = 


-2i 


/{2+S2 


3-iny-|y|/c2+82 


dy 


Dividing  the  range  of  integration  into  positive  and  negative  semi-infinite 
parts,  J  integrates  to 

j  _  -21  (  1 _ +  _ _1_ _ j 

JiJ+Q,2  ^2+e2  +  in  /[2+ti2  -  in 


which  reduces  to  the  righ-hand  side  of  (8)  . 

The  equivalence  of  the  two  equations  In  (5)  to  the  two  equations  in  (8)  is 
thu6  proved. 
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We  prove  in  the  next  proposition  a  formula  that  is  equivalent  to  (3). 


Proposition  U. 


kei/x  2+y 


_ 1 _ 

(S2+n2)2  +  1 


e-ix?-iyn 


d^dn 


Proof:  We  first  note  that  kerx  and  keix  are  the  real  and  imaginary  parts  of 

the  right-hand  side  of  the  equation 


ker (x)  +  I ke  l  (x) 


nl  (1)  ('in  1/4) 
--  II  (xt  ) 

2  o 


The  conjugate  complex  of  (a)  is 

ker(x)  -  ikei(x)  =  —  (xe 


00 


(b) 


as  is  proved  below. 

A  form  of  the  conjugate  complex  of  the  right-hand  side  of  (a)  is  found  to 
be 


(2) 

o 


(xe(-37ri/4)) 


(c) 


when  use  is  made  of  the  formula 


.h'hz) 


H<2,(z)  , 


which  is  a  special  case  of  the  formula  9-1-bO  in  Olver  (4),  where  a  bar  indi¬ 
cator.  the  conjugate  complex  of  the  underlying  symbol  and  n  a  complex  number. 
The  expression  (c)  transforms  to  the  right-hand  side  of  (b)  by  use  of  the 
formula 


h(2) 


(ze  71 1 ) 


which  is  a  special  case  of  the  formula  9-1-39  in 
Poivi.'iw  'a)  and  ib)  r,  i  mul  taneously  for  keix. 


Olver  ( I« ) . 
we  find 


kei (x) 


i(HU)  (3zi/4) 

4  o  ' 


(1)  (wi/4 ) 

H  (xe  )} 


(d) 


flanging  the  argument  x  in  (d)  to  ,  and  apply 

second  terms  with  0  =  exp("zi/M  and  8  =  exp(-iri/U) 


r.g  :S)2  to  the 

rerpectively , 


^  "  S  t.  OLTi  d 


we  find 


(9) 
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i/x2+V2  =  — 

Asi  J_ 


.00  ,00 


kei  /x2+y 


e-ixC-iyn{ _ 1 


.00  —00 


C2+n2+i  £2+n2-i 


}dCdn  ,  (e) 


which  transforms  to  (?)• 


None  of  the  formulas  developed  in  the  above  is  considered  to  be  entirely  new, 
because  the  formula 


K  (B*/x 
o 


2+£2)cos(a£)d£ 


-x/a2+$2 


2/a2+B2 


which  may  be  derived  from  (5)-p  is  listed  in  Erdelyi  '.2).  Some  more  proposi¬ 
tions  are  derived  in  the  following  for  the  operation  of  the  virtual  reaction 
method  that  we  develop  below. 

Proposition  5- 


.  n, — 7  1  C  -ix£ .  1  -|y  \/t2+i 

kei/x2+y2  =77  e  {-7=^-  e  1 '  1 

41  /[Ki 

where  y  is  either  positive,  negative,  or  zero. 

Proof:  The  double  integral  on  the  right-hand  side  of  (e)  above  may  be  rewritten 

to  the  following  repeated  integrals. 


(10) 


kei/x2+y2  =  e  *x^d£  e  — or 

^  J_0 .  V+(e*+TV 


-T+Tc-7_i>}dn  • 


Applying  (6)  to  the  integration  with  regard  to  n,  we  find  (10) 
Proposition  n.  For  u  /  0, 


>^c2+y2 


kei/xz+y 


3y 


y-(-sgny)n]  { (A 
4 1 


xi 


d  I , 
(H) 


where  n  is  a  nonnegative  integer  and 
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sgn(y) 


1 

fcr 

y  > 

0 

-1 

for 

y  < 

0  . 

For  y  =  0, 


-  kei/x2+y2) 
3y” 


y=o 


(-i)n 

277 


(C2+n2)2+l 


dn 


(12) 


Proof :  Because,  when  y  ?  0,  either  of  the  following  functions  ( 1  )exp(  -  \  y  ( j  £2it 

is  a  good  function  of  £  in  the  sense  of  Lighthill  (1958), the  differentiation  of  (10 
with  regard  to  y  m ,?v  be  carried  out  inside  the  integral  sign  on  the  right-hand  side 
(see  theorem  7-23  at  p.  206  of  Jones  (1966)).  Thus,  for  y  4  0,  the  r.-time  differ¬ 
entiation  of  (10)  with  regard  to  y  yields  (ll). 

For  u  -  0,  using  (9)  for  keijj:2+y2,  one  finds  (12),  where  part  iii  of  theorem 
7.1-  at  p.  198  of  Jones  (1966)  is  used  to  Justify  the  exchange  of  the  order  of 
operating  integrations  and  operating  differentiation. 

As  (ll)  shows,  the  first  derivative  and  all  the  even-order  derivatives  are 
continuous  at  y  =0.  Especially 


(fp-  kei,^2+y2)y=+0  °  -*«(x)  , 

(fyr  kei,/x2+y2)y=_0  ■  ti<5(x)  . 

At  7/  =  0,  an  (12)  shows,  for  any  positive  odd  integers  n  -  2k+]  , 

S2ktl  /“ — 5 

l-M1''7-'*:'’),.,,  ■  0  • 

3y 

where  k  1  0.  In  the  theory  .r. 0  generalized  functions,  the  right-hand 
can  be  estimated  even  for  n  1  because  one  may  use  the  formula 

eo  ^ 

I  _n  -ix£  n  d  ,1  (■*  1 

I  K  e  d£  =  2 71  i  — 

dx 


side  of  ( 12 ) 


(13) 


to  "valuate  the  divergent  part  arising  from  the  i  ternnl  single  integral  in  (12K 
Ka .  f  1  J)  1 7;  proved  by  tuocess've  differentiation  of  the  Fourier  transform  I*') 
of  unity  ( 1  )•;  1  *  f and  and  fhllov(  i),  p.  38). 
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Proposition  7 . 

f  el8Xkel/(x-«)1>  + 

'  —  oo 

u  las 


Proof .  Using  (10),  we  get 


e*SXkei/(x-a) 2  + 


(y-  b)  ''dx 

l  e-|y-b|/s2+i 

/s^+i 


(y-b) 2dx 


k—  e-)y-b|/s2-i 

J&i 


(14) 


1  -  | y-b  I  #£*+1 

p 

JrJ+i 


_l_ 

4^7 


f-b  I  4?-l 


hi?. 


i  (s-r )x 
e  dx . 


Use  of  the  Fourier  transform  (4)  of  unity  and  the  sampling  property,  (51),  of 
the  delta  function  reduce  the  right-hand  side  of  the  above  equation  to  that  of  (14). 


Proposition  8. 


;^SX(— —  kei/(x-a)2  +  (y-b)2)dx 


3y 


tt  las  ?  (n-1)  /  2  (y-b)/s2+i  ,  (n-l)/2  (y-b)  /s'  -  i 


=  ^7  e  {  Cb2+1) 


-  (  s '  -  i ) 


(13) 


for  h  •  v 


n  . .  n  las  2  (n-l)/2  (b-y ) /s^+i  2  (n-l)/2  (b-y)/sr-i 

-  —  (-1)  e  { (s2+i)  e  -  (s‘-i)  e  t 

for  y-b 

where  n  is  a  nonnegative  integer,  b  and  y  are  unequal  real  numbers,  and  a  is 
a  real  number. 

Proof .  The  case  n  »  0  is  proved  by  (14).  Because  the  theory  of  generalized  functions 
allows  the  exchange  of  the  order  of  integration  and  operating  differentiation  in  (14) 
for  y  ^  b  (see  Theorem,  7.23  at  p,  206  Of  Jones  (5)),  n-times  differentiation  of  (14) 
with  regard  to  y  yields  (15). 


THE  VIRTUAL  REACTION  METHOD 

Let  us  consider  a  semi-infinite  plate  whose  sole  boundary  is  the  x-axis. 

In  this  analysis,  the  values  of  w(x,y)  and  Its  derivatives  on  the  x-axis  are  not 
the  values  at  y  -  0,  but  are  choBen  to  be  the  limits  as  the  positive  y  tends  to 
y  =  0.  We  impose  three  kinds  of  boundary  conditions: 
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the  simple-edge  condition. 


w(x,-t-0)  =  0  , 

_a2w(x,+0)  _  Q 

ay2 


(16) 


the  fixed-edge  condition. 


w(x,+0)  =  0 

aw(x,-t-o)  =  ( 

3y 


(17) 


and  the  free-edge  condition. 


32w(x,+0)  .  32w(x,+0) 


?  3.w1Xj.+£).  + 

3y3 


(2-v) 


33w(x,+0) 

3x53y 


0 


(18) 


where  3^  ^u(x  ,+0 ) /3x^  3  stands  for  ?ir.  3^  u>(x,y)/3x^  3  y*  ,  in  which  p  and  c  are 

nonnegative  integers,  and  v  the  Poisson  ratio. 

we  assume  that  a  concentrated  load  P  is  sustained  at  a  point  A(  x  =  3, 
y  -  yQ) ,  where  yQ  £  0.  The  singularity  at  A  causes  a  singularity  at  B(  x  -  0, 
y  =  -y  ),  where,  in  consideration  of  the  reflection  principle,  we  place  another 
concentrated  load  aP(i.e.,  a  virtual  reaction)  in  which  a  is  an  arbitrary  real 
number.  We  place  on  the  x-axis  two  unknown  virtual  reactions  —  an  unknown 
vertical  line  load  p(x)  and  an  unknown  line  couple  m(x).  These  loads  cause  the 
deflection 


w(x,y) 


(y-y  )2 

O 


—  kei  J-x?-  +  (yty  )2  + 

2u  o 


(19) 


+ 


—  p(t)kei/(x-t)2  +  y2dt 

—  ou 


1_ 

2ti 


m(t)(—  kei/(x-y)2  +  y2)dt  . 

3y 
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The  limits  as  positive  y  tends  to  y  =  0  must  be  employed,  because  the  third  and 
higher  odd-order  derivatives  of  idx,y)  in  (19)  with  regard  to  y  are  discontinuous 
at  y  =  0  [in  more  detail,  the  values  of  the  third  and  higher  odd-order  derivatives 
at  y  -  +0,  0,  and  -0  are  definite  in  the  sense  of  generalized  functions  but,  due 
to  the  existence  of  the  integrand  kei\|  ( x-t )  2  +  y2' ,  are  not  equal  with  each  other, 
as  explained  following  Proposition  6],  Our  task  is  to  determine  p(x )  and  m(x)  to 
satisfy  the  boundary  conditions  stated  above. 

The  Fourier  transforms  of  (19)  and  its  derivatives  are  facilitated  by  use 
of  the  differentiation  formula  (15)  and 

r  isx  3nf(x,y)  .  ,n  f  isx  .  .  _ 

e  n  dx  =  (-is)  e  f(x,y)dx  ,  (20) 

3x  -» 

where  f(x,y)is  a  generalized  function  that  vanishes  at  |x|  =  °°.  Fq .  (20)  is 
derived  by  repeating  partial  integrations  on  the  left-hand  side. 

We  now  set  the  restriction 

yo  >  y  >  o  ,  (21) 

which  is  the  range  of  y  we  must  operate  on  to  find  the  limits  involved  in  the 
boundary  conditions.  Once  the  limits  are  found,  v;e  relax  the  condition  to 
y >  y  i  0  by  redefining  the  value  y  -  0  to  be  the  limit  at  y  =  +0. 

Use  of  (15)  and  (20)  under  the  condition  (21)  yields  the  Fourier  transform 
of  (19) 


eisXw(x,y)dx 


JL_  {_i _ e(y-y0)’/£5+i  _  .  i  ^y-yj^i, 

4^1 


21  '/P 


s  +i 


aP  1_  _-(y+y  )/s2+i  1  -(y+y  )/s2-i 

“  ,  .  — —  e  o  ~  _  e  o 


41  /s2+l 


& 


}  + 


i 


(22) 


1  1  -y/s2+i 

+  77  P(s){— —•  c  y  -  — L 

/s2+i  /s2-i 


1  e-y^^} 


lIm(8){e-y/«2+i 


-y/s2-i 
e  )  , 


where  we  have  introduced  the  notation  f(s)  to  denote  the  Fourier  transform  of 
a  function  fix)  , 


21 J 


r*  r* 


<x 

1  sx 

1  (s )  L'  i  (x)dx 

/  >IO 


(23) 


Using  (20)  for  the  m-time  differentiation  by  x  and  performing  the  n-tir.e 
differentiation  with  regard  to  y  directly  on  (22),  we  find 


r 


.  .  iiH-n 

e  SX  --  -w^>dx 
m  n 

0  3x  by 


(-^-f^{(s2+i)(n-1)/2e(y"yc 

4*  1 


-p 


-  (B2-i) 


2_,-  \  (n-D/2e  (y-yo)>42-i  j 


(n-l)/2e-(y+y o)/PTi  _  (s2.i)(n-l)/2p-(y+yo)4MJ  + 

(24) 


P(s){  (s241)(n_1)/2e~y,^?+1  -  (s2-i)(n-1)/2e'y^?-1 


)  - 


-  (--^.(-Un_  m(s){{K^i)n/Vy/s?+"1 

M  1 


■j  n/2  -y/T2-i 


(s2  -  i  ) 


)  . 


In  the  region  (21),  the  operation  of  integration  with  regard  tc  ~  and  the  opera- 
ion  of  differentiations  are  i nterchangeable .  Letting  u  =  0  in  (2k),  we  find 
he  formula 


i sx  anrfTlw(x,tO) 

0  - —  a  x 

m  n 

°  3x  3y 


■[l+( 


p(sH(s2+i) 

s  I 


(n-l)/2 


-  (s'-l) 


?  ^(n-D/2, 


(25) 


-  Hj)!i-J2!;(l){(i4l)n/2.  (62.t)n/2)  , 
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which  facilitates  the  transformation  of  the  boundary  conditions  (l6),  ( 17 ) ,  and 
(18).  The  Fourier  transforms  of  the  expressions  contained  in  the  boundary  con¬ 
ditions  ( 1 6 ) ,  ( 17 ) ,  (18)  are  written  out  by  use  of  (25),  and  shown  in  Appendix 
II.  In  the  final  forms  of  the  transformation  of  the  boundary  conditions,  the 
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expressions  shown  on  the  left-hand  sides  of  the  following  formulas  are  replaced 
with  the  respective  right-hand  sides, 


fsUi  -  /s2-i  *  2l[/s2+i  +  /s2-l)  , 

(s2+i)3/2  -  (s2-1)3/2  -  21  (2s?  +  +  / s2-i  j  1  ,  (26) 

because  the  right-hand  sides  show  clearly  the  asymptotic  forms  when  |s|  increases 
indefinitely. 

To  replace  p(t)  and  n{t)  in  (19)  with  p(s)  and  m(3),  respectively,  we  sub¬ 
stitute  the  formulas 


p(t) 

II 

¥|- 

p(s)e  iStds  , 

m(t) 

i 

2rr 

V  —oo 

m(s)e  i3tds  , 

*  — OO 

(27) 

into  (19).  Thus  we  find 


w(x,y)  -  -  —  kei/x2  +  (y-y^)2  -  —  kei/x2  +  (y-y  )2  + 


8iri  J 


iz  x  -ixsf  1  -y/s2+i 

P (s)e  {-  --  --  e 


4* 


s^+i 


i  r°°  — 

1  N  -ixs,  -y/sH-i 

-  —  j  J»<«)e  (e 


1  -y/sz-i 

e  7  }ds 


/ 3  2  -  i 


(28) 


-y/s2-i 


Ids  , 


where  use  is  made  of  ( 15 ) ^  for  n  =  0  3^9  1  with  the  substitution  of  x  =  -t,  a  = 
-x,  and  b  -  0  to  transform  the  integrands.  Sq  (28)  is  convenient  for  the  sub¬ 
stitution  of  p(e )  and  m(a)  that  will  be  found  as  a  solution  in  the  following. 

THE  BOUNDARY- VALUE  PROBLEMS 
Solution  for  the  simple  edge. 

Simultaneously  solving  the  Fourier  transforms  (56)  and  (58)  (in  Appendix 
II)  of  the  boundary  conditions  in  (l6),  we  find 


1 


}  1  >«  1 


p(a) 


m(s) 


1+u 

2i 


1 

/s2+i 


/s^i 


(29) 


Substituting  the  equations  in  the  above  into  (28),  we  find  the  solution  for  the 
simple-edge  condition: 


w(.x,y)  =  -P  kei/x2  +  (y-y0)2  -  P  kei.42  +  (y+yQ)2  + 


+  P 


£SL["  e-i8x^Ti(^ITi  +  e'^1  -  -L,  e-^1}  x 

X  {-Lr  e-^o^  -  -~r-  e-yo-^ijds  . 

/s2+i  /s2-i 


(30) 


_  P  l±2Lp  e-lsx(^Tl  +  ^){e-y/8^i  - 

'  —00 


~y/s 


2-i, 


X  {e-yo^ 


}ds 


The  formulas 

/x2+i  +  /x2-i 

/x2+i  -  /x^-i 


/2  •f  /x4+l  +  x2  , 

/2i  J  ^+1  -  x2  , 


(31) 


where  x  is  a  real  number,  are  convenient  for  the  conversion,  if  necessary,  of  the 
complex  form  of  the  right-hand  side  of  (30)  (and  the  similar  formulas  that  appear 
later)  to  a  real  form.  Equations  in  (31)  are  proved  by  squaring  then. 
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If  we  let  a  =  -1  in  (30),  the  effects  of  the  virtual  reactions  fix)  and 
mix)  disappear,  and  we  find  Kerr's  (6)  solution  obtained  by  applying  the  reflec¬ 
tion  principle  on  the  concentrated  load  P  that  is  situated  in  the  semi-infinite 
plane.  This  solution  by  Kerr's  (6),  however,  is  not  sufficiently  general  because 
it  does  not  give  a  solution  for  y0  =  0.  A  solution  for  yQ  =  0  is  given  by  (30) 
if  a  4  -1  but  arbitrary.  (We  note  that  the  condition  >  0  assumed  initially  for 
finding  a  solution  need  not  be  observed  at  this  stage.)  The  solution,  therefore, 
is  not  unique.  Moreover,  pushing  this  line  of  inference  further ,  we  find  that 
other  kinds  of  virtual  ractions,  such  as  higher-order  derivatives  with  regard  to 
y,  or  more  generally,  any  point-,  line-,  or  area-singularities  distributed  in  the 
lower  half  plane,  0  =  y  -  «  ,  may  be  adopted  instead  of  p(x)  and  mix)  with 
proper  change  of  the  formulations  to  represent  the  effect  of  the  assumed  virtual 
reactions.  This  conclusion  applies,  as  may  be  seen  below,  to  all  the  solutions 
of  any  other  boundary  conditions.  The  nonuniqueness  reveals  the  defect  of  the 
virtual  reaction  method.  The  remedy  is  presented  later. 

Solution  for  the  fixed  edge. 

Simultaneously  solving  the  Fourier  transforms  (56)  and  (b7)  (in  Appendix 
II)  of  the  boundary  conditions  in  (17),  we  find  (29)^  and 

m(s)  =  -p  _  e-y0^}  t  (32) 


Comparison  of  (32)  with  (29)2  shows  that  the  solution  for  the  fixed  edge  is  found 
by  changing  -(l+a)  in  the  second  intergral  on  the  right-hand  side  of  (30)  to  1  -  a . 
In  this  case  it  is  impossible  to  eliminate  all  the  effects  of  the  virtual  reactions 
pi  x)  and  mix)  by  giving  a  an  appropriate  number.  In  other  words,  the  reflection 
principle  fails  to  yield  a  solution  for  the  fixed-edge  boundary  condition. 

Solution  for  the  free-edge. 

Use  of  the  appropriate  Fourier  transforms  of  the  derivatives  of  'j(x,y)  in 
Appendix  II  transforms  the  boundary  conditions  in  C 13 )  to  the  simultaneous  equa¬ 
tions  for  pi 3 )  and  mis). 


p(s){(vs2  +  ✓.-«)/ (/s2+i  +  }  -  m(s)/s4+l  =  a/s4+1  , 

p(s)  -  m(s){(vs2  +  /s4+l)/ (/s2+i  +  /s2-i) )  *  B  , 


(33) 


where 
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A 


»‘(l+«) 

21 


r  _  JL_  -y0*/s^*”1 

i  ,  e 

4^+1 

[E  -  1 

— v  4m 

:  e  y°'s  , 

+  i  . 

-  i 

21 


E  =  (l-v)s2 

I  =  (l-v)s2 

The  solution  of  the  simultaneous  equations  on  the  above  is  expressed  here  in  the 
following  intermediate  form, 


(34; 


p(s)  =  M  /  l  A  (  /s2+ 1  +  /s2-i ) }  , 

m(s)  -  N /  { A  ( / 5 2 + i  +  42-i)  }  , 

where  the  numerators  M  and  N  are 


(35) 


M  =  -Ai^^+l  (vs2  +  / 3 **+1 )  +  B/s^+l  (/s2+i  +  /s2-i) 

N  =  -a/s^+1  ( \/s  2+i  +  42-i)  +  B(vs2  +  /su+l )  , 


and  A  is 


i2+i  +  /s2-i 


(4U+1  -  vs2  )[/^i  +  (2-v)  s2 1 
(/s2+i  +  2 — 1 )  2 


(36) 


(37) 
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Transforming  the  numerators  M  and  N  further,  as  shown  below,  we  find  the 
final  solution  In  the  following  form: 


p(s)  =  77 


32+i  +  /s2-i 


2l  [y^Hl  -  vs2]  [/s4+l  +  (2-v)s2] 


-vo>/s2+i  —  -y„/s2-i 


[Ue  yo/S‘+1  -  Ue'y°/S 


m(s) 


P_ 

21 


/s2+i  +  /s  2  - 1 


r4v i  -  vs2  H/sVL  +  (2-v)s2  ] 


[-Ve-yo/s2+i  +  \7e-yo1^2^  ] 


where 


=  Vs2-i  [  {  (1-v)  s4  [  (1-u)  -  v(l+a)  ]  -  2ivsz  +  (1-u)}  -  2>44+1{u  ( 1-v] 


{ (l-v)s4[  (1+a)  -  v(l-a)]  +  2ivs2  +  (1+a) }  +  2/s4+l{a(l-v)s2  +  i! 


and  U  and  V  the  conjugate  complexes  of  U  and  V,  respectively. 

On  substitution  of  A  and  B  from  (34),  the  numerator  M  becomes 


«  -  fj  iue‘y°/s'+1  -  iJrV*2-1)  , 


where 


-(1+a) (vs2  +  /s4+1)e/s2-1  +  ( 1-a)  / s"4+l ( / s2+i  + 


Substitution  of  M  from  (40)  and  A  from  (37),  into  the  intermediate  form  (35)x 
the  final  form  (38)^,  We  transform  U  in  (41)  to 


U  - 


+ 


where 


R  -  - (1+a) vs2E  +  (1-a) (s2+i)E  , 

Q  «  -(l+a)E  +  (l-a)E 


(38) 

s2+i )  ]  , 

(39) 

(40) 

(41) 

yield  s 

(42) 

(43) 
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Substitution  of  E  from  (34),  and  E  from  {  31*  )i*  yields 

R  =  (l-»)s'[(l-a)  -  v (1+a ) ]  _  2i vs2  +  <l-a) 

Q  =  -2 [a (1-v) s2  +  i]  . 

Substitution  of  R  and  0  from  (44)  into  the  expression  of  U  in  (42)  yields  the 
expression  of  U  in  ( 39 ) ^ - 

On  substitution  of  A  and  B  from  (34),  the  numerator  N  becomes 


(44) 


N  -  yp  [-Ve"yo’^+i  + 


-yn/s^-i 


Ve 


]  , 


(45) 


vnere 


32-i  -  (1-a) (vs2  +  /s4+1)E  , 


(46) 


Substitution  of  N  from  (45)  and  A  from  (37)2  into  the  intermediate  form  (35)2 
yields  the  final  form  (38)2*  We  transform  V  in  (46)  to 


V  =  T 


Q/s^+1 


where 


(47) 


T  =  (l+a)E(s2-i)  -  (l-a)Evs2  . 

Substitution  of  E  from  (34)^  and  E  from  (34)^  into  T  in  (48)  yields 


(48) 


T  -  (l-v)s'4[(l+a)  -  v  (1-a)  ]  +  2ivs2  +  (1+a)  .  (49) 

Substituting  T  from  (49)  and  Q  from  (44)g  into  the  expression  of  V  in  (4?)  yields 
the  expression  of  V  in  (39)2* 

Substitution  of  pis)  and  m(s)  from  (38)  into  (26)  yields  the  solution  for 
the  free-edge  condition.  It  is  impossible  also  in  this  case  to  eliminate  all 
the  effects  of  the  virtual  reactions  p(x)  and  mix)  by  giving  a  an  appropriate 
number.  in  other  words,  the  reflection  principle  fails  to  yield  a  solution  for 
the  free-edge  boundary  condition. 

Condi t i on  tout  must  be  assigned  In  the  outside  region. 

Cse  of  the  Fourier  transfer  of  generalised  functions  means  dealing  with 
the  entire  infinite  plane.  On  the  infinite  plane  that  we  are  currently  dealing 
with,  however,  a  definite  condition  is  given  only  in  a  part,  say  A,  of  our 
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interest  and,  except  if  any  at  infinity,  no  definite  condition  is  given  in  the 
outside  region,  say  B.  The  nonuniqueness  emerges  because  use  of  the  virtual 
reaction  method,  and  the  reflection  principle  as  well,  produces  in  fact  uncon¬ 
trolled  deflection  in  the  outside  region  B  through  the  use  of  Wyman's  solution 
(2),  a  solution  with  regard  to  the  infinite  plane.  If  the  conditions  are  definite 
throughout  the  entire  infinite  plane,  the  solution  must  ooviously  be  unique. 

In  physical  terms,  it  is  reasonable  to  assume  that,  even  if  a  load  is  sup¬ 
ported  by  a  floating  plate  occupying  a  region  A,  the  level  of  the  water  in  the 
outside  region  B  is  invariable.  On  the  other  hand,  even  though  a  plate  of  our 
interest  covers  only  a  part  of  the  entire  infinite  plane,  use  of  Wyman's  solution 
in  the  reflection  principle  and  in  the  ’virtual  reaction  method  reveals  that  there 
exists  intrinsically  an  assumed  plate  covering  the  entire  infinite  plane.  Taking 
this  situation  into  consideration,  we  may  interpret  that  the  condition 

w  =  0  (50) 

in  the  outside  region  B  of  the  assumed  infinite  plate  replaces  the  condition 
that  the  level  of  water  is  constant  in  the  region  3  of  the  physical  infinite 
plane.  The  condition  (50)  implies  that  no  virtual  reactions  must  be  imposed  in 
the  region  B  of  the  assumed  infinite  plate.  Therefore,  once  we  adept  the  new 
condition,  i.e.,  (50),  we  must  disuse  both  the  reflection  principle  and  the 
virtual  reaction  method. 


SUMMARY  AMD  CONCLUSION 


The  deflection  of  a  floating  elastic  plate  has  so  far  been  analytically 
solved  only  for  the  entire  infinite  plane.  With  regard  to  the  plates  other  than 
the  infinite,  solutions  presumedly  valid  for  the  simple-edge  boundary  condition 
have  been  produced  by  the  application  of  the  reflection  principle  in  which  the 
above-mentioned  analytical  solution  is  used  as  an  influence  function. 


We  have  introduced  unknown  virtual  reactions  that  we  can  determine  to 
satisfy  given  boundary  conditions  by  using  the  solution  with  regard  to  the 
infinite  plane  as  the  influence  function,  and  developed  an  analytical  machinery.' 
that  enables  us  to  compute  the  deflection  of  a  floating  elastic  plate  expectedly 
valid  to  any  shape  under  any  boundary  conditions.  The  mathematical  method 
essentially  consists  in  the  use  of  the  Fourier  transform  of  generalised  func¬ 
tions.  The  key  to  ^he_new  development  is  the  discovery  of  the  double  Fourier 


transform  of  kei^  x*+t/  . 


The  boundary- value  problems  of  the  semi-infinite  plate  are  studied  with  the 
virtual  reaction  method.  It  is  found  that  the  reflection  principle  yields  a 
solution  presumedly  valid  only  for  the  simple-edge  boundary  condition.  The 
virtual  reaction  method  consistently  yields  a  solution  presumedly  valid  for  ever; 
boundary  condition.  The  alleged  solutions,  however,  are  not  unique. 


We  have  found  the  reason  for  the  nonuniqueness:  The  influence  function  pro¬ 
duces  uncontrolled  deflection  in  the  outside  of  the  semi-infinite  plate,  i.e., 
in  the  remainder  of  the  entire  infinite  plane,  which  the  Fourier  transform  of 
generalized  functions  necessarily  includes  in  its  range  of  application.  The  con¬ 
dition  that  must  be  imposed  to  produce  a  'unique  solution  for  a  plate  occupying 
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a  region  other  than  the  entire  infinite  plane  is  that  the  deflection  is  zero 
everywhere  outside  the  region  that  the  plate  occupies.  Use  of  the  influence 
function  to  obtain  a  solution  in  a  region  other  than  the  entire  infinite  plane 
must  be  abandoned. 


APPENDIX  I 


A  BPIEF  INTRODUCTION  TO  THE  THEORY  OF  GENERALIZED  FUNCTIONS 

For  the  study  of  quantum  mechanics,  P.A.M.  Dirac  introduced  in  1926  the 
delta  function,  6(x) .  He  defined  the  delta  function  to  be  equal  to  zero  at 
x  4  0,  to  be  infinite  at  x  =  0,  and  to  satisfy 


6 (x)dx 


1 


He  also  shoved  that,  for  any  finite  function  b(x),  the  relation 


$ (x) 6 (x)dx 


4  (0) 


(51) 


holds  true  —  the  relation  usually  referred  to  (Hoskins  (b),  p.  35)  as  the 
sampling  property  of  the  delta  function.  The  delta  function  has  been  proved  to 
be  a  convenient  mathematical  tool  but  nevertheless  had  not  been  accepted  by 
mathematicians  as  a  valid  mathematical  concept  until  L.  Schwartz  clarified  in 
19^5  the  mathematical  foundation  ’underlying  the  delta  function  concept.  Since 
Schwartz's  work,  the  delta  function  is  accepted  by  mathematicians  as  a  straight¬ 
forward  mathematical  concept. 

To  define  the  delta  function  in  modern  terms,  it  is  the  commonly  accepted 
approach  to  start  with  the  concept  of  functional.  A  functional  is  an  operation 
through  which  a  number  is  determined  for  a  function.  For  instance,  given  a 
regular  function  fix),  the  integral 

41  (x)f  (x)dx 

may  ietermine  a  finite  number  for  any  function  4(x)  if  this  integral  is  intergrable. 
Therefore  the  integral  is  a  functional.  It  may  be  observed  that  a  desire  to  give 
a  functional  an  expression  of  integral  implicitly  prevails  in  the  theory  of  gen¬ 
eralized  functions. 

The  modem  concept  of  delta  function  is  constructed  not  on  Dirac's  initial 
definition,  which  is  a  difficult  mathematical  concept >  but  on  the  sampling  property 
(51),  i.e.,  on  the  identification  of  the  delta  function  with  a  functional  that 
yields  a  number  4(0)  for  a  function  4'x).  This  functional,  however,  cannot  be 
expressed  as  an  integral  (in  other  words,  (51)  is  deceptive)  in  t.ie  classical  sense, 
because  5(x)  in  (51)  is  not  an  ordinary  function.  The  modern  approach  overcomes 
this  difficulty  by  taking  the  advantage  of  the  following  observation. 
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rf  ^ 


i 
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It  is  found  that  there  are  several  sequences  of  regular  functions  whose 
imits  exhibit  the  sampling  property  (see  Gel'fand  and  Shilov  (2),  pp.  3^-29) 
.or  instance,  Fourier's  single  integral  formula 


lim 

V-*00 


sin ( vx) 


f (x)dx 


"f(0) 


shows  that  an  expression  of  the  delta  function  is 
i  (x) 


1  sin(vx) 

lim 

n  x 


(52) 


The  classical  concept  :f  function  is,  therefore,  enlarged  in  the  modern  concept 
tc  the  inclusion  of  the  limits  of  the  sequences  of  regular  functions.  The  en¬ 
larged  function  concept  is  called  the  generalised  functions.  The  delta  functior 
is  a  generalized  function. 

The  algebraic  process  used  in  the  above  for  defining  generalized  functions 
is  the  sane  as  the  one  used  for  defining  real  nur.be rs  as  the  limits  of  the  se¬ 
quences  of  rational  numbers.  (Birkoff  (l)  is  very  readable  on  this  subject.) 

In  the  sane  way  as  the  real  number  is  useful  for  computation,  the  generalized 
function  is  useful  for  analysis.  For  instance,  consider  a  sequence  pi  ,  f0 ,  .... 
f  ,  ...  of  generalized  functions  of  variables  x-  ,  .  .  .  ,  x  ,■ ,  .  .  .  ,  ,  wnich"  con¬ 

verges  to  a  generalized  function  f.  Then,  the  theory  of  generalized  functions 
(Gel'fand  and  Shilov  (?),  p.  20)  asserts  that  the  sequence  of  derivatives 

;  converges  to  Df’/Dx,-  —  a  property  that  does  a.  >t.  neve:. sari1.;/  hold  true 
In  the*  case  of  ordinary  functions. 

The  expression  (U)  of  the  delta  function  as  the  Fourier  transform  of  unity 
is  derived  when  (52)  is  rewritten  to 


6  (x) 


1-  lim  [  ei5xdC  , 
2  TT  V-**”  -'-VJ 


which  is  equivalent  to  (1). 

Use  of  the  Fourier  transform  ( k )  of  unity  and  the  sampling  property  (51. 
of  the  delta  function  is  the  essence  of  the  Fcurier  reciprocal  relationship. 
To  demonstrate  this,  let  us  assume  the  relationship 


f  (t)eULdt 


g(0  . 


<5  J) 


Multiplying  this  by  exp(-tnS),  integrating  with  regard  to  5,  and  exchanging 
the  order  of  i ntegrat ions ,  the  above  becomes 
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T 


E(Oe“ir,tdC  .  (54) 


(The  order  of  integrations  may  be  exchanged,  because  we  may  assume  that  the 
double  integral  exists  in  the  sense  of  generalized  functions.)  Using  the  formula 
' 4 )  of  the  delta  function,  the  left-hand  side  of  ( yM  reduces  to 


f  (t)dt 


OO 

2 7i  j  f  (t )  6  (t-n)dt 

-Oi 


whi  ch  hecor.es  2tt f{  n )  by  use  of  the  formula  (51)  of  the  sampling  property  of  the 
d'lta  function.  Eq  ( 5^ )  thus  reduces  to 


g(Oe  lnCd^ 


2 nf (n) 


(55) 


which  is  the  inverse  of  (53). 

The  brief  introduction  to  generalized  functions  in  this  appendix  is  suffi¬ 
cient  for  a  casual  reading  for  comprehending  the  outline  of  this  paper.  For 
■understanding  the  details  of  the  theory  of  generalized  functions,  which  is 
needed  for  a  further  development  of  the  mathematics  in  this  paper,  it  should  be 
noted  that  currently  three  different  aDproaches  to  the  theory  of  generalized 
functions  are  available  to  applied  mathematicians. 

The  most  widely  accepted  approach  is  Gel ' fand  and  Shilov's  (3),  which  is 
based,  however,  on  the  modern  concept  of  functional  space  and  contains  the  mate¬ 
rials  that  are  actually  more  than  we  need.  The  easiest  approach  is  presented 
by  Hoskins  (4),  but  it  deals  with  only  the  case  of  a  single  independent  vari¬ 
able,  and  ends  up  eventually  in  the  functional  space  approach  and  in  the  use  of 
theory  of  integrations.  The  brief  introduction  in  this  appendix  is  a  digest  of 
an  essential  part  of  the  approach  initiated  by  G.  Temple  in  1955 ,  formalized  by 
lighthill  (8), and  extended  by  Jones  (5)-  Although  not  widely  recognized,  this 
approach  seems  to  be  a  natural  one  to  the  theory  of  generalized  functions. 

APPENDIX  IT 

FOURIER  TRANSFORMS  ON  THE  BOUNDARIES  OF  THE  S EMI- INFINITE  PLATE 

For  the  convenience  of  calculating  the  Fourier  transforms  of  the  boundary 
conditions  ( 1 6 ) ,  (IT),  ( 1 8 ) ,  the  Fourier  transforms  of  the  expressions  contained 
in  them  are  written  out  by  use  of  (25),  as  shown  below: 
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/ 

_rdelyi  ,  A.,  et  al.,  ed.,  Tables  of  Integral  Transforms,  Vol.  1,  McOrav- 
Hili,  New  York,  p.  56,  No.  (;*3). 


з.  Oel'far.d,  I.M.,  and  Shilov,  O.E.,  Generalise",  Functions,  Vol.  1:  Properties 
ar.d  Operations,  translated  by  E.  Saletan,  Academic  Press,  New  York,  1079. 

и.  --roskins,  R.F.,  Generalised  Functions,  John  Vi  i  ley  and  Sons,  New  York,  19~o . 
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CYCLIC  STRLSS-STRA 1 N  RFMAV10R  NLAK  A  KARROO  ELLIPTICAL  FLAK 

Dennis  M.  Tracey  and  Colin  E.  Freese 

Mechanics  and  Engineering  Laboratory 
Army  Materials  and  Mechanics  Research  Center 
Watertown,  Massachusetts 

ABSTRACT.  The  elastic-plastic,  plane  strain  conditions  at  the  ends  of  a 
narrow,  elliptical  flaw  are  examined  for  the  case  of  a  zero- tonsi on , 
cyclic  loading.  The  flaw  considered  has  an  aspect  ratio  of  /TOGO  which 
corresponds  to  a  length  to  tip  radius  ratio  of  2000.  Hence,  the  flaw- 
serves  as  a  model  for  a  crack.  A  specialized  numerical  formulation  was 
developed  for  solution  of  this  problem.  It  involves  aspects  of  both  the 
finite  element  arid  mappi ng-boundary  collocation  methods.  Attention  is 
restricted  to  loadings  which  maintain  the  zone  of  plastic  deformation 
close  to  the  flaw  ends.  Numerical  results  demonstrate  the  forms  taken  by 
the  stress  and  strain  distributions  within  the  plastic  region,  during  a 
cyclic  load  pattern. 

INTRODUCTION .  We  focus  here  on  the  analytical  problem  of  determining  the 
elastic-plastic,  stress-strain  states  that  develop  ahead  of  a  blunt-tipped 
flaw  during  cyclic  loading.  This  is  a  basic  problem  which  is  encountered 
in  studies  aimed  at  developing  improved  predictive  criteria  for  macrocrack 
growth  in  structural  materials.  For  certain  limited  conditions,  linear 
elastic  fracture  mechanics  provides  a  satisfactory  hasis  lor  crack  growth 
prediction.  Using  results  of  crack  growth  in  a  material  specimen,  a  crack 
growth  "law"  is  established  which  predicts  the  growth  rate  da/dn  in  terms 
of  the  variation  AK  of  the  elastic,  crack  tip,  stress  singularity  amplitude. 
When  this  linear  clastic  approach  fails  to  give  satisfactory  predictions,  the 
elastic-plastic  analytical  problems  arise.  Such  is  true,  for  instance,  in 
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studies  attempting  to  explain  the  phenomenon  of  crack  growth  retardation 
and  the  general  crack  behavior  in  variable  amplitude  load  cycling.  It  is 
expected  that  plasticity  effects,  identified  through  analyses  such  as  that 
presented  here,  will  provide  a  framework  for  devising  improved  growth 
criteria.  Of  course,  the  nonlinear  character  of  the  elastic-plastic  problem 
makes  the  task  of  identifying  generally  meaningful  "plasticity  effects"  a 
very  complex  one,  indeed.  The  work  reported  here  hopefully  represents  a 
step  toward  resolution  of  this  broad  problem. 

We  limit  attention  here  to  load  conditions  which  produce  localized 
plasticity,  i.e.,  a  plastic  zone  which  extends  no  further  than  n  few  tip 
radii  from  the  flaw  ends.  Such  is  the  case  when  the  applied  tension  is 
restricted  to  small  magnitudes  relative  to  the  material's  yield  stress. 

Our  treatment  of  an  elliptical  flaw  contrasts  with  the  usual  choice  of  a 
sharp  crack  model  in  fracture  analysis.  The  large  value  2000  for  the  length 
to  tip  radius  ratio  2a/,  appears  to  offer  a  suitable  simulation  of  a  natural 
macrocrack.  Although  the  elliptical  shape  was  chosen  for  reasons  of  analy¬ 
tical  convenience,  it  has  the  blunt  tip  characteristic  that  we  wished  to 
include  in  this  study.  It  is  clear  that  sharp  and  blunt  crack  solutions 
will  display  major  differences  under  conditions  of  localized  yielding.  Wc 
are  interested  in  quantifying  these  differences  and  have  conducted  some 
work  along  these  lines,  although  we  reserve  this  particular  subject  for  a 
subsequent  report.  Wc  limit  ourselves  here  to  the  discussion  of  the 
elliptical  flaw  analysis. 

The  flaw  is  considered  to  be  isolated  within  an  infinite  domain. 


demote  uniaxial  tension  is  imposed  in  a  direction  perpendicular  to  the 
flaw's  length  and  plane  strain  constraint  is  specified.  The  continuum  is 


muddl'd  as  a  non-hardening  Prandt  1  -Reuss  material.  Hence,  the  Mises  yield 
criterion  applies  and  plastic  flow  occurs  under  a  constant  value  of  equiva- 
lent  stress  equal  to  the  yield  stress  Y.  The  stress-strain  relationships 
have  a  rate  form,  so  an  incremental  analysis  following  the  cyclic  load  path 
is  necessary. 

The  numerical  formulation  was  designed  specifically  for  this  problem, 
from  aspects  of  the  finite  element  and  stress  function  boundary  collocation 
methods.  The  problem  is  doubly  symmetric,  so  that  we  consider  one  quadrant 
of  the  geometry.  In  a  region  surrounding  the  flaw  end,  where  plastic  de¬ 
formation  is  anticipated,  finite  element  approximations  are  made  for  the 
incremental  displacement  field.  This  region  extends  a  distance  of  4;  ahead 
of  the  flaw,  as  illustrated  in  Figure  (1).  Only  the  mesh  of  the  first 
quadrant  is  in  fact  used.  The  contour  V  defines  the  interface  with  the 
elastic  region  which  i s  represented  by  a  complex  variable  power  series, 
stress  function  approximation.  Conformal  mapping  was  used  to  transform 
the  flaw  onto  a  unit  circle,  and  this  allowed  utilisation  of  analytic 
continuation  principles  for  satisfaction  of  the  traction  free  flaw  boundary 
condition.  In  the  transformation,  T  maps  to  a  circular  arc  centered  at  the 
end  of  the  flaw.  A  form  of  boundary  collocation  along  T  is  employed,  in¬ 
volving  the  unknown  coefficients  of  the  power  series.  Conditions  of  equili¬ 
brium  and  compatibi 1 i ty  are  enforced  across  F,  and  these  provide  equations 
relating  nodal  displacement  changes  to  the  change  in  applied  tension. 

This  hybrid  typo  of  formulation  was  chosen  both  lor  reasons  of  mathematic 
accuracy  and  efficiency  of  analysis.  It  is  well  established  that  the  mapping- 
stress  function  collocation  approach  is  an  effective  way  to  solve  elasticity 
problems,  especially  for  infinite  domains,  Bowie  [1].  Likewise,  the  suit¬ 
ability  of  the  elastic-plastic  finite  element  formulation  has  been  amply 
demonstrated,  Tracey  and  Freese  [2J. 
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The  elastic  solution  to  our  problem  is  known,  and  it  suggests  that 
the  flaw  tip  stress  ciyy  exceeds  the  remote  tension  T  by  a  factor  of  64.2, 
i.e.,  1  +  2  /a / p" .  In  the  tip  vicinity,  the  stress  gradient  is  severe: 
oyv  falls  by  a  factor  of  5  from  the  flaw  surface  to  the  interface  r.  The 
mesh  shown  in  the  figure  has  element  edges  with  lengths  of  the  order  of  p/10. 
This  level  of  spatial  discretization  was  found  to  be  suitable,  based  upon 
the  numerical  elastic  solution.  We  found  the  o.,y  distribution  to  be  well 
within  one  percent  of  exact,  when  element  midpoint  data  was  considered, 
before  discussing  the  numerical  solution,  we  next  outline  the  equations 
employed  in  the  analysis. 

FORMULATION.  We  refer  the  reader  to  Bowie  |1J  and  1 raeey  and  Freese  [JJ 
for  complete  descriptions  of  the  mapping-col  1 ocat i on  and  finite  element 
formulations  which  formed  the  basis  of  this  work.  Here,  we  begin  our  dis¬ 
cussion  with  the  equations  which  govern  in  the  elastic  region  beyond  the 
interface.  The  point  of  departure  is  the  expression  for  the  Airy  stress 
function  W(x,y)  in  terms  of  the  two  analytic  functions  of  the  complex 
variable  z  =  x  +  iy,  <)>(;•.)  ami  <Mz): 

W=Re(z$  +  /<Jjdz)  (1) 

The  field  quantities  are  expressible  in  terms  of  $  and  ii .  For  instance, 
the  stress  increment  Aoxx,  displacement  increment  Auv  and  the  x,y  compo¬ 
nents  of  the  force  resultant  acting  on  the  generic  arc  AB  are  given  by 

Aoxx  =  Re  (-7  <T  +  2$'  -  *•)  (2) 

Anv  =  I  m  ( ( 1+v)  z  -  (3-v)  <fi  +  (  1  +  v)  ilO/F  (.1) 

_  H 

Al  ,  +  i  Al  v  =  -  i  [  z  4 '  +  i  +  *1  (4) 
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In  equation  (3j  ,  I:  ami  v  are  the  clast  i  c  material  constant'  .  In  equation 
the  bracket  notation  indicates  the  change  in  going  from  position  A  to  B. 
barred  quantities  represent  complex  conjugates,  and  the  primes  indicate 
di  ff erent i at i on . 

The  mapping  function  transforms  the  elliptical  fins  :  n  the  r-plane 
onto  the  unit  circle  !  r,  |  1  1  in  an  auxiliary  .-plane,  according  to 

c  =  (a  +  b)  t./:  *  (a-bl/U'O  I  Cm 


where  a  and  b  are  the  semi-axes  of  the  flaw.  The  geometric  detail  of  our 
problem  in  the  r  plane  is  illustrated  in  figure  !  2 !  '  m  he  seen ,  the 

interface  T  appears  as  a  circular  arc  centc  sod  at  r  =  1 .  i he  finite  elom< 
grid  was  designed  in  this  plane  where  it  tale  .  a  an  i  fm  ••  ;  alar  character, 
centered  at  the  origin. 

The  boundary  conditions  that  must  be  satisfied  can  be  summarised 

a s  f o  1  lows  : 
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The  most  significant  advantage  of  maj'ping  the  flaw  onto  the  unit 
circle  is  that  the  traction  free  flaw  coral  ill  >n  can  he  met  by  the  method 
of  analytic  continuation.  It  follows  from  equation  (4)  that  if  f  is 
defined  ill  the  interior  of  the  flaw,  |  r.  I  i,  according,  to 
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:  i  •  i  -  i  -,i  :  ’  ( l/:,  )/u  '  (1/:,)  -  *  (l/u  (6) 

or  t-qu  1  v.i  1  ent  1  y ,  in  i  1  ,  if  t|>  is  given  in  t  errs  of  i  by 

A’.)  =  -it  1/T)  -  uU/T)  4'  (••.;/-’  (:.)  (7) 

then  T  tie  traction  free  conditions  are  implicitly  satisfied.  IV  i  t  h  the 
definition  (7),  the  problem  resorts  to  finding  the  single  analytic  func¬ 
tion  t  which  satisfies  conditions  I,  II,  and  IV. 

The  remote  stress  conditions  I  and  symmetry  conditions  III  require  tha 

:  »  2  1  (a+b].:/8  as  r,  -  <*•  (8) 

Re  4=0  along  x  =  0 

f9) 

Ini  :  =  0  along  y  =  0 

lticNc  conditions  .are  satisfied,  of  course,  by  the  exact  stress  function 
for  the  elastic  problem: 

^elastic  =  A1  [(a+5);  .  ( 3a+b) / c ] / 8  (10) 

The  representation  chosen  for  the  elastic-plastic  problem  consists  of  a 
finite  term  power  series  added  to  the  elastic  function: 

15 

4  =  <4clastlc  ♦  2  an  r,/(c2-l)n  (11) 

n=  1 

The  plastic  deformation  within  F  will  locally  perturb  the  solution  (10). 

For  this  reason,  the  series  was  chosen  to  have  negative  powers  of  . 

The  coefficients  c>n  are  real  to  satisfy  the  conditions  of  symmetry.  These 
unknowns  are  determined  in  conjunction  with  the  finite  element  unknowns, 
as  discussed  next. 

Bilinear,  isoparametric  finite  elements  were  used.  There  were  a 
total  of  514  nodes,  27  of  which  were  positioned  on  T .  The  nodal  displace- 
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merit  increment  *  Aux,  Auv  for  tin*  interface  nodi  are  represented  by  the 
vector  array  All1,  while  the  remaining  unknowns  interior  to  !  are  denoted 
Allr'.  the  flaw  surface  and  x-axis  boundary  conditions  ware  treated  routine])'. 
The  interface  was  considered  as  a  surface  with  a  variable  traction 
distribution;  variable  in  the  sense  that  it  is  expressed  in  terms  of  the 
unknowns  an>  using  equations  such  as  (2)  along  with  '111.  The  standard 
consistent  load  procedure  was  employed  to  define  nodal  loads  from  the  t  i.k  - 
t  i  on  distribution.  This  involves  a  numerical  integration  (2  point  f.a.i  =  s 
rule)  over  each  element  edge  that  lies  on  the  interface.  If  we  denote  the 
vector  array  of  the  load  components  for  nodes  on  i  as  £TJ  and  if  the  coef¬ 
ficients  are  arranged  in  the  vector  array  a,  then 

iP1'  =  c  a  *  /J  d  f  1 2 1 

where  £  is  a  rectangular  array  and  d  is  a  vector  array  of  constants.  For 

our  problem,  there  were  o 3  nodal  unknowns  along  i  ,  so  that  c  was  of  order 

53  x  15. 

The  principle  of  virtual  work  provides  the  relationships  between  the 
nodal  unknowns  and  Af'".  Using  standard  notation,  the  equations  take  the 
form 

kP?  Kb- 

k™  k!  ! 

The  continuity  condition  across  !'  is  satisfied  by  equating  the  component  - 
of  AU1  to  the  expressions  involving  AT  and  an  suggested  hv  the  stress  func¬ 
tion  and  the  equations  for  the  displacement  increment,  equation  (3).  Ibis 
results  in  a  matrix  equation  of  the  form 

AU r  =  g_  a  *  AT  h  (1-n 
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iquation  IS/  r eprc-sent s  a  system  of  S3  equations  in  the  15  coefficien 
•a  .  A  leas;  s r t  procedure  was  used  to  solve  this  system.  With  the  eoc-f 
fii-.ents  deter  ir.ee:,  the  rub.:!  b  i  sp]  acc-mcnt  increments ,  strain  increments  a 
finally  stress  increments  are  computed.  Ko  refer  the  reader  to  our  earlier 
i  e:  c*r  t  |2j  whivh  describes  the  adaptive-  load  incrementation  algorithm  which 
was  utilised.  it  selects  the  magnitude  of  2T  at  each  step  of  the  load  path 
according  to  a  prescribed  allowable,  yield  surface,  deviatoric  stress  chang 

.VWj'kICAl.  Rl.SUi.'l S .  We  considered  a  load  spectrum  which  had  the  remote 
tension  vary  in.-  between  values  of  0  and  0.089  V.  The  maximum  value  of 
. OS 9  V  corresponds  to  the  point  in  the  initial  monotonic  loading  when  the 
;  last  ic  rone  had  extended  to  within  one  element  of  F.  The  spectrum  was 
iol loved  for  1  1/2  cycles,  requiring  a  total  of  68  load  steps  with  the 
•idaptive  incrementation  algorithm  restricting  the  yield  surface  stress 
change  at  each  step  to  0(V/20). 

The  nature  of  the  stress  variations  which  occur  ahead  of  the  flaw- 
can  hi  explained  in  terms  of  the  clast  ic -plast ic  boundary  movement.  In 
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1-  t  pi  it  ( 3  )  ,  i  l.i'-l  ii  p  I  as  t  1 1  I  >uu  i  ul  :i  i  1 1”  hit  d  i  ii  u  ii  lui  1  ey  pus  i  t  ;  uns  in  tin- 
load  spectrum.  The  spectrum  is  represented  by  the  loading  segment  OAK, 
unloading  segment  ECU  and  reloading  segment  DkFG.  States  A,  C,  anti  T  are 
approximately  at  one-half  peak  load.  There  is  the  expected  gradual  expan¬ 
sion  of  the  plastic  rone  during  loading,  as  indicated  by  the  contours  for 
states  A  and  B.  Upon  load  reversal,  there  is  an  internal  of  purely  elastic 
response,  corresponding  to  elastic  unloading  at  all  plastically  deformed 
points,  and  this  is  followed  by  reverse  yielding  (c  •  0 )  am!  an  expansion 
of  the  plastic  rone  until  the-  lead  minimum  is  reached.  This  behavior  is 
indicated  by  the  boundaries  labeled  C  and  h.  l\  i  t h  load  increase  from  the 
:ero  load  state  U,  elastic  unloading  occurs  (Auvy  -  0),  followed  by  an 
expanding  zone  of  renewed  forward  plastic  flow,  as  indicated  by  the  boundaries 
labeled  k,  F,  and  G.  There  are  two  intriguing  aspects  of  these  results. 

First,  the  solution  has  a  periodic  charactei  :  the  boundaries  for  peak  load 
states  R  and  Cl  are  nearly  identical,  and  the  same  is  true  for  the  boundaries 
of  states  C  and  I  .  Secondly,  a  dramatic  change  in  the  pin- tic  zone  occurred 
during  the  last  load  step  FG  (AT  had  the  small  value  of  0.0022  V),  as 
indicated  by  the  outer  two  boundaries  in  the  figure.  Muring  FG,  the  stress 
states  of  all  elements  beyond  the  middle  boundary  reached  the  yield  surface  - 
but  no  significant  plastic  flow  occurred.  Plastic  straining  was  limited  to 
the  zone  within  the  boundary  labeled  l)**F**A,  and  thus  this  defines  the 
cyclic  plastic  rone  of  otn  problem.  As  suggested  by  the  labeling,  there 
were  minor  differences  in  the  clast ic-plast ic  boundaries  for  states  1',  F ,  and 
A.  Rice’s  [ 3 1  plastic  superposition  analysis  predicts  that  the  cyclic 
plastic  rone  should  correspond  to  the  plastic  zone  at  the  intermediate  lead 
state  A.  That  analysis  also  predicts  the  periodic  solution  behavior  that 
we  observed.  Noteworthy,  however,  is  the  fact  that  while  the  superpos i t i on 
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aiuilvMs  is  bast'd  upon  assumptions  of  proportional  plastic  flow  throughout 
the  load  history ,  we  found  what  appears  to  constitute  significant  non- 
proportionality.  t'f  course ,  these  results  and  nonpar  i  •  .-ns  can  serve  to 
define  just  what  is  significant  in  this  regard. 

The  stress  distribution  (.c  /--'0  vs.  x/o)  is  given  in  Figure  (4)  at  the 

load  positions  A  -  G.  The  vertical  divisions  on  the  plot  nark  off  the 
locations  of  the  cyclic  plastic  boundary,  the  mor.otonic  plastic  boundary 
and  the  modeling  interface  T.  As  a  first  observation,  curves  A  and  b 
demonstrate  the  fact  that  the  maximum  stress  value  increases  and  the 
location  at  which  the  maximum  occurs  changes  as  the  load  level  is  increased. 
Curve  C  illustrates  the  compressive  stress  state  that  develops  upon  load 
le'-rsal.  There  is  a  single  element  experiencing  plastic  flow  at  load 
position  C.  The  reverse  yield  tone  spreads  and  the  hydrostatic  compression 
increases  as  the  load  decreases,  as  shown  by  curve  D.  Upon  reloading,  the 
material  at  the  flaw  surface  regains  a  tensile  stress  state  and  a  tone  of 
forward  yield  is  developed,  while  the  compressive  stress  field  is  overcome. 
Curve  F.  illustrates  how  the  form  of  the  stress  distribution  (inflection 
points)  is  defined  by  the  current,  cyclic  and  monotonic  plastic  tones. 

The  dip  in  the  curve  F  shows  the  last  evidence  of  the  compressive  hydro¬ 
static  history.  Consistent  with  the  elastic-plastic  boundary  results  of 
figure  (.V)  ,  we  see  that  the  -  stress  distribution  at  G  verv  eioselv 

yy 

agrees  with  that  found  at  load  state  B.  There  are  small  <iiffc;i  'ccs 
between  curves  B  and  G  that  are  apparent  within  the  cyclic  plastic  tone. 

The  variation  of  the  stress-strain  state  (c  ,  fvy)  during  the  load 
'.ycling  i  “  displayed  in  Figure  (5)  for  six  locations  ahead  of  the  flaw, 
i he  ‘-tress  and  strain  values  are  normalized  hv  the  yield  stress  and  yield 
'train,  respectively.  The  spatial  positions  ( x -  a  4 / ,  -  0.05"  ,  •••  ,  1.750 
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correspond  to  the  centers  of  elements  1,  3,  3,  9,  ami  11.  Only  the 

first  three  of  this  group  of  elements  are  in  tiie  cyclic  plastic  tone,  as 
evidenced  by  the  open  loops  between  load  states  15,  P,  and  G.  It  can  be 
seen  that  there  are  significant  differences,  frt a;  point  to  po;nt,  in  stress 
range,  strain  range,  mean  stress,  and  mean  stiain.  Interestingly,  the 
mean  stress  throughout  the  cyclic  tone  is  essentially  tern.  from  the  plot, 
we  see  that  each  stress-strain  history,  norma  1 i ted  as  it  is  by  the  yield 
values,  starts  with  a  slope  close  to  unity,  and  then  at  a  stress  level 
above  yield  -  the  level  increasing  with  distance  from  the  flaw  surface  - 
the  slope  drops  drastically  with  a  resultant  large  increase  in  strain  with 
further  loading  to  peak  load  B.  Upon  load  reversal,  the  stress  and  strain 
decrease  according  to  the  point's  initial  elastic  slope,  until  reverse 
yield  in  the  case  of  the  first  three  points  or  attainment  of  the  load  free 
state  in  the  case  of  the  other  points.  Although  the  strain  decreases  during 
the  unloading  and  there  is  a  region  that  experiences  compress i vc  stress,  the 
strain  remains  tensile.  Consistent  with  the  behavior  noted  in  figure  i  * ) , 
we  see  that  the  stress-strain  state,  after  reloading  to  peak  load,  very 
nearly  coincides  with  that  of  state  B.  As  we  have  mentioned,  this  type  of 
periodic  stress-strain  behavior  is  predictable  using  the  assumption  of 
proportional  plastic  flow.  The  lack  of  proportionality  in  the  solution  can 
be  seen  from  Figure  (6)  which  is  a  t -plane  plot  of  the  (exx ,  ",  c , , 1 
stress  history  of  a  point  within  element  1.  I'ropot t  i min  I  flow  would 
require  that  the  stress  point  not  venture  from  a  diameter  of  the  yield 
surface,  yet  there  is  n  33°  variation  on  each  side  of  the  circle.  Nonethe¬ 
less,  we  see  that  states  B,  |t,  and  G  very  nearly  fall  on  a  diameter.  These 
stress  states  are  approximately  those  of  fully  plastic,  biaxial,  plane 

strain  extension,  where  o  =  2  o  =  1  2  Y//3.  The  development  of  these 

yy  z  2  1 
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tUl  1  >'  plastic  .states  at  the  flaw  surface  is  perhaps  the  key  to  the  realisa¬ 
tion  of  periodicity  of  the  solution  ahead  of  the  flaw. 

(  uNCl.USIPSS.  We  commented  earlier  on  the  generic  relevance  of  this  elastic- 
plastic  solution  to  crack  growth  criteria  studies.  There  is  little  in  the 
literature  on  the  issue  that  was  our  primary  concern  here:  namely,  the  very 
early  stages  of  crack  tip  deformation  when  ela-tic  strains  arc  significant 
and  plastic  tone  extent  is  very  small  in  companion  to  crack  length.  Tin? 
lack  of  information  is  true  not  just  for  cyclic  loadings,  but  for  monotor.ic 
loadings  as  well.  Of  course,  research  needs  are  hardly  limited  to  this 
early  stage  of  elastic-plastic  deformation  and  to  the  particular  load  cycle 
considered.  Future  work  will  consider  the  near  tip  field,  as  predicted  from 
the  blunt  and  sharp  crack  models,  which  develops  at  higher  load  levels 
and  variable  amplitude  cycling. 

Kidd. Hi. NCI  S. 

I.  0.  1. .  Bowie,  "Solutions  of  Plane  Crack  Problems  By  Mapping  Technique," 
in  Mechanics  of  Fracture,  v.  1,  G.  C.  Sill,  cd .  ,  Noordhoff,  Leyden,  1973. 

J.  1).  M.  Tracey  and  C.  L .  Freese,"  Adaptive  Load  Incrementation  in  Llastic- 
Plastic  Finite  Liement  Analysis,"  to  appear  J.  Computers  and  Structures,  1980. 

K.  Rice,  "Mechanics  of  Crack  Tip  Deformation  and  Hxter.sion  by  Fatigue," 
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Figure  1  EUIPTICAI  FlAW  AND  ENLARGED  TIP  REGION  SHOWING 
FINITE  ELEMENT  MESH 
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ELASTIC-PLASTIC  ANALYSIS  OF  SCREW  THREADS 


G.  P.  O'Hara 

U.S.  Army  Armament  Research  and  Development  Command 
Large  Caliber  Weapon  Systems  Laboratory 
Benet  Weapons  Laboratory 
Watervliet ,  NY  12189 

ABSTRACT.  An  elastic-plastic  analysis  method  is  suggested  for  screw 
thread  teeth.  In  this  method  a  single  tooth  is  analyzed  using  boundary 
conditions  to  simulate  a  long  chain  of  identical  teeth.  A  set  of  five 
different  loads  are  suggested  to  simulate  pressure  and  shear  on  each  flank 
along  with  a  general  stress  field  in  the  component.  An  example  is  worked 
out  for  a  British  Standard  Buttress  thread  form.  Data  is  presented  from 
the  example  to  show  that  friction  is  a  very  important  parameter. 

I.  INTRODUCTION.  The  problem  of  stress  concentrations  in  screw 
threads  has  long  been  obscured  bv  the  larger  number  of  parameters  Involved 
and  the  lack  of  a  systematic  approach  which  could  help  to  explain  the 
variation  that  is  in  any  experimental  program.  The  object  of  this  work  is 
to  try  to  cut  through  those  problems  and  try  to  present  a  useful,  organ¬ 
ized  approach  which  can  encourage  more  work  in  this  general  area. 

An  example  of  the  large  number  of  parameters  is  the  geometry  descrip¬ 
tion  shown  in  Figure  1.  While  these  dimensions  may  be  of  use  to  the 
designer  to  insure  that  the  component  will  fit  together,  the  stress  ana¬ 
lyst  needs  only  a  few  of  them.  The  major  geometry  parameters  are  the  pri¬ 
mary  flank  angle  (a),  secondary  flank  angle  (8),  and  root  radius  (R).  The 
primary  loading  parameters  are  the  applied  load  (W),  its  angle  (y),  and 
position  (b).  These  last  three  parameters  follow  the  convention  of 
Heywood  [1].  A  further  simplification  is  to  nondimensional ize  all  linear 
dimensions  to  the  pitch  (P). 

The  very  high  performance  requirements  of  military  hardware  have  in 
the  past  produced  a  new  thread  form  [2,3j  for  use  on  cannon  breech  compo¬ 
nents.  During  the  development  of  the  Watervliet  Buttress  thread,  the 
Heywood  equation  [1]  was  used  to  choose  geometry  parameters  for  testing 
with  good  success.  The  Heywood  stresses,  however,  were  never  correlated 
with  test  results.  The  reason  for  this  was  pointed  out  by  this  author  [A] 
and  it  Is  simply  that  Heywood  isolated  his  teeth  so  that  only  effects  due 
to  the  load  on  the  tooth  would  be  present.  In  mo6t  experiments,  the 
stress  in  the  fillet  of  a  thread  is  the  result  of  load  on  the  thread  plus 
a  stress  concentration  of  the  general  stress  field  In  the  component. 
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In  a  recent  paper  [5]  this  author  offered  an  elastic  stress  concen¬ 
tration  approach  to  screw  threads.  In  this  work,  the  overall  loading  on  a 
thread  is  resolved  into  two  forces  parallel  and  normal  t j  the  pitch  line. 
These  are  divided  by  the  area  on  the  pitch  surface  to  produce  two  average 
stresses,  radial  stress  and  shear  transfer  rate.  Of  these,  shear  transfer 
rate  is  used  to  normalize  all  stresses,  and  the  radial  stress  is  used  in  a 
plot  with  the  maximum  fillet  stress  to  produce  a  curve  which  is  a  char¬ 
acteristic  of  a  particular  thread  form.  This  curve  is  usually  generated 
as  the  coefficient  of  friction  is  varied  from  -1.0  to  1.0.  where  the  sign 
denotes  the  direction  of  the  friction  vector,  positive  being  away  from  the 
fillet.  This  sign  convention  gives  the  radial  stress  the  same  sign  con¬ 
vention  as  all  other  stresses  with  tension  positive.  With  this  method  an 
axial  body  stress  in  terms  of  a  uniform  remote  tension  can  be  easily  added 
to  produce  a  family  of  characteristic  curves. 

The  above  work  is  all  elastic  and  certainly  only  looks  at  less  than 
half  of  the  overall  problem.  Elastic-plastic  analysis  adds  a  new  set  of 
problems  to  the  analysis.  First  is  that  it  is  possible  to  identify  five 
different  plastic  zones  in  a  single  tooth  (Fig.  2),  the  axial  stress  zone, 
the  Heywood  zone,  the  secondary  flank  zone,  the  shear  failure  zone,  and 
the  bearing  failure  zone.  It  is  difficult  to  imagine  a  problem  in  which 
only  one  of  these  is  present  and  the  usual  case  is  where  plasticity 
involves  three  or  more  of  those  zones  working  together  with  each  starting 
at  its  own  load. 

The  major  factor  that  complicates  elastic  plastic  analysis  is  that  it 
is  directly  linked  with  Che  material  st ress-st rain  curve,  and  a  general 
solution  can  be  found  only  for  materials  with  similarly  shaped  curves. 

For  this  report  the  assumed  material  will  be  7075-T6  aluminum  (Fig.  3)  [6] 
with  a  proportional  limit  of  65  Ksi  and  0.2  percent  offset  yielded  of  72 
Ksi.  This  is  an  engineering  stress-strain  curve  defined  out  to  6%  strain. 

II.  ELASTIC  PLASTIC  METHOD.  The  NASTRAU  Rigid  Format  6,  Piecewise 
Linear  Analysis  is  covered  in  the  Theoretical  Manual  [7]  and  uses  the  tri¬ 
angular  ring  element  (CTRIARG)  which  was  implemented  in  a  parallel  program 
with  the  trapezoidal  element  reported  by  Chen  [8].  In  this  method  the 
number  and  size  of  the  linear  steps  is  selected  by  the  user  before  the 
run.  It  is  the  duty  of  the  user  to  select  steps  which  produce  adequate 
results  within  the  limitations  of  the  available  computer  time.  The  pro¬ 
gram  then  selects  the  slope  off  the  stress-strain  curve  by  extrapolating 
the  change  in  effective  strain  for  the  current  load  step  out  to  "he  end  of 
the  next  load  step  and  using  an  estimated  elastic  modulus  (E) 

°i+l  “  °i 

F-i  = -  (1) 

ei+l  “  ei 
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Where  o  and  e^  +  |  are  estimated  values.  Tills  will  be  equal  to  t  lie  slope 
of  one  of  the  liner  segments  of  the  Input  stress-strain  curve  only  when 
both  points  fall  within  the  same  liner  segment  of  t  lie  curve.  In  the  case 
of  a  zero  modulus  the  element  is  assumed  to  have  no  increase  in  stiffness 
and  a  zero  element  stiffness  matrix  Is  generated. 

The  use  of  the  stepped  constraint  input  is  not  normally  allowed 
because  of  the  ambiguity  that  would  exist  if  both  forces  and  constraints 
were  stepped  together.  This  can  be  overcome  using  a  small  IVtAP  .alter 
package  in  the  executive  control  deck  when  only  constraint  Input  is  to  he 
used.  Under  these  conditions  It  would  seen  t  hat  superior  results  could  be 
expected  because  the  extrapolation  is  done  on  the  basis  of  strain. 

The  solutions  in  this  report  have  been  set  up  on  the  basis  of  13  load 
steps,  however,  in  one  case  t  tie  solution  was  truncated  when  a  portion  of 
the  structure  exceeded  the  defined  stress  strain  curve  and  entered  the 
zero  slope  region.  When  this  has  happened  to  al1  elements  connecting  anv 
grid  point  a  singular  body  stiffness  results  and  the  solution  is  stopped. 
This  results  when  the  modulus  (E)  Is  zero  and  the  element  stiffness  matrix 
becomes  zero. 

111.  BOUNDARY  CONDITIONS.  In  this  work  a  small  finite  element  grid 
(Fig.  4)  will  be  used  to  stmilate  the  behavior  of  a  long  chain  of  identi¬ 
cal  threads.  This  requires  boundary  conditions  lor  the  three  surfaces 
where  the  model  is  cut  out  of  the  larger  problem  as  well  as  applied  loads. 
These  surfaces  are  the  two  radial  planes  and  an  axial  cylinder.  These 
surfaces  will  be  treated  differently  for  axial  load  and  the  Heywood  loads 
on  the  thread  bearing  surfaces. 

The  grid  points  on  the  axial  cylinder  must  be  constrained  to  replace 
the  bulk  of  the  body  material.  For  the  axial  stress  Input  these  points 
are  free  in  the  axial  direction  and  are  constrained  to  a  fixed  displace¬ 
ment  In  the  radial  direction.  This  radial  displacement  accounts  for 
Poisson  contraction  in  the  body.  The  grid  points  in  the  radial  planes  are 
generated  at  the  same  radial  locations  to  allow  them  to  be  constrained  in 
pairs,  one  in  each  radial  plane.  The  radial  displacement  of  each  point  of 
a  pair  is  equal  and  the  relative  axial  displacement  of  all  pairs  Is  the 
same.  This  forces  the  radial  plane  to  conform  to  the  same  deformed  shape 
while,  being  free  to  distort  out  of  the  planes.  In  the  clastic-plastic 
solution  for  axial  stresses  the  constraint  values  for  Poisson's  constraint 
and  relative  elongation  are  stepped  together  to  produce  a  piecewise  con¬ 
straint  input  condition. 

In  the  solution  for  Heywood  loads  t  lie  ob  ject  is  to  react  the  load  out 
in  shear,  therefore  the  grid  points  on  the  axial  cylinder  are  given  a  zero 
displacement  In  the  axial  direction.  Tills  zero  displacement  is  also  given 
to  the  radial  displacements  to  simllate  a  st i I f  structure.  The  two  radial 
planes  retain  the  same  constraints  as  for  the  axial  loads,  however,  the 
relative  axial  displacement  is  set  to  zero.  In  this  case  forces  on  the 
bearing  surface  are  stepped  to  produce  the  piecewise  loads. 
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Figure  3  shows  the  forci't  on  a  particular  thread  tooth.  Tis.-re  1  s.  a 
;•>  r  i:%.irv  and  a  sfcntularv  boar  in/,  flank  with  a  pressure  and  shear  load  on 
earn.  ".'lie  primary  flank  is  t  hi-  one  which  is  intended  :  w  J  <•  r-  transfer. 
Trie  secondary  flank,  becomes  loaded  under  reverse  load  in,  or  when  displace¬ 
ment  removes  tlie  radial  clearance.  In  this  paper  only  uniform,  loads  on 
the  primary  flank  will  he  used.  In  this  case  the  pressure  a. id  shear  loads 
are  added  Into  an  overall  load  W  which  is  then  resolved  into  a  radial  load 
(1..  )  and  axial  load  (l-d)-  These  are  the  loads  which  are  averaged  over  the 
area  at  the  pitch  line  to  product-  the  radial  stress  (of)  and  the  shear 
transfer  rate  ( t  R) . 

IV.  KXA.MHl.tS  > »F  K LAST  1 C- 1' LAST  1 C  ANALYSIS.  In  this  paper  four  exam¬ 
ples  wi  elastic-plastic  analysis  will  be  shown  for  the  thread  form  used, 
t  iie  Hr  it  i  sh  St  anriard  Buttress.  This  form  appears  as  a  high  strength 
thread  in  several  Army  structures  such  as  the  MAS  r. union  breech  and  some 
kinetic  energy  armor  piercing  projectiles  where  it  seems  to  have  been 
selected  because  of  the  low  radial  load  component.  The  loadings  are  all 
uniform  applied  loads  and  include  one  axial  stress  load  and  three  Hey wood 
t  vpe  loads.  Trie  finite  element  grid  is  shown  in  Figure  3  with  the  element 
shrunk.  •;  to  expose  each  side.  Tni  s  grid  has  a  pitch  diameter  of  10.0 
t  i"i.  s  t  m  pit  c  h  1  engt  h . 

The  first  load  is  ,.n  axial  stress  in  the  body  of  the  component  with  a 
pe.tr  at  t>5  Ksi .  This  is  done  by  constraining  the  relative  axial  displace¬ 
ment  <:  the  radial  planes  to  a  fixed  value  and  stepping  that  value  in  the 
piecewise  solution.  Trie  axial  cylinder  is  stepped  in  a  similar  w..v  to 
produce  the  Poisson  contraction.  Figure  6  shows  a  shrunken  element  plot 
of  those  elements  which  have  become  nonlinear.  In  this  plot  all  the  ele¬ 
ments  shown  are  above  the  proportional  limit  stress  of  63  Ksi.  The  ele¬ 
ments  shown  doubled  are  above  the  conventional  yield  stress  at  the  .2? 
of  f set  point . 

The  three  Heywood  loads  use  three  different  values  of  friction  coef¬ 
ficients  -.3,  0.0,  and  +.3  where  the  sign  on  friction  denotes  the  direc¬ 
tion  of  the  friction  vector.  Figures  7,  8,  and  9  show  the  plots  of  non¬ 
linear  elements.  It  should  be  noted  that  the  shear  transfer  r..te  for  Fig¬ 
ure  9  is  lower  titan  the  other  two.  This  is  because  that  solution  exceeded 
the  62  strain  maximum  of  the  stress-strain  definition  and  the  solution  was 
stopped  at  that  point.  The  arrows  in  these  plots  point  out  the  element 
where  the  maximum  stress  occurs  which  is  different  in  each  of  these  solu¬ 
tions  and  the  axial  stress  plot. 

These  plots  of  nonlinear  element  show  one  part  ot  t no  overall  pic¬ 
ture.  The  next  thing,  to  look  at  is  the  maximum  stress  in  the  fillet. 
Figure  10  Is  the  curve  of  fillet  stress  vs  axial  stress  for  the  axial 
load.  This  solution  was  stopped  at  this  point  because  the  constraint  in¬ 
put  leaves  some  question  about  the  nominal  input  stress  when  the  hulk 
stress  exceeds  the  yield  point.  The  maximum  fillet  stresses  for  all  three 
Heywood  loads  are  plotted  against  shear  transfer  rate  in  Figure  11.  The 
very  high  values  for  the  stresses  are  the  result  of  the  multi-axial  stress 
state  In  the  fillet  and  other  than  tint  the  plot  speaks  for  itself. 
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NASi'KAN  usus  thy  displacement  method  and  d  i  spl  ucemenf  s  iru  often  more 
useful  In  evaluating  a  problem  than  stresses  so  an  example  <>!  displacement 
seems  In  order.  Figure  12  shows  the  7.  or  axial  displacement  of  grid  point 
number  155  which  is  at  the  mid  point  of  the  primary  bearing,  surface  (on 
the  pitch  line)  for  Ueywood  loads.  In  this  plot  the  displacements  have 
been  connected  to  reference  the  bottom  of  the  fillet  as  the  zero  point. 

The  difference  here  is  well  defined  although  not  is  marked  as  is  the 
fillet  stress  case,  probably  because  fillet  stress  is  a  much  more  local¬ 
ized  effect  than  this  displacement. 

V.  CONCLUSION.  In  conclusion  this  paper  has  attempted  to  define  a 
method  of  elastic-plastic  analysis  of  Individual  thread  tec-th.  The  prob¬ 
lem  of  how  to  define  reasonable  loading  condition  for  a  specific  practical 
problem  has  not  been  defined.  Even  wi  t  li  this  limit  at  Ion,  an  example  has 
shown  t  tie  relative  magnitude  of  several  loading  el  left  I'tie  reader 

should  pay  particular  attention  to  t  tie  very  definite  effect  of  friction  on 
the  behavior  of  the  thread. 
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ABSTRACT .  A  new  finite-difference  approach  has  been  developed  tor 
solving  the  generalized  plane-strain  problems  of  part  lal ly-plas 1 1c  thick- 
walled  cylinders  made  of  strain  hardening  or  ldeally-plastic  materials. 

The  tube  Is  assumed  to  obey  the  von  Mises'  criterion,  the  Prandt 1-Reuss 
flow  theory  and  the  Isotropic-hardening  rule.  The  forces  include  internal 
pressure,  external  pressure,  and  end  force.  An  incremental  approach  is 
used  and  no  Iteration  Is  needed  for  each  Increment.  The  approach  is  sim¬ 
pler  than  others  yet  quite  general  and  accurate.  The  desired  accuracy  can 
be  achieved  by  reducing  the  grid  sizes  and  load  increments.  Some  numeri¬ 
cal  results  for  the  stresses  and  displacements  in  partially-plastic  thick- 
walled  cylinders  with  either  open-end  or  closed-end  conditions  are 
presented. 

I.  INTRODUCTION.  In  1  recent  paper  [1|,  a  new  finite-difference 
approach  was  developed  for  solving  the  axisymmetrtc  plane-strain  problems 
subjected  to  internal  or  external  pressure  beyond  the  elastic  Limit.  The 
material  was  assumed  to  obey  the  von  Mises'  yield  criterion,  the  Prandtl- 
Reuss  flow  theory  and  the  Isotropic  hardening  rule.  The  ldeally-plastic 
material  was  treated  as  a  special  case.  The  new  formulation  was  also  used 
to  determine  the  residual  stresses  In  hollow  cylinders  due  to  quenching 
[21 .  Since  the  plane-strain  end  condition  was  Introduced  only  for  sim¬ 
plicity,  it  Is  desirable  to  extend  the  approach  to  consider  practical 
problems  with  either  open-end  or  closed-end  conditions. 

In  the  present  paper,  the  finite-difference  approach  is  developed  for 
solving  the  generalized  plane-strain  problems  of  thick-walled  cylinders 
subjected  to  internal  pressure,  external  pressure  or  end  force  beyond  the 
elastic  Limit.  The  explicit  equations  between  the  incremental-stresses 
and  Incremental  strains  are  used.  The  present  approach  is  valid  for 
ideally-plastic  [31  as  welL  as  strain-hardening  materials  [4].  The 
approach  is  simpler  than  others  [3, A)  yet  quite  general  and  accurate.  The 
desired  accuracy  can  be  achieved  by  reducing  the  grid  size  and  load  incre¬ 
ments.  No  iteration  is  needed  in  each  incremental  loading  step. 
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II.  BASIC  EQUATIONS.  Assuming  small  strain  and  no  body  forces  i  r. 
the  axisymmetric  state  of  generalized  plane  strain,  the  radial  and  tan¬ 
gential  stresses,  or  and  og,  must  satisfy  the  equilibrium  eouation, 

r(aor/3r)=ae-or;  (1) 

and  the  corresponding  strains,  er  and  £g,  are  given  in  terms  of  the  radial 
displacement,  u,  by 


er=3u/or,€0=u/r.  (2) 

It  follows  that  the  strains  roust  satisfy  the  equation  of  compatibility 

r(3ee/3r)  =  er  -  e0  .  (3) 

Whereas  the  differential  equations  (1),  (2),  and  (3)  hold  throughout  the 
tube  regardless  of  the  material  properties,  the  constitution  equations 
assume  various  forms  according  to  the  adopted  form  of  yield  function, 
hardening  rule,  total  or  Incremental  theory  of  plasticity.  In  the  present 
paper,  the  material  is  assumed  to  be  elastic-plastic,  obeying  the  Mises' 
yield  criterion,  the  Prandtl-Reuss  flow  theory  and  the  isotropic  hardening 
law.  The  complete  stress-strain  relations  are  [5]: 

dti'  =  Ao^'flG  +  (3/2)o1’da/(oH’ )  (4) 

do  >  0  for  i  =  r , 6 , z 

dem  =  i>i(l~2v)dom  (5) 

where  E,  v  Young's  modulus,  Poisson's  respectively, 

2G  =  E/(l+v) 

em  =  (er+e8+ez)/-^  »  ci'  =  ei  ~  em  » 

°ra  “  ( o  r^° 0^"°  1  ^  -  °1  ~  > 

o  =  ( 1//2) !  (or-oy)2  +  (o0-oz)2  +  (oz-or)2] J/2  >  oQ  ,  (6) 

and  o()  is  the  yield  stress  in  simple  tension  or  compression.  For  a 
strain-hardening  material,  H '  is  the  slope  of  the  effective  stress/plastic 
strain  curve 


o  =  H ( / dep) 


(7) 
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For  an  ideally-plastic  material  ( H '  ■  0),  the  quantity  ( 3/ 2) do / (a H' )  is 
replaced  by  dX  ,  a  positive  factor  of  proportionality.  When  o  <  o0  or  do 
0,  the  state  of  stress  is  elastic  and  the  second  term  in  equation  (4)  dis¬ 
appears.  Following  Yamada  et  al  [6],  equations  (4)  and  (5)  can  be  rewrit¬ 
ten  in  an  incremental  form 

do  ^  “  d^jdej  for  l,  j  -  r,0,z 


di.j/2G  =  v/(l-2v)  4-  6tJ  -  Oi'oj'/S  , 


where 


2  1 

S  -  -  (1  +  -  H'/G)o2  ,  H’/E  -  a/ ( 1 ~a)  ,  (8) 

3  3 

aE  is  the  slope  of  the  effective  stress-strain  curve,  and  i  jj  is  the 
Kronecker  delta. 

This  form  was  used  in  the  finite-element  formulation  for  solving 
elastic-plastic  thick-walled  tube  problems  [7].  In  the  following  section, 
the  incremental  stress-straLn  matrix  will  be  used  in  the  finite  difference 
formulation. 

111.  FINITE-DIFFERENCE  FORMULATION.  Consider  an  open-end  or  closed- 
end  thick-walled  cylinder  of  inner  radius  a  and  external  radius  b.  The 
tube  Is  subjected  to  inner  pressure  p,  external  pressure  q,  and  end  force 
f.  The  elastic  solution  for  this  problem  Is  well-known  and  the  pressure 
p*,  q*,  or  f*  required  to  cause  initial  yielding  can  be  determined  by 
using  the  Mlses'  yield  criterion.  For  loading  beyond  the  elastic  limit, 
an  incremental  approach  of  the  finite-difference  formulation  Is  used.  The 
analysis  starts  with  the  applied  pressure  p,  q,  or  f  and  the  loading  path 
is  divided  into  rn  Increments  with 


( p-p* )/m 


( q-q* )/m 


The  cross  section  of  the  tube  is  divided  Into  n  rings  with 


rl=a, r- 


» ,  *  •  •  » £na- 1  -b 


where  p  is  the  radius  of  the  elastic-plastic,  interface.  At  the  .beginning 
of  each  Increment  of  Loading,  the  distribution  of  displacements,  strains 
and  stresses  is  assumed  to  be  known  and  we  want  to  determine  4u,  4»‘r,  V  , 
Ac  2,  Aor,  A  Of)  ,  \'z  at  il!  grid  points.  Since  the  incremental  stresses  tre 
related  to  the  increment  i strains  hv  the  Increment  il  form  (E.|.  (rt))  and 
An  *  rAe.j ,  there  ext  il  s  .  1 1  /  three  unknowns  it  each  station  th  it  have  ti 
be  determined  for  eico  l-  -cement  of  loading.  Account  ing  for  the  fact  th i! 
the  axial  strain  c ,  i  .  Independent  of  r,  the  unknown  variables  In  the 
p  resent  forma  1  1 1  Ion  ire  t  *.  t. .. )  i ,  ( A>  r )  j  ,  for  l  *  1  , 2  , . .  .  n ,  n+-l  ,  ind  A  e  , . 


The  equation  of  equilibrium  (1)  and  the  equation  of  compatibility  (i.i 
ire  valid  for  both  the  elastic  and  the  plastic  regions  ox  a  thick-wailed 

tube.  The  finite-difference  forms  ox  these  two  equations  at  i  =  1 . n 

are  given  in  [4]  by 

(ri+r-ri)(Aar)i  ~  (ri+l"riHAoe>i  +  ri(Aorh+l 

=  (ri+l-ri)(Jy-0r^i  ■  ri^°r)i-rl  "  (°r>  i  1  (12^ 

for  the  equation  of  equilibrium,  and 

(  r  i+1 -2r  i  >  ( At-c)  ^  i  -  (ri+l'ri)(it-r>i  +  ri^£y)i+l 

=  (ri+l'ri)(‘:r'c^i  '  r  i  I  (  c  -j  )  i-i- "  (  £  6 ) 1 1  C131 

for  the  equation  of  compatibility.  Witn  the  aid  of  the  incremental 
stress-strain  relations  (Eq.  (8)),  equation  (12)  can  be  rewritten  as 

[  (ri+l-2ri)(d]2>i  b  ( -r  q+i+r  j_ )  (d22 )  i  1  ( Ae^)  i 

+  [ (r|+i-2r i )(di i ) x  +  ( -r i+i+r^ ) (do i ) i j (Aer) i 

+  rt  (d  3  a)  i+1  )  i  +  i  ’r  r  i  1  1 )  i+ 1  r  )  i+ 1 

+  [(ri+1-2ri)(di3)i  +  (-r i+i+r i ; ( do 3) i  +  r1(d1 3)1+1 ] Aez 

=  (  r  i+ 1  _r  x )  ( 0  ,j— o  r )  i  -  rqUOf)^!  -  (or)tl  .  (14) 

The  boundary  conditions  for  the  problem  are 

Aj  r(  a  ,  t )  =  -Ap  ,  acr(b,t)  =  -Aq  , 
n 

n  _  [r1(Aaz)i  +  rl  +  iUxz)  Kr^^r.^l  =  anpJAp  +  At  ,  (15) 

i  = 

where  ^  is  )  for  open-end  tubes  and  i,  for  closed-end  tubes.  Jsing  the 
incremental  relations  ( K  j .  (••))),  we  rewrite  equation  (  1  '•>)  as 

(  d  1  y )  [  ( At  , )  1  +  (  d  i_  1  )  1  (  At  r '  !  '  i  ^  j  ( )  1  As  ^  =  -ip  ,  (  1 0  ) 

(  2  1  2  )  l+l  -u  >  n+ 1  ^  ( 2 1  1  )  n+ 1  ( r )  11+  i  +  ( '*  1  3 )  a+i  ^  z  =  “-'l  »  (!') 


and 


n 

1  (ri+l-rl)i rif(d23>i(A£e)i  +  (d13)i(Aer)i]  +  ri+i [ (d23)i+i(AE.j)i+1 
i-1 

n 

+  (d13)t+1(Aer)1+1  1  j  +  l  (r  l+l~ri  )  1  rl(d  33-*  1  +  r  H-l  <  d3  3>  i+1  1 A '  z 

1-1 

-  tia^Ap  +  Af /it  .  (IB) 

Now  we  can  form  a  system  of  2rt+3  equations  for  solving  2n+3  unknowns, 
(Aeq)3,  (Aer)3,  at  1  =  1 , 2 , . . .  ,n , n+1  and  Aez.  Equations  (16),  (17),  and 
(18)  are  taken  as  the  first  and  Last  two  equations,  respectively,  and  the 
other  2n  equations  are  set  up  at  1  =  l,2,...,n  using  (13)  and  (la).  The 
final  system  is  an  unsymmetric  matrix  of  arrow  type  with  the  nonzero  terms 
appearing  in  the  last  row  3nd  column  and  others  clustered  about  the  main 
diagonal,  two  below  and  one  above. 

In  the  computer  program  which  was  developed,  the  d imens ion  less  quanti¬ 
ties  r/a,  Eer/o0,  EeQ/o0,  Eez/o0,  or/orJ,  oe/o0,  o2/ o0,  p/o0,  q/o0, 
f/(na^o0)  were  used  In  the  formulation  and  the  Gaussian  elimination  meth¬ 
od  was  used  to  solve  these  equations.  Ml  calculations  were  carried  out 
on  IBM  360/Model  44  with  double  precision  to  reduce  round-olf  errors. 

IV.  NUMERICAL  RESULTS  AND  DISCUSSIONS.  The  generalized  plane-strain 
problems  of  thick-walled  cvlinders  subjected  to  internal  pressure  p  beyond 
the  elastic  limit  were  solved.  The  elastic-perf ectlv-plast  ic  as  well  as 
strain-hardening  materials  were  considered  for  open-end  or  closed-end  con¬ 
ditions.  The  numerical  resuLt  were  based  on  the  following  parameters: 
b/a  -  2,  v  =  0.3,  a  =*  0.03,  u  -  0  or  1.  Various  values  of  n  and  n  were 
used  to  test  the  convergence  of  the  numerical  results.  The  incremental 
loadings  were  applied  until  the  fully  plastic  state  was  reached.  The  val¬ 
ue  for  p  corresponding  to  this  final  state  was  denoted  by  p**.  It  was 
found  that  the  results  of  these  values  for  all  four  eases  converge  by 
increasing  m  and/or  n.  Fur  n  =  100,  Ap/ i0  =  O.oOOs ,  wo  have  p**/o0  » 
0.7802  (u  -  0,  p  -  0  as  case  1);  0.8'Mrt  (x  ■  0,  u  -  1  us  rase  2);  O.B222 
(u  -  0.03,  p  -  0  as  ease  i);  a. Hold  ( a  -  i.03,  p  ■  1  as  case  4).  Vidl- 
Lloiml.  results  are  shown  In  Figures  I  lo  >.  FLgut"  1  shows  Lite  hole  r.id  l - 
al  displacements  is  tunc:  Ions  of  Intern ul  pressure  tor  c  ises  1,  2,  and  s . 
Figure  2  shows  the  relations  between  internal  pressure  and  e  las t  ic-plas t  ic 

boundary  for  cases  1,  2,  and  a.  rhe  etfects  of  end  conditions  and  strain 

hardening  ran  also  be  seen  in  these  two  figures.  The  distributions  of  ra¬ 
dial  and  tangent  i  al  stresses  fir  p/a  =  1 1.2,  l . l.h,  md  1.8  are 

shown  in  Figure  3  for  case  1  and  in  Figure  •*  tor  case  2.  Final iv  the  dis¬ 

tributions  of  -xia  l  stress  for  a,  t  -  i.  !,  1.4,  and  1.8  are  shown  in  Figure 
3  for  cases  1  at.  1  2.  The  effect  oi  end  conditions  and  e  las t  ic -p  las t  ic 
boundary  on  the  axial  stress  is  quite  significant. 
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The  present  approach  determines  A£2  directly  for  each  step  of  incre¬ 
mental  loadings  whereas  in  [a),  many  iterations  were  needed  because  a  val¬ 
ue  of  Aez  was  assumed.  In  addition,  the  computer  storage  needed  ir.  this 
approach  was  only  35£  of  that  in  [A],  and  much  larger  i:  can  be  used  to 
yield  better  results.  The  present  approach  is  simpler  vet  more  general 
than  the  other  finite-difference  approaches  because  botn  ideallv-plastic 
[3]  and  strain-hardening  materials  [ 4 ]  can  be  considered  in  a  unified 
manner.  Furthermore,  very  accurate  numerical  results  can  be  obtained  and 
used  to  verify  Che  accuracy  of  [7,8]  the  finite-element  programs. 
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Igure  1.  Radial  displacement  at  the  bore  as  a  function  of  internal  pressure  for  cases 
1,  2,  and  4. 


Figure  2.  Elastic-plastic  boundary  as  a  function  of  internal 
pressure  for  cases'  1,  2,  and  A. 
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QUADRATIC  AND  CUBIC  TRANSITION  ELEMENTS 
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U.S.  Army  Armament  Research  and  Development  Command 
Benet  Weapons  Laboratory,  LCWSL 
Watervliet,  NY  12189 


ABSTRACT.  Based  on  the  investigations  of  Barsoum  [1],  Henshell  and 
Shaw  [2],  quarter-point  quadratic  elements  have  been  successfully  used  as 
crack  tip  elements  in  fracture  mechanics.  This  concept  of  singular  ele¬ 
ment  was  extended  to  cubic  isoparametric  elements  [3].  Recently  it  was 
discovered  by  Lynn  and  Ingraffea  [4]  that  under  special  configuration, 
transitional  elements  improve  the  accuracy  of  stress  intensity  factor 
computations.  These  transitional  elements  are  located  in  the  immediate 
vicinity  of  the  singular  elements  with  the  raid-  ;ide  nodes  so  adjusted  as 
to  reflect  or  extrapolate  the  square  root  singularity  on  the  stresses  and 
strains  at  the  tip  of  the  crack. 

In  this  paper,  we  have  obtained  the  locations  of  mid-side  nodes  of 
these  transitional  elements  for  the  quadratic  as  well  as  cubic  elements. 
Explicit  computations  for  a  typical  element  are  symbolically  carried  out 
using  MACSYMA*[5].  These  computations  reveal  that  in  addition  to  the 
desired  square  root  singularities,  the  crack  tip  senses  a  stronger 
singularity,  i.e.,  of  order  one.  Further,  the  strength  of  this  singu¬ 
larity  cannot  be  controlled,  as  was  possible  for  the  cubic  and  quadratic 
collapsed  elements,  where,  by  tying  the  collapsed  nodes  together,  we 
could  easily  annihilate  this  strong  singularity. 

These  cubic  elements  also  have  Hibbit-type  [6]  singularities.  The 
locations  of  mid-side  nodes  for  these  singularities  have  also  been  deter¬ 
mined. 

The  cubic  transitional  elements  were  used  for  double-edge  crack  prob¬ 
lem,  and  it  was  found  that  there  was  improvement  in  accuracy  for  a  config¬ 
uration  which  consisted  only  of  singular  and  transitional  elements.  How¬ 
ever,  for  a  well-laid  out  grid,  the  improvement  was  only  marginal.  MACSYMA 
has  proved  to  be  an  indispensible  tool  for  the  present  investigation. 


*MACSYMA  is  a  large  program  for  symbolic  manipulation  at  MIT. 
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SECTION  I.  Consider  a  quadratic  quadrilatera1  isoparametric  ele¬ 


ment  , 


x  =  I  N.X, 


i=l 


.  y  -  I  Vi 

i=l  1  1 


(1) 


u  -  I  Vl  ,  V  .  I  Vl 


i=l 


1=1 


(2) 


where  N^  are  the  shape  function  of  'Serendipity'  family  [6],  and  are  given 

by. 


CORNER 

NODES 


:  N  =  I  (l-0(l-n)(-f,-n-l)  ,  etc. 

Zi 


(3) 


MID-SIDE 

NODES 


n5  -i  a-c’m-n)  ,  etc. 


Without  loss  of  generality  consider  the  sectorial  element,  together  with 
the  mapped  unit  element  in  the  transformed  plane,  shown  in  Figure  1.  For 
simplicity,  considering  the  one  dimensional  case  along  line  1-2  in  Fig¬ 
ure  1  (i.e.,  n  =  -1)  we  have  from  (1) 


x  =  \  CCS-1)  +  j  CC1+OL  +  (1-C2)6L 


(5) 


The  condition  for  the  coalescence  of  roots  of  (5)  at  x  =  0,  together  with 
the  condition  that  6L  >  1  gives 

L+2/L+1 


3L  = 


(6) 


This  is  the  result,  in  a  slightly  different  form,  obtained  by  Lynn  and 
Ingraffea  [A].  With  this  location  of  mid-side  nodes,  the  mapping  of  the 
general  element  of  Figure  1  becomes,  from  (1)  and  (2), 

x  =  i  { (n+i)  cos  a  +  (l-n)Hc(ZT-i)  +  (/l+i)}2  (7) 

8 

y  =  -  (n+l){F,(/L-l)  +  (/l+1)}2  sin  a  (8) 

8 

The  Jacobian  of  the  transformation  (1)  and  (2)  is  then  given  by 


J  =  Hx-aX>-  =  77(v'U-1)U(*/L-1)  +  (y’L+l)}3  Sin  a 

9(C.n)  16 


(9) 
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As  can  be  seen  from  (7),  (8),  and  (9)  that  the  Jacobian  has  a  third  order 
zero  while  x  and  y  have  second  zeroes  at 


i 

!: 

I 


c  - 


/l+i 

/L-l 


(10) 


Using  the  inverse  of  the  Jacobian  matrix,  the  strain  component  can  be 
written  as 


3u  1  ,_3u  d y  3u  dv. 

3x  *  J  dn  '  3n  df/ 

Substituting  the  various  derivatives  and  collecting  terms  we  get 


3u  _  _ ^1 _  +  _ _ h. _ _ 

3x  (Z(/L-l)  +  /l+1)2  (5(/l-1)  +  v'L+l) 


(12) 


where  A^,  A2,  and  Aj  are  given  in  the  Appendix. 

Comparing  (12)  with  (7)  and  (8)  it  is  seen  that  the  strain  component 
not  only  has  singularity  of  order  one  half  but  also  of  order  one.  Simi¬ 
larly  we  have 


lH  1  3u  dx  3u  dx, _ ^4 _ _ ^5 _ 

3y  “  J  3£  dn  3n  dC  “  (£(/l-1)  +  /L+1)2  (£(/L-l)  +  /L+1)  6 

where  A^ ,  A^,  A^  are  given  in  the  Appendix. 


SECTION  II. 

Consider 

now  the 

cubic,  12  node,  quadrilateral 

isoparametric  element. 

12 

12 

x  “  l 

i-1 

NiXi  * 

’  '  l  "ih 

i»l 

and  displacements 

12 

12 

u  -  l 

i-1 

NiUi  • 

v  -  l  N  V 
i-1  1  1 

where  the  shape  functions  are  given  by 


CORNER 
NODES  : 


n,  -  JL  (l-C)  (i-n)(9(C2+n2)-io}  ,  etc. 
1  32 


(16) 
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MID-SIDE 

NODES 


N2  =  ^  (1-3Q (1-C2) (1-n)  ,  etc. 


The  general  transitional  element  together  with  its  map  in  f,-r,  plane  is 
given  in  Figure  2.  For  simplicity  consider  the  one  dimensional  case 
along  line  1-2-3-4  (i.e.,  n  =  -1), 

,  C  C3(-9+27B1L-27B9L+9L)  +  5  2  (9-96,  L-9B,L+9L)  \ 

x  =  -L  \  1  /  (  (16 

16  (+  (1-27B1L+27B2L-L)  +  (-1+9B1L+9S2L-L)  J 

The  requirement  that  (18)  be  quadratic  in  t, ,  together  with  the  condi¬ 
tion  of  coalescence  of  roots  gives  the  following,  nhysically  possible 
solution  for  locations  of  mid-side  nodes  for  all  L, 


BXL  = 


L+4  v'L+4 


4L+4/L+1 


With  the  above  values  the  general  mapping  of  the  element  shown  in  Figure 
2  then  becomes 

x  =  I  ((r*+l)cos  a  -  (n-1)  X5  (>€-1 )  +  O^+l))2  (2 

8 

y  =  I  (n+l)U(/L-l)  +  (/C+l)}2  Sin  a  (1 

8 


and  the  Jacobian  of  the  transformation  becomes 


j  =  H*xy±  =  (>/l-1)  (5(^-1)  +  (Xh+l))3  sin  a  (22) 

3(5,1)  16 

These  expressions  are  the  same  as  for  quadratic  elements  (compare  eqs.  (7), 
(8),  and  (9)),  and  hence  the  Jacobian  has  third  order  zeroes  and  x,y  have 
second  order  zeroes,  at 

r  =  _  '/^+1  (23) 

/L-l 
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Following  the  procedure  outlined  before,  the  strain  components  can  be 
obtained  from  the  following. 


3u  =  _ _ B1  +  B2 _ _  +  B 

9x  a(/L-l)  +  >/L+l)2  (C(/l-1)  +  /L+1)  3 

3u _ H _  _ b5  _ 

3v  (^(v^L-l)  +  /l+1)2  (a.^-1)  +  rL+l)  6  ’ 

where  are  given  in  the  Appendix.  Similar  expression  hold  for 

derivatives  of  v.  Equation  (24)  and  (251  again  reveal  the  same  kinds  of 
singularities  as  (12)  and  (13). 

SECTION  III.  In  the  cubic  elements  there  is  an  additional  set 
of  locations  of  mid-side  nodes  which  give  Hibbit-Type  [6]  singularity. 
This  is  obtained  from  the  condition  that  all  the  three  roots  of  (18) 
coalesce.  The  location  of  nodes  is  given  by 


(24) 

(25) 


BiL  * 


and  the  transformations  become 

x  =  —  {(n+Dcos  a  -  (n-i)}{C(L1/3-i)  +  l1/3+i)3 

16 

y  =  —  {(n+l)sin  ct}U(L1/3-l)  +  L1/3+l)3 

16 

and  the  Jacobian  becomes 

j  =  ikizL  .  iliaM  a1/3-i){F.(i.1/3-i)  +  l1/3+i)5 

3(C,n)  128 

Following  the  procedure  outlined  before  it  can  be  shown  that 

3u  n _ _ _ C1 _ _ _ + _ ('2_ _ _ _ 

(C(l1/,3-d  +  l1//3+d3  (Cd.1/3-!)  +  l1//3+i)2 


(L!/3  +  2% 3 


2  r  ^  3  +  1  3 
(~ - --) 


(26) 


(27) 


(28) 


(((L1/3-l)  +  L1/3+l) 


+  C, 


(29) 
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The  above  equation  indicates  that  in  this  case  the  singularities  are  of 
order  1,  2/3,  and  1/3.  This  combination  is  of  r.o  ii  sne^  i  a  r  _•  intercut  in 
linear  fracture  in  homogeneous  media. 

SECTION  IV.  The  sample  problem  of  a  double-edge -cracked  plate 
of  [4]  is  selected  for  numerical  assessment  of  transition  elements  when 
they  are  used  with  12-node  collapsed  singular  elements.  Figure  3  is  an 
idealization  we  usually  take  for  such  a  mode  I  crack  problem.  The  dis¬ 
tance  0  between  the  crack  tip  and  the  nearest  node  in  a  collapsed  .-lement 
is  often  taken  in  the  range  of  0.5%  to  3%  of  the  crack  length  a.  Tie 
ratios  a/b  and  b/c  are  usually  in  the  range  of  2  to  10.  Stress  intensity 
factors  for  several  values  of  P>  b/c,  and  a/b  with  and  without  the  use  of 
transition  elements  are  tabulated  in  Table  I.  Comparing  to  the  reference 
value,  Kj  =  o/rraF  (a/2a) ,  where  F(l/2)  =  1.184  [7],  the  percentage  errors 
<4%  are  also  shown  in  the  table.  The  result  with  the  use  of  transition 
elements  is  better  only  when  a  very  large  ratio  of  b/c  (=20)  is  used. 


TABLE  I.  STRESS  INTENSITY  FACTOR  AND  PERCENTAGE  ERROR  FOR  A  DOUBLE-EDGE- 


CRACKED  PLATE  USING  12-NODE  COLLAPSED  SINGULAR  ELEMENTS  WITH 
AND  WITHOUT  TRANSITION  ELEMENTS.  FINITE  ELEMENT  IDEALISATION 
OF  FIGURE  3. 


b/c 

a/b 

Without  Transition 
Elements 

SIF  £% 

With  Transition 

F.l  ement  s 

SIF 

0.005 

4 

10 

2.8808 

2.31 

2.8736  2.06 

10 

4 

2.8376 

0.78 

2.7831  -1.16 

20 

2 

2.9863 

6.06 

2.7851  -1 .09 

0.01 

4 

5 

2.7986 

-0.61 

2.7926  -0.S2 

10 

2 

2.8334 

0.63 

2.7813  - 1  .  i 2 

TABLE  II. 

STRESS  INTENSITY  FACTOR  AND  PERCENT AG 
CRACKED  PLATE  USING  12-NODE  COLLAPSED 
AND  WITHOUT  TRANSITION  ELEMENTS.  FIN 
OF  FIGURE  4. 

E  ERROR  FOR  A  DOUBLE-EDGE- 
SINGULAR  ELEMENTS  WITH 
1TE  ELEMENT  IDEALIZATION 

Without  Transition 

With  Transition 

Elements 

El ement n 

p 

a/c 

SIF  A% 

SIF  A 1, 

0.005 

40 

3.325  18.09 

2.7658  -1.77 

0.01 

20 

2.963  5.23 

2.7654  -1 . 7  c 

0.02 

10 

2.8115  -  0.18 

2.7650  -l.fif 

0.04 

5 

2.7632  -  1.86 

2.655  -5.71 
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Another  idealization.  Figure  4,  similar  to  the  one  used  by  Lynn  and 
Ingraffea  [4]  is  used  to  recompute  stress  intensity  factors  for  various 
values  of  a/c  to  see  whether  the  transition  elements  in  cubic  isoparamet¬ 
ric  elements  can  give  as  good  improvement  in  accuracy  as  reported  in  [4) 
in  the  quadratic  isoparametric  case.  These  results  are  tabulated  in 
Table  H.  It  shows  again  the  result  obtained  from  the  use  of  transition 
elements  is  better  only  when  a  very  large  ratio  of  a/c  is  used. 

In  this  paper  the  stress  intensity  factors  are  calculated  from  the 
normal  component  of  displacement  of  the  node  on  the  crack  surface  and 
nearest  to  the  crack  tip.  It  usually  gives  better  results  than  the  aver¬ 
age  value  computed  from  nodal  displacements  along  the  rays  from  the  crack 
tip  at  various  angles  (8]. 

For  elastic  crack  problems,  the  correct  order  of  singularity  at  the 
crack  tip  is  taken  care  by  the  collapsed  singular  elements.  The  use  of 
transition  elements  does  not  practically  improve  the  accuracy. 

CONCLUSIONS .  In  this  paper  we  have  been  able  to  obtain  explicit 
expressions  for  singularities  the  crack  tip  senses  from  a  transitional 
element.  The  application  of  these  elements  for  a  few  practical  problems 
of  fracture  mechanics  as  well  as  stress  concentration  factors  has  been 
partially  successful.  It  is  believed  that  this  is  due  to  the  fact  that 
the  crack  tip  senses  not  only  the  square  root  singularity  but  also  a 
stronger  singularity.  The  strength  of  this  singularity  cannot  be  con¬ 
trolled  as  was  possible  for  collapsed  singular  elements,  where  the  strong 
singularity  was  essentially  eliminated  by  tying  the  nodes  together. 
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APPENDIX 


In  this  appendix  we  give  the  explicit  expressions  for  the  coefficients 
of  the  various  terms  in  the  strain  components  given  in  the  text. 

R  = 

=  {4n(R-l)[Ruft-ufi]  +  4R[u_-u-] 

1  (R-l) 2  86  75 

+  (2nR+R-2rH-l)  [u2-Ru4]  +  (2nR-R-2n-l)  [u^Ru^  } 

A - i — -  {2(3n2+4n+l)(R-l)(ua-u,)  +  4(n+l)(R+l)u7 

2  2(R-1) 2  86  7 

-  4(n+3)(R+i)u5  +  (R(3n2+7n+4)  -  3n(n+D)u4 

+  (3Rn(n+i)  -  (3n2+7rr+4))u3  +  (R(3n2+5n+4)  -  (3n2+ri-8))u2 

-  (R(3n2+n-8)  -  (3n2+5TT+4))Ul} 

2 

A3  =  -  7^7  <2u5-u2-u1) 

a.  =  -  2-(-(r^1-^-c-0-s-  a-  ~  -Cn-.Ul  {4Rn(R-i)uR  +  4R(u  -u.)  -  4n(R-i)u, 

4  (R-l) 2  sin  a  8  7  5  6 

*■  (R(2rr+1)  -  (2n-D  (Ru4-u2)  +  (R(2ry-1)  -  (2n+D)(u3-RUl)} 

A,  -  - - -  {2(R-1) [cos  a(3n2+4n+l)  -  (3nz-4n+l) ] (u„-u, ) 

5  2 (R-l) 2sin  a  86 

+  4(R+l)(cos  a(n+l)  -  (d-3))u2  -  4(R+l)(cos  a(n+3)  -  (n~l))u5 

-  (cos  a[R(3n2+7n+4)  -  3n(n+D]  -  [R(3n2-n-8)  -  (3n2-3n+4)  ])u4 
+  (cos  a[3Rn(rrt-l)  -  (3n2+7n+4)]  -  [R(3n2-5n+4)  -  (3r,2-n-8)  ])u3 
+  (cos  a[R(3n2+5ri+4)  -  (3n2+n-8)]  +  [-3Rn(n_D  +  (3n2-7n+4)])u2 

-  (cos  a[R(3D2+n~8)  -  (3r)2+5n+4)  ]  +  [-R(3r)2-7n+4)  +  3n(n-l) 1 )uj } 

2 

A,  - - — - - —  {cos  a(-2uc+Uo+u1 )  +  (2u7-u,-u7) } 

6  (R-l) 2sin  a  521  743 
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+  9R(2R+1) (u9-u2)  +  9R(R+2)(u3-ug) 

+-  (R-l)2(9n2-2n-3)(u  -Ru,  )  -  -  (R-l)2(9n?+2n-3) (u  -Ru  ) 

4  5  12  4  D  IX 

+  1  [R2(27n2+18n-D  -  R(54n2+36n-38)  +  27n2+18n-l](u7-Ru10)} 

- - —  {-  —  [R2(45n3+27n2-n+105)  -  R(90n3+54n2-146n-222) 

(R-l) 3  16 

+  45n3+27n2-37n-3]u1  +|  (2R2+6R+1) [(n+3)u2  -  (n+l)u9] 

-  %  (R2+6R+2) l(n+3)u  -  (n+l)u .]  + 

4  Jo 

+  JL  [R2 (45n3+27n2-37n-3)  -  R(90n3+54n2-146n-222)  + 

16 


+  45r)3+27n2-n+105]u4 


16 


(R-D2(n+i)[(i5n2-7)u5  +  (I5n2+6n-5)ul:i] 


+  ~  (R-i)2(nfi)[(i5n2+6n-5)u,  +  (I5n2-7)u  ] 

16  0  12 

-  —  (n+l) (R2(45n2+36n-l)  -  2R(45n2+36n-37)  +  45n2+36n+35]u7 
16 

+  [R2(45n2+36n+35)  -  2R(45n2+36r,-37)  +  45n2+36  -l]u10> 

16 

~  - - -  {(2R+l)u,  *  (5R+4)u?  +  (4R+5)u3  -  (R+2)u4) 

2  (R-l)3  1  * 


{(rrH)coa  a  -  JL+Jl  {*.  [r2  (27n2-18n-l)  -  R(54n2-36n-38)  + 
sin  a (R-l) 3 

+  27n2-18n-l](-RUj-HJ4)  +  9R(2R+1) (Uj-Ug)  + 

+  9R(R+2) (-u3+u8)  +|  (R-l)2(9n2-2n-3)(-u5+Ru12) 

+  |  (R-l)2(9n2+2n-3)(ut-Ru  )  + 

4  oil 

+  1  {R2(27n2+18n-l)  -  R(54n2+36n-38)  +  27n2+18n-l) (-u?+Ru10)) 


Be  ■* - — - -  [R2(45n3(cos  a-1)  +  27ri2  (cos  a+3)  -  n(cos  a+71) 

5  sin  a(R-l) 3  16 

+  35(3  cos  a+1))  +  R(90r)3(-cos  a+1)  -  54r)2(cos  a+3)  + 

+  2n(73  cos  a-1)  +  74(3  cos  a+1))  +  45n3(cos  a-1)  + 

+  27p2(cos  a+3)  -  n(37  cosa  +35)  -  3  cos  a-l]uj 

-  |  ((n+3)cos  a-n+1) [(2R2+6R+l)u2  -  (R2+6R+2)u3] 

-  —  [R2(45n3(cos  a-1)  +  27p2(cos  a+3)  -  p(37  cos  a-35) 

16 

-  (3  cos  a+1))  +  R(90ri3(-cos  a+1)  -  54n2  (cos  a+3) 

+  2r)(73  cos  a-1)  +  74(3  cos  a+1))  +  45p3(cos  a-1)  + 

+  27p2(cos  a+3)  -  p(cos  a+71)  +  35(3  cos  a+l)]u. 

A 

+  —  (R-l) 2 (15p3 (cos  a-1)  +  3n2(5  cos  a+7)  -  p(7  cos  a+1) 

16 

-  7  cos  a-5)u,  -  —  (15p3(cos  a-1)  +  3p2  (7  cos  a+5) 

3  16 

+  n(cos  a+7)  -  5  cos  a-7)(R-l)2Ug  + 

+  ^  [R2 (A5p3 (cos  a-1)  +  27p2(3  cos  a+1)  +  n(35  cos  a+37) 

-  (cos  a+3))  +  R(90p3(-cos  a+1)  -  54p2(3  cos  a+1) 

+  2p(cos  a-73)  +  74(cos  a+3))  +  45p3(cos  a-1)  + 

+  27r)2  (3  cos  a+1)  +  p(71  cos  a+1)  +  35(cos  a+3)]u^ 

+|  ((n+l)cos  a-n+3) [-(R2+6R+2)u8  +  (2R2+6R+l)ug]  - 

- —  [R2 (45p3 (cos  a-1)  +  27pz(3  cos  a+1)  +  (71  cos  a+1)  + 

16 

+  35(cos  a+3))+  R(90r|3(-cos  a+1)  -  54p2(3  cos  a+1) 

+  2ri(cos  a-73)  +  74(cos  a+3))  +  A5p3(cos  a-1)  + 

+  27p2(3  cos  a+1)  +  n(35  cos  a+37)  -  (cos  a+3)]u^Q  + 

+  ~rr  (R-l) 2 [15p3 (cos  a-1)  +  3p2(7  cos  a+5)  +  p(cos  a+7) 
lo 

-  (5  cos  a+7)]u^  - 

— —  (R-l) 2 (15n3 (cos  a-1)  +  3n2(5  cos  a+7)  -  p(7  cos  a+1) 

16 

-  (7  cos  a+5) ]ui2 

9 

Be  =  -  -  ——7  { (2R+1)  [-cos  au.  +  u.n]  +  (5R+4)[cos  au,  -  uQ) 

0  2  sin  a(R-l)  1  lu  1  'i 

-  (4R+5)(cos  auj  -  Ug)  +  (R+2)[cos  au^  -  u^]} 
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PERTURBATION  AND  BIFURCATION 
IN  A  FREE  BOUNDARY  PROBLEM 
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Roger  K.  Alexander  and  Bernard  A.  Fleishman 

Department  of  Mathematical  Sciences 
Rensselaer  Polytechnic  Institute 
Troy,  New  York  12181 


Abstract.  We  study  the  equation  with  a  discontinuous  non¬ 
linearity: 


-Au  =  AH(u-l) 

(H  is  Heaviside's  unit  function)  in  plane  domains  with  various 
boundary  conditions.  We  expect  to  find  a  curve  dividing  the 
harmonic  (Au  =  0)  region  from  the  superharmonic  (Au  =  -A)  region, 
defined  by  the  equation 


u(x,y)  =  1. 

This  curve  is  called  the  free  boundary  since  its  location  is 
determined  by  the  solution  to  the  problem. 

We  use  the  implicit  function  theorem  to  study  the  effect 
of  perturbation  of  the  boundary  conditions  on  known  families  of 
solutions.  This  justifies  rigorously  a  formal  scheme  derived 
previously.  Our  method  also  discovers  bifurcations  from  prev¬ 
iously  known  solution  families.  Finally,  numerical  methods  for 
this  problem  are  discussed. 


1.  Introduction  Let  0.  be  the  unit  square  ((x,y)|0  <  x,y  1) 
in  the  x,y-plane,  Tq  its  left  edge  {(0,y)|0  <  y  £  1  and  =  S:!\rQ 

the  rest  of  the  boundary.  Let  H  denote  the  Heaviside  unit  function 


H  { t ) 


0  t  <  0, 
1  t  >  0. 
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Fleishman  and  Mahar  [FM]  have  posed  a  boundary  value  problem 
with  discontinuous  nonlinearity  almost  equivalent  to  the 
following : 


AH(u-l)  in  Q, 
=  h(y) 

0 


where  A  is  a  real  parameter,  and  h  is  a  given  function.  (When 
in  the  second  equation  h(y)  is  replaced  by  Ah (y) ,  problem  (1) 
is  equivalent  to  that  in  [FM] ;  see  the  remarks  in  Section  3 
following  the  proof  of  Proposition  2.) 

Equations  resembling  the  PDE  in  (1)  have  been  proposed  for 
models  in  plasma  physics  and  thermal  conduction  problems  [K] . 
Further  references  to  work  on  differential  equations  with  dis¬ 
continuous  nonlinearities  may  be  found  in  [Ch] . 

Our  problem  is  a  free  boundary  problem:  a  typical  solu¬ 
tion  u  may  be  expected  to  define  by  the  equation  u(x,y)  =  1  a 
curve  (across  which  u  and  its  first  derivatives  are  continuous) 
which  separates  the  region  where  u  <  1  (and  Au  =  0)  from  the 
region  where  u  >  1  (and  Au  =  -A) .  The  location  of  this  separa¬ 
ting  curve,  however,  is  not  known  beforehand;  it  is  determined 
by  the  solution  itself. 

In  the  next  section  we  shall  specify  precisely  what  we  mean 
by  a  solution  of  (1).  For  the  moment,  we  proceed  informally. 

To  begin,  we  specialize  to  the  boundary  condition  h  -  0,  and 
record  the  results  of  [FM]  ,  which  motivated  the  present,  work. 

The  problem  (1)  with  h  =  0  is  called  the  reduced  problem. 

It  always  has  the  trivial  solution  u  =  0.  When  A  >_  4  positive 
solutions  appear  which  depend  on  x  only:  for  Xq  a  solution  of 
the  quadratic  equation 


I 


+  11  /  _1 

(that  is  Xg  =  x^(X)  =  j  ±  2-v1-4X  )  we  have  either  one  (X  =  4) 

or  two  (X  >4)  solutions  of  the  form 

X (l-xQ) x,  0  £  x  <  xQ 

- 

12  2 

X  [x-^-(x  +*q)]  xQ  <  x  <_  1, 

Figure  1.  Note  that  Up(x)  >  u*(x) 
resp.  Uq)  corresponds  to  points  on  the 
h  of  the  X,u-curve  in  Figure  2. 

The  line  x  =  xQ  is  the  free  boundary  where  uQ  =  1.  The 

solution  and  its  gradient  are  continuous  in  the  whole  square, 
and  the  differential  equation  is  satisfied  in  the  classical 

sense  in  the  regions  where  u.  <  1  or  u  >1.  It  is  not  asserted 

0  0 

that  these  are  the  only  solutions. 

We  turn  now  to  problem  (1)  with  h (y)  ^  0,  which  will  be 
called  the  perturbed  problem.  In  this  case  no  closed-form 
solution  is  known .  Under  the  assumption  that  solutions  exist, 
a  formal  scheme  was  developed  in  [FM]  to  calculate  first-order 
approximations  to  the  solution  (and  associated  free  boundary) 

close  to  a  given  reduced  solution  Up.  The  questions  of  exist¬ 
ence  of  the  solution,  and  the  range  of  validity  of  the  pertur¬ 
bation  scheme,  were  left  open. 

In  attempting  to  answer  these  questions,  we  have  establish¬ 
ed  the  following  theorem,  to  the  proof  of  which  the  remainder  of 
this  paper  is  devoted. 


(2) 


Up  ( x)  =  Up  ( x)  = 


whose  graphs  are  shown  in 
for  0  <  x  £  1.  Thus  Up  (: 
upper  (resp.  lower)  brand 
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THEOREM  1: 


1 


For  X  >  4,  consider  the  solution  of  the  reduced 

problem  (1)  corresponding  to  Xq  =  xQ(X),  that  is,  on  the  "upper 

branch"  of  the  curve  in  Figure  2.  For  all  boundary  data  h(y) 
sufficiently  close  to  zero  in  an  appropriate  function  space, 
there  is  a  unique  solution  u  of  ( X )  which  depends  continuously 
on  h;  this  solution  determines  through  the  equation  u(x,y)  =  1 
a  unique  curve  whose  equation  may  be  written  x  =  x^  +  b(y)  . 

The  perturbation  b(y)  of  the  free  boundary  depends  continuously 
(Fr^chet-)  dif ferent iably  on  the  function  and  is  given  to 
first  order  by  the  perturbation  scheme  of  [FM] . 

For  the  "lower  branch'1  x^  =  x+(X)  ,  all  of  the  above  assertions 

hold ,  provided  that  x^  does  not  belong  to  a  certain  sequence  of 

exceptional  values  having  x^  =  1  as  their  only  limit  point.  For 

each  n  =  1,2,...  there  is  an  exeptional  value  of  xQ,  xn,  at  which 

the  reduced  problem  has  a  bifurcation:  there  are  solutions  of  the 
reduced  problem  having  free  boundaries  of  the  form  x  =  + 

a  cos  mry  +  o(a)  for  all  a  in  some  neighborhood  of  zero. 

In  the  next  section  we  specify  the  class  of  admissible  boundary 
values  h(y);  Section  3  gives  the  sequence  of  exceptional  values  of 
xQ  for  which  bifurcation  occurs  in  the  lower  branch  of  solutions  of 

the  reduced  problem. 

The  theorem  asserts  that,  aside  from  the  bifurcations,  which 
surprised  us,  the  perturbed  problem  has  solutions  which  may  be 
approximated  by  the  scheme  proposed  in  {FMj .  In  a  way,  the  asser¬ 
tion  is  actually  stronger:  the  admissible  boundary  value  functions 
h(y)  have  uniformly  convergent  Fourier  cosine  series,  and  it  will 
follow  from  the  proof  of  the  theorem  that  the  perturbation  of  the 
free  boundary  may  be  computed  (to  first  order)  term  by  term. 

Note  that  continuously  differentiable  dependence  on  h  is  estab¬ 
lished  for  the  free  boundary,  not  for  the  solution  u.  This  is 
because  our  method  of  proof  is  to  reformulate  problem  (1)  as  a  non¬ 
linear  integral  equation  for  b(y),  the  perturbation  of  the  free 
boundary.  While  using  the  Green's  function  (see  Section  2)  to 
transform  (1)  into  an  integral  equation  for  u  leads  formally  to  the 
same  results,  we  have  not  been  able  to  establish  the  estimates  need¬ 
ed  for  a  proof  by  this  route. 

In  Section  2  of  this  paper  we  formulate  a  nonlinear  integral 
equation  for  b(y)  and  prove  that  by  solving  it  we  can  solve  problem 
(1).  In  Section  3  we  use  the  implicit  function  theorem  to  solve 
our  nonlinear  integral  equation,  and  show  that  bifurcation  occurs 
when  the  implicit  function  theorem  fails.  To  apply  the  implicit 


function  theorem  we  need  to  know  that  certain  linearized  expressions 
are  Fr^chet  derivatives;  the  justifying  estimates  are  provided  in 
Section  4.  Section  5  concludes  with  a  discussion  of  current  work 
on  numerical  methods  for  this  problem,  other  geometries,  and  open 
questions. 

2.  Reformulation  of  Problem  (1)  as  a  Nonlinear  Integral  Equa¬ 
tion.  For  reasons  that  will  emerge  below,  we  restrict  our  attention 

to  boundary  data  h  in  C1,ct([0,l])  which  satisfy  h'{0)  =  h'(l)  =  0. 

By  a  solution  u  of  problem  (1) ,  for  such  an  h,  we  mean  a  function 

ut  C1(Jl)nc2(n\{(x,y)|u(x,y)=l}). 

satisfying  the  boundary  conditions  in  (1) .  (If  one  is  content  with 
a  less  regular  solution,  a  milder  assumption  can  be  made  on  the  data, 
e.g.,  that  h  be  merely  continuous.) 

Let  us  suppose  now  that  u  is  a  solution  of  (1)  but  we  have  for¬ 
gotten  everything  about  u  except  the  location  of  the  free  boundary. 

We  ought  to  be  able  to  recover  u  by  replacing  the  Heaviside  function 
in  (1)  by  X  times  the  characteristic  function  of  the  region  to  the 
right  of  the  free  boundary,  then  solving  the  resulting  linear  Poisson 
problem.  With  a  few  technical  assumptions  this  idea  works,  as  we 
show  presently. 

It  also  suggests  an  appropriate  space  for  the  boundary  data  h. 
The  source  term  in  the  Poisson  equation  belongs  to  every  LP  space, 

so  we  choose  any  p  >  2  and  seek  a  solution  in  W  '^(ft)  .  Such  a 

2_1 

function  has  a  trace  on  the  left  boundary  FQ  which  is  in  W  p'mFq) 
(see  [A]),  so  we  require  that  h  belong  to  this  space. 

To  show  that  h  is  continuously  differentiable,  let 


The  norm  of  h  (see  [A]) is 


Hence  W  p'^*  c 


P 

'i,P,r( 


+  f1  f 1  IhMxj-hJJy) 

0  0  i  x-y  |  ■L+0P 


dx  dy 


1/P 


<  . 


W'"'*',  and  it  may  be  shown  that  h  is  absolutely  con¬ 


tinuous.  Since  1  +  op  =  p  the  integrand  in  the  double  integral  is 
| (h ’ (x) -h ’ (y) ) / (x-y) | ^ ,  and  a  result  of  A.  Garsia  [Ga]  shows  that 


V 


h'  satisfies  a  uniform  Holder  condition  with  exponent  1  -  2/p. 

The  only  difficulty  in  solving  the  Poisson  problem  to  recover 

ucW2,P  is  that  singularities  can  appear  in  its  derivatives  at  the 
corner  of  the  square  unless  certain  conditions  are  satisfied  by 
the  data.  The  method  of  [M]  may  be  used  to  show  that  the  compati¬ 
bility  condition  in  this  case  is 

h* (0)  =  h*  (1)  =  0, 

which  makes  sense  because  h'  satisfies  a  uniform  Holder  condition. 

Finally,  we  do  not  want  to  "pull  the  free  boundary  around  the 
corner",  so  we  suppose  that  h  <  1.  We  can  now  state  conditions 
under  which  a  solution  of  (1)  can  be  recovered  from  knowledge  of 
the  free  boundary  only. 

Let 

,  1  _ 

A  =  (h  (  W  p,p(r0)  | h  <  1  and  h' (0)  -  h' (1)  =  0} , 


(3) 


B  =  {  (X  ,b)  <"  3R  *  C  (0,1)  |  X  >  4  and  0  <  xQ  +  b (y)  <1 
for  0  <  y  <_  1} , 

where  xQ  may  be  either  x*(X)  or  x^(X)  but  fixed. 
PROPOSITION  1:  For  h  (  A  and  (X,b) c  B  the  problem 


(4) 


-Au  =  XX 


{  (x,y)  1  x  >  xQ  +  b  (y)  } 


u  I  r  =  h  — I 

0  '  3n  ‘ 


'1 


=  0 


has  a  unique  solution  u  (  W2,p(fi)Cc^'a(ft),  a  =  1 
over,  if_  h  and  b  are  small  enough  and 


(see  [A]).  More- 


u  (Xg+b  (y)  ,  y)  =  1 
then  u  is  a  solution  of  (1)  and  actually  b  (  C 


1,01 
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PROOF:  The  existence,  uniqueness  and  regularity  of  the  solution 

of  (4)  follow  from  the  conditions  on  the  data,  by  the  theory  of 
the  Poisson  equation  in  a  rectangle  (see  [Gr,  M] ) .  Thus  we  have 
only  to  show  that  if  u  =  1  on  the  putative  free  boundary,  then  u 

is  actually  a  solution  of  (1)  and  b  t  C^,ct. 

Suppose  u(Xp+b(y),  y)  =  1.  To  establish  u  as  a  solution  of 
the  free  boundary  problem  (1) ,  it  is  enough  to  show  that 

x  <  Xq  +  b(y)  (resp.  x  >  x^  +  b(y))  implies  u  <  1  (resp.  u  >  1) . 

First  consider  the  region  x  <  Xq  +  b(y)  to  the  left  of  the  curve. 

Since  u  is  a  harmonic  function  there,  its  maximum  must  occur  on 
the  boundary;  it  cannot  occur  in  the  interior  because  u  is  not 
identically  constant.  (Recall  that  u(0,y)  =h(y)<  1,  u  (xQ  +  b(y  ),y)  =  10 

Obviously  the  maximum  does  not  occur  on  the  left  edge  of  the  square, 
nor  on  the  top  (y=l)  or  bottom  (y=0) ,  because  9u/Dn  =  0  there; 
hence  the  maximum  is  1  and  is  taken  on  only  at  the  free  boundary. 

We  use  a  similar  argument  for  the  part  of  the  square  lying  to 
the  right  of  the  curve  x  =  xQ  +  b(y);  there  u  is  a  superharmonic 

function,  and  it  may  be  seen  that  its  minimum  occurs  only  on  the 
free  boundary  curve.  The  previous  argument  applies  except  at  the 
corners  (1,0)  and  (1,1).  For  these  points  we  note  that  if  h  and  b 

are  small  enough,  u  will  be  close  in  W2'^  (hence  in  C^'a)  to  the 
solution  of  the  problem  (4)  with  h  ?  0  and  b  =  0,  and  it  follows 
that  u(l,0)  >  1,  u(l,l)  >  1. 

Finally,  the  solution  of  the  reduced  problem  has  3u/3x  bounded 
away  from  0  near  the  free  boundary.  Hence  if  h  and  b  are  small 
enough,  the  solution  of  (4)  has  the  same  property.  Since  b  satis¬ 
fies  u(xn+b(y),y)  =  1,  it  follows  from  the  classical  implicit 

u  la 

function  theorem  that  b  <.  C  '  . 

Let  us  pursue  further  the  observation  with  which  we  began  this 
section.  Given  hf  A  and  A  >  4,  Proposition  1  shows  that  a  solution 
of  (1)  may  be  obtained  by  finding  b  f  C(0,1)  such  that  (X,b)  f  B  and 
the  solution  u  of  (4)  satisfies 

u(xQ+b(y),y)  =1,  0  <  y  <  1. 

We  now  use  Green's  representation  formula  for  u  to  obtain  a  nonlinear 
integral  equation  for  the  free  boundary  b. 
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To  obtain  the  Green's  function,  we  note  first  that  the  linear 
problem 


Au  =  Xu  in  fi , 

iSIr, 


0, 


has  eigenvalues 


X  =  -7i2[(m+^-)2  +  n2],  m,n  >  0, 
mn  1  — 


with  corresponding  eigenfunctions 


mn 


2**  sin  (m+^-)TTx, 


m  >  0 ,  n  =  0 , 


2  sin  (m+^)7ix  cos  n7iy,  m  >_  0,  n  >  1. 


The  Green's  function  for  the  Laplacian  with  these  boundary 
conditions  is  given  by  the  bilinear  formula 


G(x,y,£  ,n)  = - 5- 

ir  m=0 


(5) 


00  sin  (m+i-)  ttx  sin  (m+y)  71C 
Z  - i  jL 


.  1 .  2 
{m+2) 


00  X  1 

sin(m+j)iTx  cos  niry  sin  (m+j)  cos  mrn 


7r  m>0 
n>l 


12  2 
(m+i-)^  +  n 


Now  we  write  the  solution  of  (4)  with  the  aid  of  Green's  representa¬ 
tion  formula 


u (x,y)  =  /  (u  ^  -  G  T^)ds  +  /  G  Au  dC  dn , 

an  3n  3n  f. 


where  n  is  the  outward  unit  normal.  Since  3/3n  =  -  3/3?  on  the  left 
boundary  of  the  square  and  Au  =  0  to  the  left  of  t,  -  x^  +  b(n)  , 

the  solution  of  problem  (4)  may  be  written 


(6) 


u(x,y)  = 


so  that  our  constraint  on 
takes  the  form 


-  /1Gr (x,y,0,n)h(n)dn 

0  ** 

-X  /1/1G(x,y,^,n)d^  dn , 

0  xQ+b(n) 

the  free  boundary,  u (x^+b (y) ,y) -1 


0, 
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W 


1 


0, 


1  11 
-/  G  (xn+b(y)  ,  y ,  0 ,  n )  h  (n )  dn  -  A  /  /  G  (xn+h  ( y )  ,  y ,  f, ,  n )  d£  dn  - 

0  0  x0+b(n) 

(7)  0  <  y  <  1. 

If  b(y)  is  a  solution  of  this  nonlinear  integral  equation  then  x  =  >^+b(y) 

is  a  free  boundary  for  a  solution  of  (1).  In  the  next  section  we 
use  the  implicit  function  theorem  to  solve  this  equation  for  b(y). 

3.  Solutions  of  the  Equation  for  the  Free  Boundary.  Denote 
the  left  side  of  TT)  by  F  (h,  A  f b)  .  We  regard  F  as  an  operator  from 
Ax B ,  defined  in  (3),  into  C(0,1),  and  we  seek  solutions  b(y)  of 
the  operator  equation 

(7) '  F (h , A  ,  b)  =  0, 

for  each  A,  in  the  neighborhood  of  the  known  solution  b(y)  0  of 

F  ( 0  ,A ,b)  -  0  ,  A  >  4. 


The  results  are  described  in  the  following  theorem,  from  which 
Theorem  1  follows  immediately. 


THEOREM  2.  For  A  >  4,  let  xQ  =  xQ  ( A)  be  the  free  boundary  for  the 

"upper  solution"  of  the  reduced  problem .  Then  there  is  an  open 
neighborhood  U  of  (0,A)  in  AxlR  and  a  Unique  continuously  differen - 
tiable  mapping  g  :  U  -*■  C  ( 0 , 1 )  such  that  g(0,\)  0  and  F(h,X,g(h,\T )  =  0 

for  (h , X )  <  U.  The  partial  derivative  D ^  g  matches  the  expression  given 

by  the  perturbation  scheme  of  1FM) . 


I_f  xQ  =  Xg(A)  ,  the  free  boundary  for  the  " 
all  the  above  results  hold  provided  Xg  i s  not  a 
the  equations 

^  sinh  nitXg  cosh  nn(l-Xg) 

(8.n)  1  Xg  -  n7t  cosh  nr 


lower  solution", 
solution  of  one 


1  . 


then 

of 


Each  of  the  equations  (8.n)  has  a  unique  solution  Xg  in  the 
open  interval  , 1 )  .  The  solutions  to  these  equations  form  a  mono¬ 
tone  sequence  tending  to  1,  and  at  each  such  point  xQ  a  bifurcat ion 
occurs. 

To  be  specific,  fix  n>  1  and  let  xQ  be  the  solution  of  equa¬ 
tion  ( 8 . n)  in  (4. D .  Let  An  -  1/Xg(l-Xg) ,  and  let  Z  be  any  complement 
of  the  linear  span  of  cos  mry  i_n  C(0,1).  Then  we  find 
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i)  an  interval  I 


(-6,  +  6) , 


ii)  continuous  functions  <p :  I  ■*  IR  and  :  I  Z  with 

4>  (0)  =  X  ;  ij  (0)  =  0,  and 
n 

iii)  a  neighborhood  V  of  (Xn,0)  in  1R  »  C(0,1)  , 

such  that  for  all  t  in  I  the  following  pairs  are  solutions  of 
FTSTT, b )  =  0  in  V  :  . _  - .  ‘ 

a)  (X,b)  =(Xn+t,0)  (corresponding  to  symmetric  solutions  uQ  (x 
of  the  reduced  problem) , 

b)  (‘,b)  (;  (t )  ,  t  cos  nn  (  .  )  +  ti^(t))  (the  bifurcated 

so  1 ut ions)  i 


and  every  solution  in  V  has  one  of  these  forms. 

We  give  the  proof  as  a  sequence  of  lemmas;  the  proof  of  the 
perturbation  result  comes  first,  followed  by  the  bifurcation  proof. 

For  the  perturbation  result  we  use  the  implicit  function 
theorem,  which  requires  the  existence,  continuity  and  invertibil ity 
of  D^F,  the  partial  (Frechet-)  derivative  of  F  with  respect  to  its 

third  argument.  The  information  needed  is  established  in  the  next 
three  lemmas. 

LEMMA  1 .  For  h  <  A  and  (X ,b)  <  B,  let  u  be  the  corresponding  solution 
of  (4)  given  by  (<»).  Then  D^F(h,A,b)  is  the  linear  operator  in 

C  (  0 , 1 )  given  by 

(9)  D  F  (h  ,  X  ,  b)  •  i-  (y)  -  5^  (*0  t-b  (y)  ,y)  •  ft  (y) 

..  ,1 

'  ‘  /  G(xQ+b(y)  ,y,xQ+b(r,)  ,ri)r  i..)  dr, 

PROOF:  We  show  here  only  that  the  expression  given  by  (9)  defines  a 

bounded  linear  operator  in  C(0,1).  The  estimates  necessary  to  show 
that  it  is  the  (Frechet-)  derivative  are  given  in  Section  4.  Inci¬ 
dentally,  the  same  argument  shows  that  D~F  is  continuous  in  AxB  as 
well. 


For  each  fixed  (h,X,b),  the  operator  (9)  is  a  multiplication 
operator  by  a  bounded  continuous  function,  plus  an  integral  operator. 
The  multiplication  part  is  evidently  a  bounded  operator.  The 
integral  operator  is  even  compact,  as  we  now  show.  Call  the  kernel 
of  the  integral  operator  k(y,n)  .  It  is  of  the  form 


i 


My,n)  =  2ir  1o9 


t  (b(y)-b(n)  )2+(y-n)2]'5 


+  analytic  function. 


If  we  also  denote  the  integral  operator  by  k  we  have 

I  k0  (y  ’ )  -  k6(y)|  =  1  /1[)c(y  *  ,  n )  -  k (y,n> ]B (n)dn | 

0 

<  I  |6|  l«,  /1|k(y',n)  -  k(y,n)|dn 
0 


<_  1 1  b I  L  “(y’-y) , 

where  o(x)  -*■  0  as  x  -*  0.  Thus  k  takes  bounded  sequences  into 
uniformly  bounded  and  equicontinuous  sequences. 


LEMMA  2 .  D.jF  is  a  continuous  mapping  of  A  *  B  into  the  space  of 
bounded  linear  operators  in  C{0,1)  =  C  . 

PROOF:  The  continuous  dependence  of  D3F(h,A,b)  on  its  arguments 

jointly  is  easily  seen  as  follows.  First,  the  solution  u  of  (4) 

depends  continuously  in  the  norm  of  c1,a  on  the  data  h,X,b.  Next, 
the  mapping 

(u,  A  ,b)  e  C1,a  *  TR  *  C°  ~~  (xQ(A)  +  b(y)  ,y)  (  C° 


is  evidently  continuous,  proving  the  continuity  of  the  multiplication 
part  of  D^F.  For  the  continuity  of  the  integral  operator,  we  observe 

that  the  norm  of  the  difference  of  the  integral  operators  in 
D3F(h,A,b)  and  D^F (h ' , A ' ,b ' )  is  dominated  by 


•  • 

where  xQ  =  xQ(A  ).  The  integrand  is  continuous  as  a  function  of  all 

its  arguments  outside  an  arbitrarily  small  neighborhood  of  n  =  y, 
over  which  the  integral  is  as  small  as  we  plfc-».;e  because  the  singu¬ 
larity  is  only  logarithmic.  This  proves  continuous  dependence. 

LEMMA  3.  D^F ( 0, A , 0)  =  A [ (l-xQ) I-KJ ,  where  K  is  the  compact  integral 
operator  in  C(0,1)  with  kernel 

on 

K  (y  ,n)  =  o_  +  2  E  a  cos  mry  cos  nnn. 

U  n=l  n 
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The  eigenvalues  are  given  by 


°0  =  xo 

^  sinh  nuXg  cosh  nTiCl-x^) 

0  —  "  .  f  n  1/  2  f  ■  ■ • • 

n  nir  cosh  mr 

PROOF:  When  h  =  0  and  b  =  0  we  find  from  (2)  and  (9)  that 

D3F(0,X,0)  =  A [ (l-x0) I-K] , 

where  K  is  the  integral  operator  with  kernel 


K(y,n)  =  -  G (xQ ,y , xQ ,n ) 


By  substituting  into  the  Green's  function  (5)  we  find  that  the 
eigenfunctions  are  {cos  nry:  n  >  0)  and  that  the  eigenvalues  are 
given  by 

2 

2  »  sin  (m+‘5)nx0 


o 


0 


a 

n 


~~7  L  - 2 

it  m=0  (nit's) 

2 

2  “■  sin  (ra+>})iix0 

^  2  2 
tt  m=0  (rat's)  +n 


_1_ 

mr 


sinh  niTXp  cosh  mr(l-x0) 
cosh  mr 


n 


1 . 


Interchange  of  the  order  of  summation  in  this  calculation  is  justi¬ 
fied  by  the  fact  that  outside  any  neighborhood  of  (x,y)  =  (f.  ,r.)  the 
series  for  the  Green's  function  converges  uniformly;  the  resulting 
series  for  K(y,n)  converges  uniformly  away  from  y  =  n. 

In  order  to  compute  the  linear  approximation  of  the  perturbed 
free  boundary  and  compare  it  with  the  calculation  of  (FM] ,  we  also 
need  D^F. 

LEMMA  4.  D^F ( 0 , A , 0 )  is  the  integral  operator  from 
,  1  _ 

X  =  (h f  W  p,p(r0) |h' (0)  =  h ' { 1 )  =  0)  into  C(0,1)  with  the  kernel 


1  +  T. 
n=  1 


cos  nny 


cos 


nun  , 
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where 


p  =  cosh  mr  (l-xrt) /cosh  nTT ,  n  =  1,2,.... 
n  0 

PROOF:  The  operator  F  depends  affinely  on  h,  so  D^F  is  the  integral 

operator  from  X  into  C(0,1)  given  by 

A  1  A 

D.  F  (h,  A  , b) *h (y)  =  -  /  Gr (xn+b(y) , y ,  0 ,n)  h  (n)  dn  . 

1  0  4 

Since  xQ+b(y)  >  0  the  kernel  is  analytic,  so  D^F  is  compact.  The 
computation  of  the  eigenvalues  proceeds  exactly  as  for  D^F. 

The  results  up  to  now  have  established  that  F  is  a  continuously 
differentiable  mapping  of  AxB  into  C(0,1).  We  now  wish  to  apply  the 
implicit  function  theorem  to  solve  the  equation 

F  (h ,  A  ,  b)  -  0 

for  b  as  a  function  of  h  and  A,  say  g(h,A),  such  that  g(0,A)  =  0. 
This  can  be  done  if  D^F(0,Af0)  is  invertible.  From  Lemma  3  it 

follows  that  this  is  the  case  whenever  1  -  xQ  is  not  equal  to  any 

of  the  o  ,  eigenvalues  of  K.  Now  it  is  easy  to  see  that 
1  n 

o  <=•,  n  =  1,2,...;  hence  if  we  take  x_  =  x.(A),  corresponding  to 
n  2  u  .  u 

the  upper  solution  (see  Fig.  2)  ,  1  -  x^  >i->on  and  D3F(0,A,0)  is 

always  invertible.  This  proves  the  perturbation  result  for  the 
upper  solutions. 

For  the  lower  solutions  Xq  =  Xq(A)  >  j?  so  1  -  xQ  <  j, 
and  l  -  Xq  can  coincide  with  an  eigenvalue  of  K.  In  fact  this 
happens  just  once  for  each  n,  as  we  now  show. 

PROPOSITION  2.  For  each  n  =  0,1,2,...  there  is  a  An  >  4  such 
that 

1  -  x0  =  °n' 

Xq  being  taken  with  the  "+"  sign .  The  An  form  an  increasing 
sequence  with  no  finite  point  of  accumulat ion . 

PROOF:  Since  oQ  =  xQ,  we  have  oQ  -  1  -  xQ  when  xQ  =  AQ  =  4. 

This  corresponds  to  the  appearance  of  the  nontrivial  solution, 


followed  by  its  splitting,  for  A  >  4,  into  an  upper  and  a  lower 
solution.  For  n  >  1,  we  use  the  formula 


o  =  —  -S  r- !V-n 77  (sinh  mr  +  sinh  mr  (2xA-l) ) 
n  nn  sinh2n-rr  0 

to  see  that  as  x.  increases  from  4  to  1 ,  a  increases  from 
0  2  n 

tanh  mr  to  —  tanh  nrr ,  while  1  -  x.  decreases  from  i  to  0. 

2nrr  nn  0  2 

Hence  there  is  a  unique  solution  of  the  equation  1  -  x^  =  on> 

The  inequality  x^  >  l~p~  for  the  solution  of  this  equation  shows 

that  x„  1,  therefore  X  tends  to  infinity,  as  n  «>. 

0  n 

We  may  now  verify  that  the  scheme  of  [FM]  gives  b  correctly 
to  first  order  in  h,  for  those  points  (A,Uq),  X  >  4 ,  on  the  graph 

of  Figure  2  for  which  D  F(0,A,0)  is  invertible;  namely,  for  the 

^  + 

entire  upper  branch  and  for  all  points  (X,uQ)  on  the  lower  branch 
except  the  ones  covered  by  Proposition  2 .  Since 

F  (h,  A ,g (h, A) )  =  0 

it  follows  that 

D^g  =  -  (D3F)_1D1F. 

Now  any  h  f  A  has  a  uniformly  convergent  Fourier  cosine  series 

ao 

h(y)  =  +  T.  a  cos  nry . 

^  n=l 

Hence  the  linear  approximation  to  b  =  g(h,X)  is 


D1g(0,X) -h  = 


2  d-2x0  ) 


-  L 


,  1-xr-a 
n=l  0  n 


a^  cos  nry 


This  matches  the  calculation  in  [FM]  when  h  is  replaced  by  Ah;  see 
the  remark  following  equation  (1) . 

Now  we  return  to  the  situation  when  l-x_  =  a  for  some 

0  n  1 

n  =  1,2,...  We  do  not  attempt  to  describe  what  happens  at  Xq  = 

To  show  that  bifurcation  occurs,  and  thus  establish  the  second 
part  of  Theorem  2,  we  apply  a  bifurcation  theorem  of  Crandall  and 
Rabinowitz  [CR] .  The  hypotheses  of  that  theorem  are  established  in 
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the  three  lemmas  which  follow. 


LEMMA  5.  Let  xQ  satisfy  the  equation  l-xQ  =  for  some  n  and 

let  A_  =  l/x„(l-xrtl  Then  D„F(0,A_,0)  has  a  one-dimensional  null 
-  n  u  u  3  n  — — - - - 

space,  spanned  by  cos  mry,  while  its  range  has  codimension  one, 

coinciding  with  the  null  space  of  the  continuous  linear  functional 

$  (f)  =  Z1  f (y)  cos  mry  dy. 

0 


PROOF:  From  the  form  of  K(y,n)  (see  Lemma  3)  D^F(0,An,0)  annihi¬ 

lates  cos  mry  when  l-x_  =  a  ;  and  since  the  a  '  s  are  distinct. 

On  n 

cos  miry  is  not  in  the  null  space  for  m  /  n.  From  the  Schauder 
theory  for  compact  operators  the  range  has  codimension  one.  For 
the  characterization  of  the  range,  observe  that 
4>n  (D.jF(0,  An»0)  *8)  =  0  for  any  6  e  C(0,1);  since  the  range  of 

D3F(0,An>0)  is  a  hyperplane  it  coincides  with  the  null  space  of  $n. 

LEMMA  6.  D2D3F  exists  and  is  continuous  in  a  neighborhood  of 
(0,Xn,0).  (We  give  the  proof  of  this  lemma  in  Section  4.) 


LEMMA  7.  D2D^F  (0 ,  An  ,  0)  *  cos  nrr  ( . )  does  not  belong  to  the  range  of 

D3F • 


PROOF:  The  proof  of  Lemma  6  shows  that  cos  m ( • )  is  an 

of  D2D^F (0 , A^ , 0) .  The  eigenvalue  is 


dx„  da 

'x  7nr<1+a5~> 

^(Ad-XQ-On)) 

A*  A 

_ 

n 

0  J 

dxn  cosh  mr(2xn 

_ r.(l+ _ - 

dA  cosh  nn 


eigenfunction 


A  =  A 


n 


0. 


This  completes  the  proof  of  Lemma  7,  and  of  Theorem  2. 


4,  Estimates  for  the  Derivative  Calculations .  In  this  section 
we  prove  estimates  to  show  that  D^F  and  D2D3F  have  the  analytic  forms 

given  in  Lemma  1  and  Lemma  6,  respectively. 

We  begin  with  D^F.  Let  (h,A,b)(  A  *  B  and  let  B  f  C(0,1)  such  that 

(h,A,b+B)  (  Ax B .  Denoting  by  L  the  operator  on  the  right  side  of  (9), 
and  using  (6)  to  express  9u/9x,  -we  have 


[F  (h,  A  ,b+3)  -  F  (h,  A ,b)  -  Lg](y)  = 

1 

(xQ+b(y)+g  (y)  ,y,o,n)h(n)dn 
l 


+ 


(xQ+b(y) ,y,0,n)h(n)dn  +  A 


1  1 


-A  f  f  G(x0+b(y)+3(y) ,y,£,o)d£dn 

*a  .  _  ,  i.  / _ \  ■  n  /  __  \ 


'0  ~ xQ+b (n) +3 (h) 


1  1 


/  /  G<*' 

0  -/x0+b(n) 


,+b  (y)  ,y,£,n)d£dn 


-  1 

/  Gx^(xo+b(y)y,0,n)h(n)dn  +  +b  (y)  ,y ,  £  ,n  )  d£dn 

.  ~Lt 


3  (y) 


r\ 


G(x0+b(y)  ,y,xQ+b(n)  ,n)  3  (n)dn 


We  need  to  show  that  the  norm  in  C(0,1)  of  this  difference, 
divided  by  | |3| |m,  may  be  made  arbitrarily  small  by  choosing 
| | B | 1^  sufficiently  small.  Rearranging  terms,  as  in  the  usual 
proof  of  the  Leibnitz  Rule,  we  find  that  the  above  expression  is 
equal  to 
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f1  h(n)  dTi  (xQ+b(y)+B  (y)  ,y,  0,n)  +  (xQ+b  (y)  ,y ,  0  ,n  ) 

+  B  (y)  (xQ+b  (y)  ,y,  0,n)j 

X  f1  dn  f1  d£  [-G(x  +b(y)+B (y)  ,y,5,n)  +  G  (x  +b (y) ,y , S , 
0  x„+b(n)  L  °  0 


n) 


+  8(y)  Gx  (xQ+b (y)  ,y , c  ,n) 
xQ+b(n)+0  (n) 


+  X  f1  dn  T  f  G  (x_+b  (y) +B  (y),y  ,^n)dC  -  B  (o)  G  (x  +b  (y)  ,y,x  +b  (g)  ,n) 
0  l/x0+b<n> 

Each  of  the  first  two  integrals  is  of  the  form 
f (xQ+b(y)+B (y) ,y)  -  f(xQ+b(y),y)  -  B(y)  fx (xQ+b (y) ,y) 

T  n 

for  a  C  '  function  f,  and  from  Taylor's  Theorem  it  follows  that  for 
any  c  >  0  there  is  a  6  >  0  so  small  that 

max  |  f  (x  +b(y)+B (y)  ,y)  -  f(xn+b(y),y) 

0  <  y  £  1 

-  B(y)  fx  (xQ+b(y)  ,y)  |  <  e|  |B|  |TO 

provided  | |B| |ot  <  & . 

For  the  last  integral  we  add  and  subtract  a  term  to  obtain 


(10)  X  / 


t«[f' 


xn+b (n )  +B  (n) 

G  (xo+h (y) ,y ,n ) d?  -  B (o ) G (x^+b (y )  , y , xQ+b (n )  , n ) 


0 


xQ+b  (r)) 


xQ+b (n) +B (n) 


X  f1  dn  f  d£  ^G(x0+b(y)H-B  (y)  ,y,C,o)  -  G  (xQ+b  (y)  * y  * E  )J  . 


xQ+b  (n) 
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The  first  of  these  may  be  written 
xQ+b  (n)  +6  (n) 

A  f1  an  C  az  G(xQ+b(y)  ,y,f) ,n)  -  G (xQ+b (y)  , y ,xQ+b (n )  ,n )]  • 

0  xQ+b(n) 

Let  e  >  0  be  given.  We  show  that  the  integral  above  is  bounded  in 
maximum  norm  (considered  as  a  function  of  y) ,  by  a  constant  times 
e  times  the  maximum  norm  of  3 .  We  choose  j |p| |  so  small  that 

IIMiy4  <  e,  and  |  |  B  ]  1^/2  log  (l/j||5j|J  <  e, 
and  let  y  =  | | 3] |^/4. 

For  each  fixed  y,  0  £  y  <  1,  let  D(y)  denote  the  disk  of 
radius  y  about  the  point  (£ ,nT  =  (xQ+b(y),y).  Letting  S  denote 

the  region  of  integration  and  I(£,n)  the  integrand  we  have 

//  i(£,n)  d^dn  =  //I  dr,dn  -  //  i  d?dn 

S  SOD(y)  S\D(y) 

There  are  constants  C  and  C '  independent  of  y  such  that 

| //  I  dCdn  1  <_  C'  log  (1/r)  rdr  <_  C  y2  log  (1/y), 

SOD  0 

2  2  2 

where  we  have  taken  r  =  -  (Xp+b(y)]  +  (n-y)  .  Outside  D(y) 

we  estimate  the  integrand  by  the  mean  value  theorem  to  obtain, 
with  constants  C1  and  C^»  independent  of  y, 

\ff  i  d^dn  I  <  c'  If  (l/r)  iiell^  dCdn  <  c (l/y )  ||e||f 
S\D(y)  5\D 

from  the  fact  that  //  1  [  1 0 1  Combining  these  estimates  with 

S 

(11)  we  obtain  the  desired  estimate  for  the  integral. 

The  second  integral  in  (10)  is  estimated  the  same  way.  This 
completes  the  proof  of  Lemma  1. 

Finally  we  turn  to  the  proof  of  Lemma  6.  Let  us  write  the 
Green's  function  in  the  form 

57  log  7+Q  (x,y,C ,n) , 
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2  2  1/2 

where  r  =  [x-£)  +  (y-n)  ]  ,  and  Q  has  no  singularities  in  the 

square.  Then  D^F  may  be  put  in  the  form 

D3F(h,X,b)  =  M  +  XL1 , 

where  M  is  the  operator  of  multiplication  by  the  function 

(12)  ^<x0+b(y),y) 

and  is  the  integral  operator  with  kernel 


Ll(y'n)  =  57  lo^ 


'(b (y)  -b (n) )  +  (y-n ) 


+  N{xQ+b(y) ,y,x0+b{n) ,n) , 


where  N  is  analytic. 

The  dependence  on  X  is  only  through  xQ .  Thus  the  singularity 
does  not  depend  on  X,  and  3(XL1)/3X  may  be  computed  by  differentia¬ 
ting  the  kernel.  The  operator  3(XL1)/3X  depends  continuously  on  X 
and  b.  To  see  that  D2D3F  exists  and  is  continuous,  it  remains  to 

be  shown  that  the  function  (12)  may  be  differentiated  with  respect 
to  X.  (Recall  that  xQ  is  determined  by  X.)  Since 


(xQ+b(y),y)  =  -  f1  Gxf.  (xQ+b  (y)  ,y,  0,n)  h  (n)  dn 


X  f1  }  Gx(xQ+b(y) ,y,^,n)dCdn, 

^  1  f  n  ^ 


'x0+b (n) 


the  only  problem  is  the  differentiated  logarithm  in  the  second 
integral.  This  term  is 


11  d  1  1 

r  f  37  log  F 


u 


,+b(ri) 


1  ,  c  =  l 

drdn  ~  —  f  log  —  |  di 

(x,y)  -  (xQ+b(y),y)  0  r  C  =  xQ+b(n) 


/  log 


v/(xQ+b  (y)dT+(y-n) 


idn  +  /  log 


\/(b  (y)  -b  (n) )  5+  (y-n)  2 


showing  that  differentiation  by  xQ  may  be  performed  under  the  integral 
sign . 
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5.  Further  Work  and  Open  Problems.  The  obvious  iteration 
scheme  for  numerical  solution  of  our  problem  (1)  is  probably 


-  Au 


n+1 


AH  (u  -1)  • 


But  a  simple  analysis  of  the  one-dimensional  problem 


-  uvv  =  XH(u-l),  u ( 0)  =  h,  u’(l)  =  0 

shows  that  this  scheme  converges  only  to  the  upper  solutions. 

This  suggests  that  to  find  the  lower  solutions  of  the  two-dimension¬ 
al  problem,  some  other  scheme  must  be  tried.  A  further  problem  is 
that  the  solution  u  is  necessarily  not  globally  smooth.  This  implies 
that  some  kind  of  adaptive  scheme  must  be  used  to  refine  the  mesh 
near  the  free  boundary.  Our  work  on  this  approach  is  continuing. 


Our  method  may  also  be  applied  to  the  following  problem,  con¬ 
sidered  in  [FM2] .  In  polar  coordinates  (r,0), 

-  Au  =  AH(u-l)  in  D,  the  unit  disk  in  the  plane, 
u  (1 , 6)  =  h  (6 )  ,  0  <  6  <  2tt, 

with  h  _>  0  and  small.  Classical  solutions  are  constructed  in  [FM2] 
by  means  of  a  monotone  iteration  scheme.  When  the  method  of  the 
present  work  is  used,  the  assumption  h  >.  0  may  be  dropped;  it  turns 
out  further  that  there  are  no  bifurcations  from  the  family  of 
radially  symmetric  solutions  of  the  reduced  problem,  h  3  0.  Details 
of  these  results  will  appear  elsewhere. 

We  turn  to  some  questions  left  unanswered  by  our  present 
approach.  First,  the  smoothness  of  perturbed  or  bifurcated  free 
boundaries  is  of  interest.  Our  method  yields  a  free  boundary  of 
2  ■“  G 

class  C  .  We  conjecture  that  it  is  analytic.  A  second  problem 
is  the  effect  of  perturbation  at  the  bifurcation  points:  if  the 
boundary  values  h(y)  are  nonzero,  what  happens  to  the  bifurcated 
solutions?  Some  of  the  ideas  of  [S] ,  in  particular  a  coordinate 
transformation  to  "straighten  out  the  free  boundary,"  may  lead  to 
answers  to  both  of  these  problems. 
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are  defined  by  two -point  boundary  voice  pro:  O  s .  “nis  <.  i.i  ,  .  <  •  ;  ro 
was  motivated  by  our  efforts  to  understand  tr.r.  nsr '  1  ato1*/  :ra  ■ 
problems  in  coibustion  tneor-,  and  c '  cm i  c  v  re..., to*'  l-vo. .  -r. 

Hopf  formulas  that  are  used  c.re  'derived  fro c  too  •  r.esr /  fur  ev.  i  k. 
equations  and  are  thus  sore  widely  up;>;  icuole. 

I .  __I_N TRO DU C T I . '_N .  T.ne  ratio.:  to  or  in.  a!  t.ce  igni  :  Or  e. 
extinction  processes  in  chemical  reactor  and  in  combustion  nr  e  l. 
be  achieved  by  varying  one  or  more  >y  *  no  ph  /si cal  iiara -f  *  ers  .  Inis 
variation  of  a  system  parameter  often  Tones  to  an  ex, .'singe  in  the 
stability  of  a  steady  state  result  in;  from  a  real  e v.er.va i ue  of  an 
appropriate  linearized  problem  passing  tnrough  zero  or  a  eat  r  of 
conjugate  eigenvalues  crossing  the  imaginary  axis.  In  c hem i <•  a  1  rear 
and  combustion  theory,  tr.o  forcer  case  o'ten  gives  rice  to  1  ;  ,v 

bifurcations  [1]  and  tne  ign'tion  ana  extinction  processes.  ..no 
second,  to  oscillatory  ir.star.il  itios  or  the  at  near  -.see  c  e:  f-.rcat  .n 
stable  oscillatory  states.  Tne  determination  of  tne  «*.suir.:  -lyr.a  i' 
in  this  latter  case  can  be  based  on  the  Hop.'  bifurcation  ‘n.’crv. 
e.g.  [2,  3,  4]  and  tne  reference's  therein.)  T-e  ape :  ■  cat  vi  • 
theory  to  problems  in  chemical  reactor  ano  combuc r i on  fieirv  in  ai; 
the  most  trivial  cases  is,  in  our  opinion,  best  achieved  ‘nr  -, on  t  u 
and  it  is  this  aspect  of  tne  problem  that  we  invert-. *t  ,-.«*r-».  b;  ,*c 
we  numerically  treat  systems  of  DfiraDoiic  panful  d  i  *  tl  r  •••-  A  .j.r 
whose  time-independent  soi  utio"  s  oreoer ined  by  c  vs  t  v  s  of  t,...-"oir.*  1 
value  problems.  What  makes  these  comeutat i: ns  even  "ere  wor*  s.-p'i  le 
the  computed  i  nformaticn  yields  a  s /sterna*  .  u  ...-tnev  •  inv<-  *  i  :m  • ■  c  . 
stable  oscillatory  states.  After  diet  uSsinj  fie  p-nerai  . ,  o:  .  •• 
and  the  numerical  techniques,  we  present  an  example  from  chorical  re 
theory  to  demonstrate  the  types  of  information  that  are  op*. li liable  1 
the  Hopf  bi furcation  theory.  A  more  extensive  discussion  of  ft  is  ra 
lar  problem  wiil  appear  elsewhere. 

1 1_.  __NUMERICAL  METHODS .  l.'e  now  present  the  numerical  foehn  One 
generating  the  steady  state  res non' e  curves  and  the  -c;  f  O furcation 
information  for  systems  whose  mathematical  dev  ri  i  -n  is  -v"  bv  a 
distributed  *.a  -a  .met  ■>•'  node;,  “he  •  0  .  Or  :  ’  *  •  •  ••  ■  ••• 
systematical ly  locate  all  tne  possiole  ;  teao ./  md  n.-r-.ii.n  „  states 
exhibited  by  these  systems.  We  beoin  with  a  discussion  of  the  cm.'r 
forms  of  the  equations  that  we  are  capable  of  treating. 
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"  j n>  ■■■':  fn-  .!  i  : 

can  i.t  i  t '  eii  a  a  s ;  .  *  •  • .  .  -.r..:  , ,  .  •  i 

the  form 


G  (u (a  ! ,  |.i ) ,  )  ij  (1  ) 

G r  { u  ( I  ,  >4  ;b; ,  . )  G 

whore  a  r.av  represent  .  !cr  .  ..  .  1  e ,  .  r  i .  -  -  i 

the  re  i,  tor.  G  a r : •  1  1*  r.  ‘  •  ■  i  :  ••  •  :>,• 

( po< sit/. v  non  1  iiiijr:  o  !  .  ;  •  m  pi  fur  .t •  <  ■ 

r”;iv  dcem-nd  snnli',  ar1  /  m  a,  a.  ,  and  i 
x  explicitly  bat  not  tne  time  variable  t.  fm  :>r» 
system  a 

Ci  li  r  \  r  I  V 

(|,  'to.  I .  I'iu,  .. )  ). 

The  correspond  i  n  j  two- ■  i  i  t  pound. try  value  pro.ti  em  it  0  ■■note:  by 

r(v,  -  0,  G ( v ,  . )  ~  ! i .  (3) 


III.  STEADY  A  TAT :  :  A!  T:  C,rV. 

(3)  is  solved  t  ■  y  to  v  in;’-:  -  - .  1 .  -  r-  *  ti-rii 
continuation  set. had  [ij  1 t  n  ..  boor  and 
[5]  and  a  fourth-order  f  ini  v  dj  f fororee 
Both  the  col  local  ior:  ar.d  f  ini  *.o  a i  f  force-, 
with  the  collocation  r.e>.nn  i  .yut.  capable  .>i 


•N.  The  stead v  state  problem 
ration  o'  tne  Lu T  r- Ac. •/ton 
'iess1  s:  1  i  r. »  coil  oca*  ion  code 


cne'.’.w  due  to  TtepU-nan  [fj. 
.  «•»  perform  quite  well 


h i  i her  a( oarer y . 


The  objective  of  the  steady  sta to  i.e-tnods  is  to  on-  put.e  tne  solutio 
v  of  equation  •  he  pa ru  ■  or  assu-o-,  ail  •' t.s  possi*.  values.  T 

Euler- Newton  c'nr  ;  *  ei  met1  oc  car.  be  used  to  solve  inis  orobl  fin  with 

Euler's  met nod  .->orv ;  r.'j  as  a  -vd ; c t1  •<'  fur  Ncv.tin’s  etnoc  \5, 


v°(..  * 


VI  •  ) 


i  +  1 , 
v  (.m 


•■■)  -  V 


.  y 


■l,i. 
,  iv  l 


\u(.  ' 

"  d. 

i  f  ;  V  (  +  ' 


(4) 

(5) 


However,  the  technique  Tails  '"or  transition  between  steady  .  i ,» t  os  since 
the  Jacobian  rutrix,  rv,  cannot  be  inverted  near  singularities  such  as 
limit  or  bifurcation  joints. 


Keller  has  modified  the  above  mot nod  by  inoosim  an  additional 
normal  ization  on  the  sciatic  n  which  enables  entire  sol  n*  ion  h  rase  nos  to 
be  traced,  ckieoin-;  over  any  ‘.insular  poin's.  The  inoi.. ,  it  ion  o:  this 
constraint  allows  •  ne  s,  oci  ,  nr  ion  of  a  new  jar  rs  nr,  ,  v.n  j  T  a-; 

,  as  *  to  emit  j  nun  to,',  '  o'  i  ■  -  *  ■  *r  in  ;  >  •  u  i .  -  -  h  ■  -  .-m  ■ ,  f  o  ■  *  < "  i  cu  •  - .  r  h  i  * 

reparameter  i  zed  probl  • ueco.  .os 


P  { x  ,  s)  -  0 


(6) 
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where 


x(s)  -  ( v ( s ) »  u(s))  (7 j 

and 


F  ( v  ( s ) ,  u  ( s ) ) 

P(x(s),  s)  =  !  - 

_N(v (s ) ,  „(s),  s)j 

It  is  convenient  to  choose  the  normalization  N(v,  m,  s)  so  that  s 
approximates  the  arc  length  of  the  solution  branch  for  some  parameter 
a  e  (0,  1) 

N(v,  ...  s)  =  i  ;■  v  (s )  -  V  (s0) +  (I  -  0  «(s. )  -  ,.(s0)'  -  (s  -  sc)?.  (8) 

When  the  Eul er-Newton  technique  is  applied  to  (6),  computational  difficulties 
near  singularities  are  eliminated  since  the  Jacobian  matrix  remains  non¬ 
singular  near  such  points. 

These  techniques  and  an  algorithm  for  their  implementation  are 
presented  in  detail  by  Keller  [1]  and  have  previously  been  applied  to 
laminar  flame  problems  [7-10]  and  catalysts  problems  [11]  which  exhibit 
multiple  steady  states.  Therefore,  we  forego  a  discussion  of  the  exact 
computational  procedure. 

IV.  HOPE  BIFURCATION  FORMALISM.  We  use  the  term  formalism  here  since 
the  presentation  will  De  stripped  or  the  technical  mathematical  assumptions. 

A  proper  mathematical  framework  can  oe  found  in  the  work  of  Crandall  and 
Rabinowitz  [3]  and  the  references  therein.  Our  work  follows  closely  the 
presentation  of  looss  and  Joseph  [4],  though  modified  somewnat  to  account 
for  the  nonzero  steady  state  problem  and  the  form  of  the  model  equations 
(2).  Since  this  bifurcation  theory  is  most  effectively  used  in  a  study 
of  the  dynamics  associated  with  an  exchange  of  stability,  we  begin  with  a 
brief  discussion  of  steady  state  stability. 

The  stability  of  time-independent  solutions  can  in  principle  be 
resolved  by  examining  the  eigenvalues  of  the  linearized  boundary  value 
problem.  If  the  eigenvalues  all  have  negative  real  parts,  the  steady 
state  is  stable;  whereas,  if  an  eigenvalue  nas  a  positive  "cal  part,  the 
solution  is  unstable.  Exceptions  to  this  principle  occur  wnen  the  linearized 
problem  has  a  zero  eigenvalue  or  a  nair  of  complex  conjugate,  purely  imaginar 
eigenvalues.  In  the  current  reactor  problem,  a  zero  eigenvalue  gives  rise 
to  a  limit  point  bifurcation  (a  point  of  vertical  tangency)  on  the  response 
curves.  The  bifurcation  of  a  periodic  solution  (Hoof  bifurcation)  occurs 
when  a  pair  of  complex  conjugate  eigenvalues  ~(j)  and  r(\.)  become  purely 
imaginary.  We  assume  that  this  crossing  of  the  imaginary  axis  occurs  at 
MO  so  that  m ( .:  )  -  +i.  with  .  positive.  It  is  also  assumed  that 
Re  a;j(u0)  t  0  where  i,  =  d>/d.:.  This  ensures  a  strict  crossing  of  the 
axis’ and  is  nearly  always  satisfied  in  these  problems. 
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Wnen  the  'loot  :  (•  i f i *•  .;t<  ••  •  :«• :  :  /  ••  ••  ' 

different  types  of  per :  oo  i  c  pv  >.  ■■  •  r..i  /  :  ••  .•••:•  ..  :  *  *  •  ••  ■  ; 

orbit  is  stable,  a  s:  ..*  1 1  ampl  i  t.ud-  osci  1  lat  ion  is  o..  ■:  :■  : 

point,  but  if  the*  orbit  is  in  .tub!*.  ,  :  *.«•  .nl.r.u  r  : 

larcje  ampl  ltude,  stable1  oscillation  or  to  uno*  n  -i  .*  .*•  .  ta**-. 

Examination  of  the  orbit  stability  i,..*.ir  *  ne  iv>:  f  nar  .  a 

systematic  procedure  for  locatin')  too  stable  o  *.  ill  r  i-  v  ir  ••  • :  *.  ■ 

To  present  the  Hopf  bifurcation  for  aulas ,  we  1  ir,«*.>r  ve  to-  :  it  tar’, 
value  problem  and  write  it  as 

L  w  =  0,  G  (v",  w )  --  0  [■■■ 

(j  v 


where 

L  w  =  F  (v11,  p  ,w)  =  F(V  -  w,  ,  ) 

M  V  .  ♦  > 

and 


'  w )  -  ru-G  ( v  ’ ' 

JO 


sw , 


-O’ 


The  essential  requirements  for  Hopf  bifurcation  without  their  1 ’ 

assumptions  may  be  summarized  as  follows.  Assume  •  i .  are  sic  pie  e  i  •-.►•ri¬ 
val  ues  of  L;  ,  that  ni.. is  not  an  eigenvalue  for  n  =  0,  .?,  3,  ...,  and 

that  the  real  part  of  •.,(■•)  is  nonzerj.  Then  one  can  construct  a 
bifurcating  periodic  solution  of  (1)  with  frequency  .  i  •. !  via  a  .  er*.,r- 
bational  expansion  which  can  be  shown  to  taFe  the  form  [4] 


u(x,  t)  =  v  0  +  2*  Re-.  ',Qe’J.  +  ^ -wi 


•*0 


d/_ 
2  du 


*  2  Re  w^e^'  ’  •  +  o{  ‘  , 


v  -  ii 


+  +  c 


0  2  "2 


Ov 


■  2) 


no; 


w(«.  ) 


0  +  2'  2  +  °(’  ^ 


(11- 


t  =  )s 


where  -  is  an  auxiliary  parameter  represent ing  the  ampl  i*u  le  c*f  •  se  '  r  i  i  t  :■ 
to  the  Ho)f  point.  The  vector  function  •  0  is  the  eige.-vc.  for  ..-res pen  : 
to  the  eigenvalue  +i .  w  and  w  are  solutions  of  certain  iise.u  nr-1  r 
geneous  boundary  value  nrobli.ms  discussed  in  the  next  section .  .-.e  •■cte 

that  the  sign  of  ..  yield',  r.m.  si-;n  or  .  -  ..  for  sjf-’ceerf  1 ,  vail  ! 
therefore  determines  tne  direct. on  of  Difurcation.  Sir  1  a r ’ v ,  .  det°r 
the  change  in  the  frequency  of  tne  bifurcating  solution.  Too  ;—r r urba  - ' 
expansion  (9)  provides  a  good  aoproximation  to  the  periodic  solution  fo>- 
computational  purposes. 


The  stability  of  the  bifurcating  <  iii.it  ion  <  .vi  h  1  o,ve*.i  on  a  stud 
of  the  Flouuet  exponents  as  <1i  srussou  bv  !onv,  in!  .'oseeh  J  :  .  The 
essential  result  is  that  the  periodic  solution  will  io.  -.1 1  v  v t c-.t« i n<* 
the  bifurcation  point  if  the  riuenv.il  uos  of  1  ,  ••  ,*•  ,  1  n< 

negative  re.ii  parts  and  if  ...  Re  (.  .  j  is  posit;  jo. 
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Let  L*  denote  rru?  ad’ont  c ’  o n •  *1  .*  .,,„*  ■  a  ,  •  ,  *or 

adjoint  board. o',  .  -,i  i  t  ;  »•.•  ”r  •  ■  ;.-r,vec:  o  '  v  or.  • 

from  the  t.j i ■ ; i •  ■  va  I  .e  :'r  i 


These  eigenvectors  arc  then  norsd  i  -  ,’ec  t*y  re>.u  ’hn, 

- 1  and  .  ,  •  *  (It, 

Here  we  have  introduced  the  ompl va  inner  proto.:*. 

-b 

.  • :  dx  (17 

;  a 

where  ,  • ;  denotes  the  do*  product  of  the  vec*  r  f.,r.et  .ot.-.  and  .. 

A  sequence  of  three  linear  n  jnhc'-.oqeneou-  bound. ir  /  va'.u*-  ;  r  • 
must  next  be  solved.  Those  are 


(Ly„  -  2i-,Dw.  =  -f  vv^">,  •  .) 

(20) 

Gv(V‘°.  c  w.  )  =  -Gvv(v”  '•  -o.-.cm  >.)• 

The  derivatives  F,,  and  G  appearing  in  the  above  problems  are  computed 
by  the  rule  V  VV 


Fvv('".  f  •  v)  *  4  “dn-e-O-  «n> 

With  these  computations  complete,  we  now  compute  (,.G),  and  from 


*uU)  •  -rvv(v^,  -.o,  *  fv>-\  4>  (22) 


; - i ... .  +  •  (..  .1  ■  --  - •  F  (v"n,  ■  ),  :,f 

-•r  (v  .  w  ), 

VV  ‘ 

-•  I  (v‘  ,  ,1  ,  ,  W  ;  . 


the  first  luthur  i.'.mI  ,a' •  i  •  • ,  ox  pros 

steple  .in  finite  d  1 f  fr  ■>  .•  ••  "•>  •.  .  i  v  e-;:;a 

>i -):•••  on’  r.j lo  to  n  >  .,•.>•  1 1 .  i •  •  •  i r •  • 

ria'oor  the  :  a  .rlar  /  vu".  i  *  *•  *. 

coll  .-.r  i or.  cole  nvi  inf-  :  •  •  •  i  m  ■  r 
gua  Jr  i  • .  p.ofn  •••♦*•.  w  r»  .-.■••l  i  .  •  •  etc 
res  alts  for  ,  ,  and  .  .  A  pro  :r  i  .  •  .o'  ; 

‘or  the  general  pro:!.  ,b,  .  i  i  :  a.ai  i :  1  •  •  :  >’ 


’.  : .  w  r 


:  ■  . .'X s  1  or.  ■  t, .  ,i s  it,  :  4  ,4e 
so  i  v  eguat 4  >!.•  ’..--20}  a r.d  usir.o 

lrnc-r  prod.. st  .  ~r,o  second 
•<•••,  i  *  *•  f.e  *.'■  f.e.sr  a  re  i  s  s  ' 

l  '  i  T  •  •  ')  ' . .  'i  *'  \  \  ■  * : 


Ao  not-*  fi.it  fi>r  :>.j*  •*  •  •  .-.■••  r.->  r  .- . i 

ohser v>  ,  ‘  ,  4 . .  • 4  ;  n  ■  ’  •  c  f- 


oar  r  •  4 . * r  v  i !  * •  ■  ,i  *  •  •  This  i  t  .  i  * 

•  is.  iv*  ■  i  !•,•  -'ll  ••••  1  .It  .  '  '  ■  •  i '  ,  i  .1  ,  ot  f  •  I  .  I  i  ,  '  J  i  .  i  *  I  ■  >  •  ! 


!  i  m  i  ,•  t  i  .M  :  ,  r.  r,  in  :  •  •  i  ,r,i  tor  ,  rd  1  tin  r  /  , I !  t  !  it  -  v, t  :  a  1 
■  ■  1 1 :  in  .  t..-  •  ,  •  ,r  •  ;  v  .»('••  an  nr  i  n.igim.i  1  i  1  v  relate  ;  r 

.  *'  .•  •  i ...  •  i-* , .  it,  i,  perhaps  ,  i.i','  •  ' 

o,.;  tr  no.  -I,,-  i,  i  I'., o  ,  <i  tne  i  inearized  prop!,' 
ad  ;oi n4  . 


fi .  ■'  •  i  •  II  r  "  t  •  1  ,11 


f  •••  -iff  R:  ATTnR  ’’'•TORY.  To  :  i  r  4 
;  i  .  ■  :  above,  we  consider  4 •  • 

■  •  •  .  ,  .  ,  ,  ,  in  r ,  i  ■  t 

f  '-  a  4 1 ot. ,  ■  iesc r ;  i> i  t,  ;  tre  ■  or 


r»M<  4arf  »"•  t  'it  <-n«.r  :  /  4  or  r;.  ",v!  i  a  ha 4  4  <:  tubul  i>‘  r*4 1. 

, i  i  n.:  a;  ;■••  •  •■  :  1  •  r  •  u  >.»  ,  4  ■■  r  ' : 


•v 


_i'L  =  I  iy  . 

5t  Peh  r;c,2  5S 


e  (  u 


0  o)  +  B  Dy  e( 


(25) 


The  boundary  and  initial  conditions  are: 


*1  = 
3S 

Pe„(y  - 

1) 

at 

s  = 

o. 

T  >  0 

30  = 
3S 

(26) 

Peh(J  - 

1) 

at 

s  = 

o. 

T  >  0 

II  = 
3s 

:  l!i-  =  0 

dS 

at 

5  = 

i, 

T  >  0 

(27) 

y 

=  *in’ 

0  r 

n . 

~  i  n 

a  t 

-  = 

0. 

(28) 

In  writing  these  equations,  we  have  denned  the  following  dimension¬ 
less  quantities: 


y  =  c/co  v  =  T/T  o 

s  =  x/L  t  =  tv/L 


Pe 


m 


=  vl/De 


Pe. 


-C  vL/k 
P 


e 


B  -  /.riCoA  CpT,  =  UPL/av,  Cp 

D  =  Ae” YL/v  y  =  E/RTfl. 


The  above  model  describes  an  exothermic  A  ■  B  reaction  occurring  in  a 
homogeneous  tube  under  tne  assumptions  that  the  velocity  profile  is  fiat 
with  constant  velocity  v;  tne  variables  y  and  ■  depend  only  on  one  space 
dimension  and  tine;  the  diffusion  of  reactant  A  is  governed  by  Fie*1:, 

Law  with  an  effective  diffusivity,  D0;  heat  conduction  is  aescriDed  by 
Fourier's  Law  with  an  effective  theriial  conductivity,  ke;  the  heat  loss 
at  any  point  is  pronortional  to  (  -  ■  );  and  the  reaction  rate  is 

describable  by  an  Arrhenius  expression.  The  dimensional  predecessors 
of  the  above  equations  and  too  apoi icaBi lit  /  ■  f  this  formulation  are 
discussed  in  detail  in  two  review  articles  [12,  13]. 


VII. _ RESULTS.  We  now  illustrate  the  utility  of  our  numerical 

procedures  by  applying  the  above  methods  to  tne  tubular  reactor  model 
(24-28)  for  a  couple  of  parameter  combinations.  A  more  extensive 
treatment  will  be  jiven  elsewnere  [14  j.  We  trace  the  stead v  s.ate 
solution  branches,  deters ine  thei  •*  stability,  and  isolate  tne  bifur¬ 
cation  points.  The  hopf  bifurcation  computations  are  tnen  performed 
to  determine  the  direction  of  bifircation,  the  stability  of  the  oscilla¬ 
tion  close  to  the  bifurcation  point,  and  the  asymptotic  solutions  for 
the  orbits.  These  asymptotic  sol  iti-’ns  (9)  are  tnen  used  to  start  the 
time-dependent  computations  isin :  »'*  jfXOL ,  a  ■•••neral  code  based  on  the 
method  of  lines  and  u-aol  ines  L 1 ;  j .  Toe  staple  periodic  solutions  are 
computed  and  tnen  traced  as  tne  Dimk'dnlc-r  number  is  varieu. 


If  one  thinks  of  aerating  tie  chemical  reactor  by  varying  the 
Bo  1  dil  -r  n-j  :  !>•-,  t.,e  uP/p-c  t  i  ve  i,  lo  opei  ate  .it  a  nigh  temperature  so 
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that  a  rcore  complete  conversion  oi  the  chcaical  A  into  3  is  achieved. 

Thus  one  tries  to  operate  the  reactor  at  one  of  tne  higher  steady  states 
in  Figures  1  and  2.  These  higher  steady  states  are  .thieved,  however, 
not  by  starting  the  reactor  out  at  the  nigh  stable  steady  state,  but  by 
varying  a  physical  parameter  such  as  the  flow  velocity,  feed  temperature, 
or  the  Damkohler,  which  is  used  here. 

The  first  example  is  illustrated  in  Figure  1  which  corresponds  to  trie 
parameter  values  Pe^  -  Petn  =  5,  B  =  0.5,  -  25,  ;■  -  3.5  and  ■■ ;  --  1.  There 

is  a  unique  steady  state  for  all  values  of  the  Damkohler  D  with  exchanges 
in  the  stability  at  D  -  0.262  and  D  =  0.295.  At  D  =  0.262  the  bifurcation 
is  to  the  left  and  unstable.  At  the  value  D  -  9.295  tne  bifurcation  is 
also  to  the  left  but  is  not  stable.  ?.y  using  t'v22GL  the  star-1  &  oscillation 
was  traced  from  0  =  0.29b  down  to  about  D  -  C.26  where  the  stable  oscilla¬ 
tions  cease  to  exist  and  the  time-dependent  sol  ;tiorr.  no  to  tne  stable 
steady  state  directly  below.  (We  conjecture  that  the  stable  branch  of 
periodic  solutions  connect  with  the  unstable  brant n  emanating  fra  • 

D  -  0.262.) 

The  response  curve  dynamics  associated  with  vary  in  :  tne  t  ms!  or 
number  D  can  now  be  explained  for  tm  case  deoi  :tod  in  }’i  j  ir-  For  ? 
close  to  zero,  the  reactor  begin'-,  operating  in  a  st.inl-  tut  1 *•  :  em- 
ture  and  thus  low  conversion  r  tne  cne  meal  A  into  5.  As  is  mgr.  ; 
the  steady  state  remains  stable  and  the  steady  state  t<m ix-r  a  -y  . 

to  rise.  As  D  passes  througn  0  -  1.262,  a  jump  occurs  i n  *  no  te  net*.:*. - 
and  concentration  profiles  into  tne  stable  oscillation  dir.-c’;.'  •: 
which  does  not  cease  until  D  roaches  2  -  0.295  af *er  wnicr;  t--  r-.a-.-or 
operates  in  a  stable  steady  state  condition.  To  extinguish  too  ; c- 

the  Damkohler  is  now  decreased.  At  D  =  0.295  a  sma 1 1  'table  osc i 1 1  at 'rt 
in  the  temperature  and  concentration  profiles  begins  to  appear.  These 
oscillations  continue  to  grew  nut  cease  througn  a  jum:)  bar-  dov."'  to 
stable  steady  state  at  3  =  9.26.  both  of  these  jy.ps  "iay  be  tn-i  jgr.t 
as  ignition  and  extinction  processes,  respect i vel v . 

The  second  example  represented  in  Figure  2  corresponds  to  the 
parameter  values  Pei,  =  Pen  =  6,  2  =  1.5,  =■  25.  -  -  2.35  am!  -  1. 

This  case  demonstrates  a  1  -  3  -  1  -  3  -  1  multiplicity  int'ern  in  tne 

steady  states.  The  first  stabi  1  i  ty  rxcn-inoe  is  'cund  at  to--  lower  1  ini : 
and  all  intermediate  steady  stat".  r-.iir;  un ..table  un:  :  ,  a  r:  bifurca¬ 
tion  point  is  encountered  at  D  O.i&r.  A  stable  Periodic  omit  :  i  furca¬ 
tes  to  the  left  at  this  value  of  the  Daikonler. 

if  D  starts  out  close  to  zero  un  i  is  increased.  th<-  ti-  beratur  ■ 

increases  and  regains  in  a  stable  steaiv  state  in*,  i  1  try-  In--...-**  1  mm  t 

point  is  encountered  at  which  point  ‘no  temperature  \i  os  into  tre  much 
higher  stable  oscillation.  This  'table  oscillation  trows  m.wiilv  enti1 
a  jump  to  an  even  higher  stable  oscillation  a'  ai-out  i)  -  5- .  1 5 9 .  Tne 
amplitude  of  the  tempera turc-  osciliuti.-n  contango-  v.  :m,.,  peaxs  out , 
and  then  rapidly  d-ca  /<  back  *o  *»»••  r‘  •  i.!  v  s*  i  ••  *f  ?  -c.; 

tne  reaction  the  Dam  kohl  or  number  can  now  b°  d-g-cr-.-  is*»d.  1  no  rapid  growth  o 
the  amplitude  of  a  periodic  omit  N-gir.s  at.  D  -  0. 166  whimi  ivaks  out, 
decays,  jumps  down,  continues  to  dot.av .  and  then  .jA.ir-idm  >s  ‘l>-  *.  in¬ 
dependent  solutions  decay  to  tne  s'  -. n'  -  steady  ‘  r-  .•  •  ■  m  *  *• 

lower  turning  point. 
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VIII.  CONCLUSIONS.  The  bifurcation  techniques  presentee  craole 
one  to  determine  the  possiole  steady  states  and  bifurcating  stable  and 
unstable  oscillations.  Thus  systematic  numerical  metnoas  are  established 
for  investigating  the  response  curve  dynamics,  including  lump  phenomena, 
and  the  oscillatory  dynamics  for  a  broaa  array  of  models  found  in  chemical 


reactor  theory,  combustion  theory,  and  even  matnematical  biology. 
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NOTATION 


a  cross-sectional  area  of  the  reactor,  m3 

A  frequency  factor,  s"1 

B  dimensionless  heat  of  reaction,  .‘.He o/rCpTo 

c  concentration,  mol/m3 

Co  inlet  concentration,  mol/m3 

Cp  specific  heat,  J/mo1cK 

D  Damkohler  number,  Ae  'X/v 

Dg  effective  diffusivity,  nr'/s 

E  activation  energy,  J/mol 

AH  heat  of  reaction,  J/mol 

ke  effective  thermal  conductivity  J/s  m°K 

L  reactor  length,  m 

P  reactor  perimeter,  m 

Pem  Peclet  number  for  mass  transfer  vL/De 

Peh  Peclet  number  for  heat  transfer  . C^vL/kg 

R  universal  gas  constant 

t  time,  s 

T  temperature,  °K 

Tq  inlet  temperature,  "K 

s  dimensionless  axial  distance,  x/L 

U  heat  transfer  coefficient,  J/nr-  srK 

v  velocity,  m/s 

x  axial  distance,  m 

y  dimensionless  concentration,  c/co 

Greek  symbols 

B  dimensionless  heat  transfer  coefficient,  UPL/av,- 

y  dimensionless  activation  energy,  E/RT0 

0  dimensionless  temperature,  T/T0 

o  density,  kg/nr 

t  dimensionless  time,  tv/L 
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ABSTRACT.  The  coupled  dynamic  thermoel asti c  problem  was  formulated 
as  a  fourth-order  partial  differential  equation  in  temperature  (or  stress). 
The  fourth  order  Laplace-transformed  operator  was  decomposed  into  a  "wave 
like"  and  a  "diffusion  like"  operator.  Boggio's  theorem  was  extended  vis-a- 
vis  this  decomposition.  As  a  result  of  this  extension  two  functions  were 
defined,  one  satisfies  a  "wave  like"  equation,  the  other  a  "diffusion  like" 
equation.  The  boundary  value  problem  for  the  fourth  order  PDE  in  temperature 
was  formulated  in  a  finite  medium  and  a  method  of  solution  was  obtained 
through  Boggio's  theorem  and  a  perturbation  techniuqe. 

I.  INTRODUCTION.  The  dynamic  thermoelasticity  problem  has  been 
studied  quite  extensively  since  its  beginning  in  1838  when  Duhamel  derived 
equations  for  the  strain  field  in  an  elastic  medium  containing  temperature 
gradient.  A  comprehensive  review  of  the  literature  up  to  1960  was  given 
by  Chadwick  [1],  A  more  recent  treatise  on  the  subject  was  the  1975 
edition  of  the  book  "Dynamic  Problem  of  Thermoelasticity"  by  Nowacki  [2]. 
Other  articles  which  have  close  relevance  to  the  subject  matter  of  thermo¬ 
elastic  wave  propagation  are  listed  in  references  [3-18].  Since  the 
literature  on  the  subject  is  so  vast,  the  reference  list  contains  only  those 
which  the  authors  have  some  faimilarity  with. 

To  understand  the  nature  of  thermoelastic  wave,  it  is  instructive  to 
look  into  the  characteristics  of  the  uncoupled  waves.  For  a  hypothetical 
medium  with  the  thermal  expansion  coefficient  a  =  0  the  pair  of  equations  of 
thermoelasticity  are  uncoupled  to  give  the  one-dimensional  wave  and  heat 
equation  respectively.  On  inserting  the  plane  wave  solution  of  the  form 

{ a , T )  =  {a°,T0}  exp  {i(kx-cot)}  (1) 

into  each  of  the  following  uncoupled  equations 
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one  obtains  two  relations  between  ^  and  k, 


J  -  ch2 


(3) 


M) 


and 

2 

1  U)  =  ►  k  .  ;J| 

For  waves  of  assigned  frequency  by  letting  ba  a  real  constant,  the 
solutions  obtained  are: 

0  x  0  x 

u  =  u+'  exp  { -Mt---)  1  +  u_  exp  i-iu(t+c)  , 

T  =  exp  /£  -  Mt-— -)}  (6) 

+  exp  { x  / -  iu(t  +  ■  -x — ) } , 

J2.  K  i.l 

which  represent  progressive  waves  travelling  along  the  x-axis.  The  thermal 
wave  is  subject  to  dispersion  as  the  phase  velocity  /2mj  is  a  function  ot 
the  frequency. 

On  the  other  hand,  if  one  assigns  k  to  be  a  real  constant,  waves  of 
assigned  length  are  represented  by 

a  -  n  exp  {iK-(x-ct)}  +  u°  exp  {i<(x+ct)i, 

T  =  exp  f-rk^t  +  ikxl.  (7) 


The  elastic  waves  have  the  same  character  as  before  whereas  the 
temperature  is  a  standing  wave,  the  amplitude  decaying  exponentially  with 
time. 

For  the  propagation  of  the  coupled  plane  harmonic  waves  one  assumes  the 
same  wave  form  as  represented  by  equation  (1)  and  substitutes  the  solutions 
in  the  pair  of  coupled  equations  such  as  equations  (18)  and  (19)  of  reference 
17.  One  can  either  study  waves  of  assigned  frequency  or  waves  of  assigned 
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length.  Chadwick  [1]  discussed  these  solutions  in  great  length  in  his 
article.  In  essence,  the  purely  elastic  and  thermal  waves  which  are  the 
solutions  of  the  completely  uncoupled  equations  are  modified.  Chadwick 
calls  these  modified  waves  quasi-elastic  and  quasi -thermal  waves.  For 
waves  of  assigned  frequency,  a  thermoelastic  wave  of  displacement  or  temperature 
consist  of  a  quasi -el asti c  and  a  quasi -thermal  mode.  This  phenomenon 
represents  a  coupling  f  elastic  and  thermal  effects,  the  strength  of  which 
depends  on  the  frequency  and  the  coupling  constant  t.  The  quasi -el asti c 
mode,  in  contradiction  to  purely  elastic  wave,  is  subject  to  damping  and 
dispersion.  On  the  other  hand,  both  the  purely  thermal  and  its  modification, 
the  quasi -thermal  mode,  exhibit  dampinq  and  dispersion. 

Waves  of  assigned  length,  as  would  be  expected,  display  properties  of 
modification  and  coupling  just  as  waves  of  assigned  frequency.  The  quasi- 
thermal  mode  is  also  a  standing  wave,  like  its  counterpart  in  the  uncoupled 
wave.  A  comprehensive  discussion  of  the  modified  waves  as  outlined  here 
can  be  found  in  Chadwick's  article  [1]. 

The  subject  of  this  paper  is  on  waves  in  a  bounded  medium.  Some  discussion 
of  the  boundary  value  problem  in  one  dimension  can  be  found  in  [16]  and 
[17].  A  different  approach  will  be  adopted  in  this  paper.  This  approach 
is  based  on  the  idea  contained  in  Iqnaczak's  paper  [15]  in  which  he  showed 
how  the  solutions  to  the  coupled  problem  can  be  aoproached  via  Boggio's 
theorem  [19].  Boggio's  theorem  indicates  that  the  displacement  solution, 
as  well  as  the  temperature  solution  to  the  couDled  problem  can  be 
constructed  by  superimposing  two  solutions,  each  satisfying  a  "wave  like" 
and  a  "diffusion  like"  equation  respectively.  This  fact  that  the  solutions 
to  the  coupled  partial  differential  equations  can  be  decomposed  mathematically 
into  two  solutions  as  described  above  will  be  demonstrated  in  the  following 
sections  throuoh  the  Laplace  transform  method.  In  the  next  section  the 
fundamental  equations  will  be  displayed. 

II. _  MATHEMATICAL^ MODEL.  Since  the  following  discussion  will  be 
restricted  to  one-dimensional  wave  propagation,  all  the  equations  will  be 
given  in  one-dimensional  form.  Let  the  bounded  region  R  be  given  by 
0  <  x  <  c .  The  equation  of  motion  is 

r’x  =  0Utt  (8) 


* 
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where  p  is  the  density,  is  the  stress  and  u  is  the  displacement  of  a 
field  point  at  x.  Equation  (8)  can  be  expressed  in  the  strain  e  as 


o  =  pe . . 
xx  tt 

The  coupled  energy  equation  is 

where  k  is  the  diffusivity  (k  =  pc/K),  n  =  yTg/pck  and  y 
being  the  coefficient  of  thermal  expansion. 

The  Duhamel - Newman n  constitutive  equation  is 

o  =  Ee-yT  (11) 

where  E  is  the  Young's  modulus  of  the  materials. 

The  boundary  conditions  are  as  follows: 

x  =  0,  o { 0 ,  t )  =  f(t) 

Tx(0,t)  -  .-^(0,1)  =  g(t)  (12) 


(9) 

(10) 

=  ( 3  >  +2  p )  / 1 ,  a 


X  = 


>(t,t) 


Tv  ( t ,  t )  +  ;■  o  T  ( .  ,  t. )  =  0 


(13) 


where  6, 


f 2  =  ,  f(t)  =  -p(t),  q(t)  =  :--|T  (t),  h^  and  h ^  are  heat 


_  1  ,  _  "2 

'1  K  ’  ;  2  "  7;“’  •  r  '  "  ’  ’ '  •  I  -g 

transfer  coefficients  at  the  inner  and  outer  surfaces  respecti vely . 

DIMENSIONLESS  VARIABLES.  We  define  dimensionless  variables  x,  t,  T,  c, 
by  the  barred  quantities  as  follows: 


c'jt 


T  = 


E’ 


(14) 


Two  dimensionless  parameters  L  and  r  are  defined 

f.  =  r<i,  r  -  ,  o':  =  E  (15) 

,C1  1  ■ 

Inserting  equations  (13)  and  (14)  in  equations  (9)  and  (10)  with  the 
additional  equation  (11)  to  reduce  the  PDE's  to  dimensionless  form  in  the 
variables  T  and  >-. ,  we  have 


1 

i 


*\x  "  (1+alc2)Tt  =  a2cot 


r  °xx  '  °tt  =  a3cTtt 


where  =  (3A+2u)2/Tgpc(A+2u)r2 
a2  =  (3A+2vi)/pcTgr 
=  (3A+2p)/( A+2u)r . 

The  boundary  conditions  in  dimensionless  form  are: 
x  =  0,  o(0,t)  =  f(t) 

Tx  -  6-jT  =  g(t)  (18) 

where  f(t)  =  f(t)/E,  ^  jz. »  g  =  g (t)e/TQ. 
x  =  1 ,  j(1  ,t)  =  0, 

Tx  +  6,T  =  C  (19) 

where  ^  =  ®21' 

FOURTH-ORDER  PDE's.  The  pair  of  second-order  PDE's  can  be  reduced  to  a 
single  fourth-order  PDE  either  in  T  or  in  o.  By  simple  algebraic  manipula¬ 
tions  we  obtain 


<r  Txx-Ttt>xx 


^Txx"TttU  V  ‘xxt 


(r  "xx^tt^x  ■  ^xx^tA  =  al,;2  xxt-  (21) 

It  is  noted  that  equations  (20)  and  (21)  can  be  put  in  a  more  compact  form 
by  introducing  two  operators  as  follows: 

6  ?  32/3x2,  D2  t  32/3t2.  (22) 

Thus  we  can  write 


[62(rV-D2)  -  D(r262-D2)]T  =  a^rVoT 


III.  DECOMPOSITION  THI  ■  >!::  I  na<  .no  1  -j  •  )«..)  "if  ♦  *wnr»--  : , 

to  t*nc|qi  o  [  1  °]  t  o  t  he  then  ’or  I  a  .  t  i  c  1  '  /  prop  1  c  ■  .  •  i  ■  ;e«  i  •  i'.»  was 

accompl  ished  tor  the  i’Di  equa'  ion  in  "  i .  >f» ;  r  ri  lift.  a "jio '  l  t  l  jt 

heorein  will  be  proven  tor'  trie  iapl-Ue  1 1  an-.  *  c  me  1  wi  tn  re1.;  ■  '  t  ' 

The  proof  of  the  t  heoreir  will  :>e  'liven  in  two  sfe.  '  ,  tirst  for  t  r 
and  then  for  the  coupled  equations. 

UNCOUPLED  EQUATIONS.  ..ettinq  0  tr.  equat  i  •••.  '  'S',  we  obtan 

(  ‘  -  o)  ( ri  •  -s  ,  o  (24 ; 

Assuminq  nor  i>  :enei>!,  u,i‘  i.it  rondi  1 inns  on  I,  I,,  7^  and  ^ ,  we  will 

show  that  there  e«i,i  *wo  Op, nr’ ions  .4  (  *  ,  t. )  and  v  (  < ,  t )  such  that 

( rL  ‘-I.1  :  .  u ,  ( r"  •*  -Ljv  0  and  T  ■  j  v.  (251 

Laplace  transformin':  eqiation  (i’5'  yields 

’>  •  i  )  v 

(r‘  ‘  -  s'  )<i  0,  ,  r'  •  *"  -  s )  v  0.  T  u  +  v  { 2t  } 

where  r»  is  the  transform  variable,  u,  v  and  T  are  transformed  functions 

for  shortness  equation  (?6)  is  rewritten  in  symbol ic  forms,  'hi*  symbols 
beinn  used  to  replace  the  operators  on  u  and  v.  Thus, 

£ju  0,  i!  v  '  0 

and  equation  (?4)  jtv.-r  beinq  Laplace  transformed  becomes 

HOT  0.  (lib 


The  decomposition  theorem  states  that  it  ou  ;  0,  k(S)u  HT  where 
K ( S )  -  s'-s,  then  Hv  0  and  T  =  u  +  v. 

PROOF .  Define  v(x  ,s)  such  that  v  -  T-u,  since  :•  D  +  s“ -s ,  we  have 
Hv  -  HT-Hu  HT  -  Ou-(s‘  -  s  )  u 


hut  by  hypothesis  Qu  0.  thus 


Hv  =  ht  -  ( s L - s ) u  --  \(s)u-(s,'-!>}u  (3^; 

hence  Hv  =  0  if  and  only  if  K(s)  =  s2-s  whic*'  is  given  -in  the  Hypothesis. 

It  is  noted  that  this  theorem  can  be  stated  for  the  system  of  1'DE‘s 
in  equation  (24)  and  (25)  uy  simply  applying  aversion  to  the  above.  Also, 
a  parallel  theorem  can  be  stated  by  interchanging  the  roles  played  by  n 
and  v.  That  is,  if  Hv  =  0,  (C-L'")v  =  0T,  then  Qu  -  0  and  T  -  u  +  v. 

CCUPLED  EQUATIONS .  Taking  the  Laplace  transform  of  equation  (24)  and 
writing  the  resulting  equation  in  symbolic  form 

LT  --  0  (31) 


where 


L  .'r^-s2)(r?*2-s)  -  a/.V2 


We  shall  attempt  to  decompose  L  as  follows.  Let 


L  =  (r2  ^-p)  (r2‘2-q) 


(32) 


where  p  and  q  are  functions  of  s  to  be  determined.  Expanding  equation  (32) 

2 

and  equating  coefficients  of  like  Dowers  of  a  with  that  from  equation  (31), 
we  get 

?  ?  3 

p  +  q  -  s1'  +  s  +  a^."s  and  pq  =  s  .  (33) 

Therefore  p  and  q  are  the  roots  of  the  followinci  quadratics 

z2  -  (s2+s+a1  2s)z  +  s2  =  0.  (34) 

Now  we  can  write  equation  (31)  in  the  form 

LiL2T  -  0  (35) 

2  2  2  ? 

where  Lj  *  r  f.  -p,  Lp  -  r  >  -q. 

The  decomposition  theorem  states  that  giver  equation  (31),  L^u  -  0 
and  k(s)u  =  L^T  where  k(s)  =  p-q,  then  L^v  =  0,  T  -  u  +  v. 


PROOF.  Define  v  =  T-u.  Since  Lp  =  +  p-q  we  have 

L2V  =  *"22  *  4>u  ”  ^T  "  Llu  "  (P_cl)u  =  ^2T  *  ( p-q)u  -  0. 
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It  is  note',  tnat  'tie  tneorem  can  be  stated  in  a  similar  .-.ay  tv  into 
changing  the  roles  p i dyed  by  u  and  v. 

IV.  BOUNDARY  VALUE  PROBI.CM  AMD  ITS  SOLUTION  LY  A  PERTURBATION  T: Co 
The  boundary  value  problem  ot  the  fourth  order  PD'  in  equation  (SB)  can 
stated,  for  example,  in  T(x,t)  as 

L T  J ,  0  >  •  I,  t  0  (s(,. 

?  O  o  r>  o  0  >  9  9 

where  L  (r‘  '  -IT  )(r‘  -  a  '  r*  ‘  D  and  tne  issociated  boundary 

conditions 

x  -  0,  [  • -  .  .j  ]T(0,t)  -  d(t  1 

[  ‘  -M+.  “  jO'T(;l,{  |  D  fit) 

x  1,  .  i",lT(l,t)  ■  0 

L  -  v  i  +  )  D  j  T  v  I  ,  t )  0 

The  second  conditions  in  eouation  (37)  and  (  Hi)  are  tress  bounaarv 
conditions.  They  are  expressed,  thro. cm  the  use  if  the  Duhamel -Newmanr 
equation  (11)  and  the  energy  equation  ( 10}  and  sir. pie  calculation ,  m 
terms  of  the  temperature. 

To  solve  the  boundary  value  problem  we  shal *  i  r  .t  „se  «• 

transform  in  all  tne  equation  (  ••  )  ,  (  .  1  and  (  )  .  Tne  syste"  ,.t  trie 

transformed  equation  are  as  follows: 

LT  -  0, 

1  1  )  io  o  n 

where  L  (  r‘‘  ■  ‘  -s‘  )  ( r‘  ‘"-s)  -  a,  r‘ 

X  0,  [•-  ^T(;l,s)  r.(s) 

{ 4 1 . ' 

l  -  ‘ 1 4  ) s 1 T ( 0 , s )  s  f(s) 

x  1  .  [  *:  ,  1 T  (  1  ,S  )  0 

[ II -/)s TT(  1  ,s)  0. 

According  to  t ho  decomposition  theorem  proven  before,  in  torn-  u‘  > 

i  id 


functions  u  and  v,  we  have 


[r2f2-p(s)]u(x,s)  =  0 

2  2  -  (42) 

[r  f  -q(s)]v(x,s)  =  0. 

After  u  and  v  are  solved  as  solutions  of  the  ODE,  the  solution  to  the 
fourth  order  ODE,  equation  (39),  can  be  obtained  as  the  sum  of  tnese  two 
functions.  However,  the  boundary  conditions  in  equation  (40)  and  (41)  are 
applied  to  a  linear  combination  of  these  functions.  A  perturbation 
technique  is  proposed. 


PERTURBATION  TECHNIQUE .  Let 

T ( x , s , c )  =  y  t  (x,s)cj 

j=0  J 

u(x ,s  ,i  )  -  /  u  .  ( x , s ) • 

j=0  J 

v(x,s,.  )  =  v  v.(x,s)f_J 
j-0  J 


(43) 


where  T.,  u.  and  v.  are  tne  expansion  coefficients  of  the  respective 
J  .1  .] 

‘unctions. 

The  boundary  value  problems  for  the  expansion  coefficients  are  obtained 
by  inserting  equation  (43)  ana  in  equations  (99),  (40)  and  (41).  Thus  we 
have  the  ODE 


•s iT  i x  ,s )  a, 1 “sT  -( x  ,s  j 
n  1  n-2 


(44) 


an-!  the  boundary  <  or.di  t  torn 


1  .  n  =  0 


1  t ' 

1 ' 0  1 "  *  '  Qn  ' 1  '  ’  On  0 ,  n  0 


(45) 


■  lna(s)  .  4;n.2(o.s) 


,  I  ,  n  =  ; 
0,  others 


X 


1  , 


3  3  • 


(46) 


We  also  need  to  expand  p(s)  and  q(s)  into  inrinite  series  of  even 
powers  in  .  Thus , 


p  V  p9.(s)i  J,  q  =  )  q9-(s). 

j=0  ^  j  =  0 


Inserting  equations  (43)  and  (47)  into  equation  (42)  yields 


2  2  2« 

(r  f  -p0)u2,(x,s)  =  \  p2f_kuk(x,s) 

k=0 


(r  6  -qQ)v2,(x,s)  =  \  q2 ,_k\(x,>) 

k=0 


The  ODE's  in  equation  (48)  represent  a  set  or  recursion  relationships 
amongst  the  expansion  coefficients  u;  and  v.  respecti vely .  Even  though 
p(s)  and  q(s)  have  expansions  in  even  powers  of  .  ,  u(x,s,l)  and  v(x,s,<  ) 
must  be  expanded  in  both  odd  and  even  powers  of  because  the  boundary 

conditions  depend  on  as  well  as  ‘  . 

The  boundary  conditions  for  u-  and  v^  are  coupled  and  are  given  by 
the  following  system 


x  =  0,  oun  -  F-,un  +  4vn  -  F1vn  -  Vl(s) 


;  p.u  •  +  ;  q.v  •  -  su  -  sv  -  su  0 

J  r-j  ;-n  J  n‘J  n  n  n"2 


-  SV  „  -  \  sf(s) 
n-2  In  v 


The  ■  usage  has  been  explained  in  equation  ('^). 


x  --  1  ,  ,-,u  +  (-,0u  +  xv  +  |-.0V  ~  0 

ri  2  n  n  2  n 


p.u  .  +  )’  q.v  .  -  su  -  sv 

J  n-j  'j  n-j  n  r 


-  su  0  -  sv  o  =  0. 


Uncoupled  case,  .  =  0.  In  this  case  the  system  of  equations  becomes  n  =  0 
by  letting 


■  36 


2  ^  2 
(r  A  ~ Pq )uq(x  ,  s )  =  0 ,  pQ  =  s 

Uq(0,s)  =0,  u0(1  ,s)  =  0 


2  2 

(r  6  -q0)vQ(x,s)  =  0  (52) 

[ <5 - 6 1  ]vQ(0,s )  =  g(s),  [6+e1  !vQ(  1  ,s)  =  0  . 

This  shows  that  Ug(x,t)  is  identically  zero,  signifyinq  the  fact  that 
in  the  fundamental  temperature  response  there  is  no  contribution  from  the 
stress  input.  On  the  other  hand,  Vg(x,t)  is  the  uncoupled  temperature 
distribution  in  the  bounded  region  0  •-  x  1  with  the  given  thermal  boundary 
conditions. 

First  order  in  c.  The  first  order  expansion  coefficient  u-|(x,s)  satisfies 
the  following  transformed  boundary  value  problem 

(r2i2-s2)Ul(x,s)  =  0  (53) 

x  =  0,  (s-1  )u-j  (0,s)  =  f(s),  x  =  1,  (s-lju^x.s)  =  0. 

Here  u^  is  by  choice  made  to  represent  the  solution  of  the  pure  stress 
proolem  with  the  impact  stress  at  x  =  0.  Observing  from  the  first  boundary 
condition  in  equation  (51)  it  can  be  said  that  u^(0,t)  =  f(t)et  which  is 
unstable.  This  suggests  that  this  perturbation  method  holds  only  for 
small  time. 

The  first  order  expansion  coefficient  v^(x,s)  is  the  solution  to  the 
following  boundary  value  problem: 

(r2A2-s)v] (x,s)  =  0 


x  =  0,  ]v-,  (0 ,s )  =  -[a-u1]u1  (C,s) 

x  =  1,  [a  +  LJv,  (1  ,0)  =  :  o]u,  (  1  ,s). 


Equation  (54)  shows  that  the  boundary  conditions  are  coupled,  v-j(x.t) 
is  the  solution  of  the  unsteady  Fourier  heat  equation  with  boundary  conditions 
that  depend  on  u^(x,t).  so  that  v^(x,t)  is  not  purely  thermal  but  depends 


on  the  stress  through  the  boundary  conditions. 


Second  order  in  .  .  The  second  order  expansion  coei.icient.  n  .  x,s) 
solution  to  the  following  tranc formed  boundary  value  eroblem 


(r?.^-s2)u0(x,s)  -  0 


x  =  0,  u?(0,s)  -  9  vn(x,s } 

2  (s-1 '/  J 


X  =  1 ,  u2(l  ,s)  =  - 2  Vq( 1  ,s) . 

(s-1) 


1  i 


Thus,  u2(x,t)  is  a  contribution  to  the  temperature  distribution  in  tne 
form  of  a  mechanical  wave  due  to  the  zero-order  temperature  field. 

The  second  order  expansion  coefficient  v2(x,s)  is  the  solution  to  tne 
following  transformed  boundary  value  problem 

2  s 

(■■  -s)v2(x,s)  =  q2v0(x,s),  q2  -  -  ^ 

x  =  0,  [,i-:1]v2(0,s)  -  i  ]u2 {0 ,s)  (56) 

X  -  1,  1  ]  V  2  (  1  >s)  -[  ■  f  :--2  ]u2  ( 1  ,S  / 


It  is  noted  that  v2(x,t)  is  a  response  to  the  nonhomoneneous  unsteady 
heat  equation  with  a  source  term  due  to  Vg(x,t). 
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ABSTRACT 

The  equations  of  gas  dynamics  in  a  tube  with  varying  cross  section  are  an 
example  of  a  nonhomogeneous  system  of  conservation  laws.  In  this  work  we  study  the 
Riemann  problem  for  this  system  by  viewing  it  as  a  perturbation  of  the  classical 
equations  of  gas  dynamics  in  a  uniform  tube.  Also,  we  study  the  Riemann  problem  and 
the  formation  of  singularities  for  a  related,  but  simpler,  problem  of  nonhomogeneous 
Berger's  equation. 

1.  Introduction.  The  equations  of  gas  dynamics  in  a  uniform  tube  have  been  studied 
quite  extensively  in  recent  years.  It  is  well  known  that,  as  a  hyperbolic 
conservation  law,  these  equations  exhibit  discontinuous  solutions,  while  the  initial 
value  problem  is  not  mathema ti ca llv  well  posed  ir.  the  class  of  weak  solutions  [1]. 

It  is  not  difficult  to  envisage  the  mathematical  reason  for  the  nonsmoothness  of 
solutions.  These  equations  enjoy  a  full  set  of  real  characteristics  and,  if  the 
initial  values  are  chosen  properly,  the  information  carried  by  the  characteristics 
will  overlap  and  shocks  develop.  The  problem  under  study  in  this  paper  has  one 
additional  property,  namely  the  variation  in  the  tube's  cross  section,  that  will 
persumably  contribute  even  further  to  the  shock  producing  mechanisms. 

Section  2  concerns  with  the  derivation  of  the  equations  studied  in  this  work. 
The  arguments  of  Hughes  [2]  have  been  followed  and,  as  it  will  become  apparent,  the 
system  under  consideration  is  an  example  of  nonhomogeneous  hyperbolic  conservation 
laws.  In  Section  3  a  simpler  but  related  problem  is  discussed  for  the  purpose  of 
understanding  the  shock  producing  re<-hanisms  that  do  not  exist  in  the  homogeneous 
prob  2  em . 

Sponsored  by  the  Unite!  States  Army  under  Contract  No .  DAAG29 -80 -C-004 1 . 
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Section  4  concerns  the  solution  of  the  Riemann  problen.  It  is  well  known  [3], 


[4]  that  the  solution  of  the  Riemann  problem  played  an  essential  role  in  developing 
a  numerical  scheme  in  order  to  solve  the  initial  value  problem  for  the  equations  of 
gas  dynamics  in  a  tube  with  uniform  cross  section.  Motivated  by  this  fact  T.  P.  Lui 

[5]  applied  a  modified  Riemann  problem  for  the  general  n*"*1  order  nonhomogeneous 
conservation  laws  and  developed  an  iterative  scheme  which  converges  to  the  weak 
solution  of  the  initial  value  problem.  Although  the  above  scheme  is  quite 
successful  theoretically  it  is  rather  difficult  to  implement  it.  Since  we  have  in 
mind  a  concrete  example  from  the  equations  of  gas  dynamics  it  is  our  contention  to 
propose  a  simpler  Riemann  problem  and  hope  that  it  would  give  rise  to  more 
manageable  computations.  We  are  presently  studying  this  problem. 


2.  Derivation  of  the  model  equation.  Consider  an  inviscn!  1  sentrcp,  c  qa  s  flow 
through  a  two  dimensional  duct  '  =  i  ( x  ,  y  )  ;  (  x )  >.  y  A^(x),  -*  <  x  <  “■}  .  The 

motion  of  the  gas  is  governed  by  the  equations  of  conservation  of  mass  and  linear 
momentum 

p  +  ( f ■  u )  +  (ov)  =  0  , 

t  x  y 

(pu)  +  ( p u*'  +  P )  +  (puv)  -  0  ,  (2.1) 

t  x  y 

(pv)  +  (puv)  +  (pv2  +  P)  =0 
t  x  y 

with  P  -  f(p),  where  p  -  p(x,y,t)  is  the  density,  P  =  P(x,y,t)  is  the  pressure 
and  u  =  (u,v)  is  the  velocity  vector,  together  with  the  Neumann  boundary 
conditions 


u(x,A. ( x) ,t) A! (x)  =  v( x , A. ( x) , t ) , 
it  l 


1  ,2 


and  the  initial  conditions 


p ( x,y ,0 )  =  PQ (x,y )  , 

u( x ,y , 0 )  =  uQ( x, y)  , 
v(  x  ,y  ,  0  )  =  v  ( x  ,  y )  . 

In  the  remainder  of  this  section  we  will  outline  briefly  the  procedure 
discussed  in  [3]  which  approximates  (2.1)  by  a  one-dimensional  nonhomoqeneous  system 
in  the  variables  p  and  u.  For  a  physical  quantity  q(x,y,t)  defined  in  the 
region  D  we  define  the  average  (q>  of  q  in  the  y-direction 


*2<  x) 


(q)  = 


A(x)  1 

A1  {  X) 


q(x,y,t)dy 


where  A(x)  =  Aj(x)  -  A.j(x).  Averaging  each  equation  in  (2.1)  and  using  the 
boundary  conditions  yield 

a’  (x\ 

(0  >.  +  <DU)  =  -  — — -  (  pu)  , 
t  x  A(x) 


A* (x)  , .  2, 
T7 — C~  <  Pu  >  * 
A(  x) 


(pu)  +  (  pu  >  +  ( P  )  =  - 

t  XX 

A  *  (  x ) 

(  pv  >  +  (  puv  )  +  ( P  )  =  -  — — —  <  puv  >  , 

t  x  y  A(x) 


(2.2) 


<P>  =  <f(p)>  . 
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In  order  to  further  simplify  (2.2)  we  make  the  following  assumptions: 


(A) 

the  total  variations 

of  ( x ) 

and  A2(x)  arc  small. 

(B) 

the  quantity  |— |  << 

1  , 

i  .  e . , 

the  flow  is  predominantly  in  th o  x-di recti  on 

(C) 

i  f  (F)>  =  f  (<  P  >)  for 

some 

f  . 

Then  it  is  reasonable  to  assume  that 


(D) 


(  pu  )  =  <  p>  <  u  )  , 

2  2 
<  pu  >  =  (  p>  <  u  > 


etc.  An  asymptotic  analysis 
equations  (2.3).  Thus  (2.2) 


with  respect 

becomes 

p  +  (pu)  = 
t  x 


u 


A'  (x) 
a;  x) 


adds  more 


pu  , 


plausibility  to  the 


2  a  •  ( v  \  2 

(pu)  +  (pu  +  P)  =  -  — — pu  ,  (2.3) 

t  x  A(  x/ 

P  =  f(p) 

where  we  have  made  the  following  identifications 

<p)  ~  p(x,t),  <u>  ~  u(x,t) 

etc. 

System  (2.3)  is  the  one-dimensional  approximation  of  (2.1).  It  should  be 
pointed  out  that  as  far  as  the  authors  know  there  has  not  been  a  rigorous  analysis 
of  how  reasonable  the  assumptions  ( A-D )  are.  Nevertheless,  the  system  (2.3)  is  a 
mathematically  tractible  model  of  (2.1).  It  is  believed  that  the  study  of  (2.3) 
will  shed  some  light  to  the  structure  of  the  solutions  of  the  more  difficult,  but 
exact,  equations  of  gas  flow  in  a  duct  with  variable  cross  section. 
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A( x)u.  Before 


3.  Formation  of  singularities  for  the  equation  *  f(u)x  = 

proceeding  with  the  solution  to  the  Riema.nn  problem  for  the  system  (2.3)  it  is 
Instructive  to  study  how  the  spatial  dependence  of  (2.3)  enters  as  an  important 
feature  in  producing  shocks.  Consider  the  nonhomogeneous  Berger's  equation 

ufc  +  ui^  =  a( x) u  .  (3.1) 

The  following  proposition  is  in  the  same  spirit  as  the  ideas  proposed  in  [6]. 
Proposition  3.1.  I f  a(x)  >  0  and  a'(x)  <  0  for  all  x,  then  the  solution  to 


Iu  +  uu  =  a(x)u 
u(x,0)  =  uQ 


(3.2) 


will  form  a  shock  at  finite  time  for  every  positive  initial  value  uq • 

The  proof  of  the  above  proposition  follows  immediately  from  the  following  lemma 
and  corollary. 

Lemma  3.1.  Consider  tve  m:r:al  value  emblem  (3.2).  Let  x(£,t)  be  the 
characteristics  defined  fcv 


dx 

dt 


u 


x(  0  )  -  C 


du 

dt 


a(x)u  , 


u(0)  =  uQ  . 


(3.3) 


Then 


t 

x(5  ,t)  =  _  u( £ ,s  )  ds  +  £  , 

6 


u(5,t) 


x(C.t) 


a(  s!  ds  +  u„ 


x^K.t) 


-1 

G 


K,t) 


(1 


t 

a(U  f  G  ( g  ,  s  )  ds  I  , 

0 


(3.4) 


(3.5) 


where 
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t 

G(i',,t)  --  €?x  p(-  a!  :<  (■•'.,:.))  ii;. ) 

0 


u  (f  ,  t)  =  xf  (  :.,t  )n(  x!  f,,t)  )  -  a(;.)  ■  (  3 .  f  ) 

Proof .  (3.4a)  and  (3.4b)  follow  from  (3.3)  by  integrating  with  ror.rpct  to  t  and 

x.  (3.5)  follows  from  (3.4)  by  observing  that  x,  satisfies 

xr  =  a (  x (  f  ,  t )  )  x .  -  a(f.)  . 

c. 

(3.4a)  follows  by  integrating  (3.3a)  in  the  time  interval  [0,t].  Cine* 


du 

dx 


=  a  (  x)  , 


(3.4b)  is  then  easily  obtained  by  integrating  (3.7)  ;n  the  x-d i root  ion . 
(3.6)  are  subsequently  derived  from  (3.4). 

Coroll  ary  3.1.  Assume  that  Uq  is  positive. 

(1)  If  a(x)  <  0  for  all  x  then  (3.2)  has  a  olobal  smooth  solution. 


(3.7) 

(  3  .  S  )  ana 


(2)  If  a(x)  >  0  and  a'(x)  >  0  then 


a(U  /  G(£,s)ds  <  1  (3.8) 

0 


and  (3.2)  has  global  smooth  solutions. 

( 3 )  lf_  a  ( x )  >  0  for  all  x  and  a '  ( x )  <  0  for  all  x  then 

a(C>  /  GK,s)ds  >  1  .  (3.9) 

0 

Hence,  there  exists  t  such  that 

x?(£,t)  =  0  . 

If  conditions  of  part  3  of  Corollary  3.1  hold,  then  the  solution  forms  a  shock  at 
least  beginning  from  t. 

Proof .  The  proof  of  this  corollary  relies  essentially  on  (3.5).  This  equation 
provides  us  with  a  means  of  measuring  at  what  rate  characteristics  starting  at  two 
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points  f  an.1  f ^  on  the  x-axis  will  approach  each  other.  (1)  Follows 
immediately  from  ( 3. S)  since  if  a(x)  <0  then  x^  is  always  positive  and  the 
character i sties  will  he  expanding.  The  proof  of  (2)  is  essentially  the  same.  Since 
a(x)  >0  a  simple  phase  plane  analysis  shows  that  x(£,t)  >  £  for  t  >  0. 

Since  a  is  increasing  we  have 

a(x(C,t))  >  a(U 

which,  in  turn,  implies  that 


t 

-  /  a(x'£),s))ds  <  -ta(£)  .  (3.10) 

0 


Exponentiating  (3.10)  and  recalling  the  definition  of  G(£,t)  yields 


t 

/  G ( ^  ,  s ) ds  < 

0 


1  -ta(£)  _ 1_ 

a(U  °  a(5)  * 


(3.11  ) 


(3.8)  then  follows  by  letting  t  approach  infinity.  Thus,  a  global  smooth  solution 
to  (3.2)  exists  since,  as  can  be  seen  from  (3.5),  (3.8)  forces  the  characteristics 
to  expand.  On  the  other  hand,  if  a  is  decreasing,  the  inequality  (3.8)  is 
reversed  and  thus  there  exists  t  such  that 

t 

a(£)  j  P ,s ) ds  =  1  , 

0 


or  equivalently, 

x^(?,t)  =  0  .  (3.12) 

This  completes  the  proof  of  Corollary  3.1. 

Proof  of  Proposition  3.1.  We  note  that  t  =  t(5).  Now,  we  claim  that  there  exists 
and  such  that 

xfCj/tft))  *  x(C2,t(C))  =  X  .  (3.13) 
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T 


By  way  of  contradiction ,  assume  for  a) \  T  ^  and  t  ,  t  ^ 

x  (  T 1  ,t  (fj)  t  X(T  t  it)  )  .  (3.14  i 

Let  f  ( T )  =  x(T,t(fJ  )  .  Then  (3.14)  implies  that  f  i£;  a  monotone  function  aiK, 

therefore,  f'(i)  =  Xj.(f,t(0)  *  0  for  all  i  which  contradicts  (3.12).  Hence, 

there  are  two  characteristics  startmq  at  f 1  and  which  meet  at  (x,t).  r. 

the  other  hand,  by  the  standard  uniqueness  theorem  in  ordinary  differential 
equations,  the  above  characteristics  viewed  in  the  (x,u)  plane  reach  the  line 
x  =  x  at  two  different  values  of  u.  Therefore,  a  smooth  solution  cannot  >xirt  in 
a  neighborhood  of  (x,t).  This  completes  the  proof  of  Proposition  3.1. 

Next,  we  turn  to  the  question  of  the  Riemaun  problem  for  the  related  equal  it, 

ut  +  f(u)x  =  g(x,u)  .  (3.15) 

We  assume  that  f  is  genuinely  nonlinear,  i.e.,  f"  >  0.  Consider  (3.15)  with  the 
Riemann  initial  condition 


u(x,0) 


x  >  0 

x  <  0  . 


(3.16) 


We  will  give  a  brief  outline  of  how  the  local  solution  to  (3. 15)— (3. 16)  is 
constructed.  Our  claim  is  that  the  initial  discontinuity  (3.16)  is  immediately 
resolved  by  the  corresponding  conservation  law 

(3.17) 

Then  the  term  g(x,u)  governs  the  evolution  of  the  resolved  waves.  Hence,  to  solve 
( 3  .  1 5  ) - ( 3 .  16  )  we  divide  the  problem  into  two  cases: 

Case  A:  The  solution  to  ( 3 . 16 ) - ( 3 . 1 7 )  is  a  rarefaction.  Let 


+  f(u)x  =  0  . 


1 

r 

if 

*  4  5* 

c 

o 

it 

b(fj 

if 

*  «  ^r 

(  3  .  1 « ) 

u 

if 

e  >  5 

be  this  solution,  where 
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r 


:  1  (  h(  x  )  ) 


.  -  f  ‘  (  o  )  , 

J.  t 


) , 
r 


x ,  f. 


Con  s  t  vi.-r 


df  1  f  (U)' 

x  (  f  ,  0  )  =--  0 

du  ~ 

•j-  -  q(  X  ,  u)  , 

at 

0 

u  (  ,  0  )  -  u  ( E, 

>,  (,t  <  £  < 

Let  (  u  (  4  ,  ♦  >  ,  x  ( T,  / 1  '  >  b <•  t  hr  po  ]  u  t  2 

n  of  (  3 . 1  * 1 ) 

on  r,  .  <  f,  <• 

k. 

difficult  to  sl'.cw  t.  fiat  x.(f,  ,t  )  *  0 

for  4£  -  7 

<  *;  .  Thus 
r 

u(x, 

,t  )  -  u(  £  (  x ,  t  ! 

,t  ) 

is  a  solution  of  ( 3  .  1 7 ) - ( 3 . 1 8 )  within  the  region 

x^  ( t  )  *•  x  < 

x  ^  ( t )  =  x( £  , t ) ,  i  =  r ,i . 

Case  R:  The  solution  to  (3.16) 

-(3.17)  is  a 

shock.  Let 

f  U*  if 

4  >  s 

c 

o 

vT-i 

1 

1 

"  ) 

i  u  if 

l  r 

£  >  s 

be  that  solution  with 

f(u  ) 
r 

er  — 

-  f(V 

o 

u 

r 

r 

■  '  u* 

Then,  in  a  similar  manner  to  Case  A 

we  construct 

the  solution 

namely , 

'  u £ ( x , t )  if 

x  <  x(  t ) 

u(x,t)  =  j 

I 

( x , t )  if 

x  >  x  ( t ) 

where 


(3.19) 


It  is  not 


with 


(3.20) 


.  1 5  > - ( 3 . 16), 


(3.21  ) 
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Solution  to  thf 


In  Glimrr,  proposed 


■.iu.it  u 


(  2  .  a  ) 


an  itorat ivo  scheme  in  or.ier  to  obtain  the  solution  to  the  initial  value  problem  for 
the  general  conservation  law 

ut  +  f(u)x  =  0,  u ( x , 0  )  =  uq ( x )  (4.1) 

where  f  :  Rn  +  Rn  is  smooth  and  genuinely  nonlinear.  The  building  block  of  this 
iterative  scheme  is  the  solution  to  the  associated  Kiemann  problems 

f  u  £ '  x  <  c 


u  (x,o; 
c 


U  ,  X  >  c 

r 


(4.2) 


The  set  of  step  functi  ns  in  (4.2)  is  chosen  as  a  pointwise  approximation  of  the 
initial  value.  The  new  feature  in  the  system  (2.3)  is  the  nonhomogeneity  which  is 
due  to  the  geometry  of  the  duct.  In  this  section  we  discuss  the  solution  to  the 
Riemann  problem  for  (2.3)  which  arises  from  the  discretization  of  the  initial 
condition  and  the  boundary  of  the  duct.  First  we  note  that  (2.3)  can  be  written  in 
the  form 


( Ap)t  +  ( Apu)x  =  0  , 


(Apu)  +  (Apu  +  AP) 

t  X 


-A'P 


(4.3) 


where  A(x)  has  the  form 


A(  x) 


1  . 

1  -  e , 


x  <  0 
x  >  0 


(4.4) 


and 


u0(x) 


(p_,u_) , 

O 

V 

X 

(P+,U+) 

x  >  0 

(4.5) 


As  in  [•.>),  we  assume  that  both  the  initial  condition  and  the  boundary  of  the  duct 


r>  l 


1 

have  small  bounded  variations.  When  £  =  0  (4.3)-{4.h)  reducer,  to  *  he  cl  asnica  : 

Riemann  problem  tor  the  equations  of  qas  dynamics  in  a  uniform  tube  ,/!].  tor  the 
case  £  positive  we  apply  the  same  ideas  as  in  Section  3,  namely,  the  solution  to 
(4.3)-(4.5)  can  be  viewed  as  a  small  perturbation  of  the  solution  to  the 
corresponding  problem  when  £  -  0.  The  implicit  function  theorem  is  the  main  tool 
in  obtaining  the  exact  solution  of  (4.3)-(4.S).  To  illustrate  the  method  we  choose 
a  particular  solution  of  the  e  -  0  case  and  carry  out  the  necessary 
calculations.  Let 


(P  ,u  )  , 


(p(x,t),u(x,t))  =  1  (p  ,u  ) , 
]  m  m 


0  <  —  <  s 


x  1/2 

s  <  -  <  ( P ■  (p  )  ) 
t  m 


1  g(J). 


(p-(p  ))1/2  <  -  <  (p*(p  ))1/2 
m  t  + 


be  the  physically  admissible  solution  to  (4.3)— (4.5)  with  £  =  0,  i.e.,  the 


solution  to  the  Ri- .nann  problem  con.sists  of  a  backward  shock  (p  ,u  ;  p  ,u  ;  s)  and 

-  mm 

a  forward  rarefaction  wave  connecting  (p  ,u  )  to  (p  ,u  )  (cf.  [7]).  Then  the 

mm  +  + 

solution  to  (4.3)— (4.5)  with  c  positive  consists  of  a  backward  shock 
(P_»u_;  P  1  (  f- )  »u  i  (r. ) ;  s  (£)),  a  discontinuity  (  p  1  (  £  )  ,  u1  (  s  )  ;  p  ( e  )  ,  u0  ( ►*. )  ;  0)  which 
is  due  to  the  geometry  of  the  duct,  and  a  forward  rarefaction  connecting 
(  (  C  '  ,u^  (e  )  )  to  (p+,u+).  The  five  formulae  relat.ina  s(c),  p  ^  ( t  )  ,  u  1  (  £  )  , 


P^ ( £ )  and  u0 ( £  )  are 


s(p. 


P_1  =  Plun 


P  u 


S(P1U1  -  P_u_)  =  PlU  +  t’  C  P  1  .  -  . 

(1  -  £)P2U2  -  PlU,  , 


P(P  )  , 


(4.7  ) 


(1  -  e  )  { P  2  ti^  *  P(p2)}  •-  Plu2  -t  P  ( p  1  )  +  ~  c  P  (  p  1  )  -  ~  £P!po) 


,  f  2  */f7Tp7  j 

u  +  :  - - -  dp 

+  1  p 

P  . 
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J 


i 


After  eliminating  s  and  from  (4.7)  can  formulate  the  above  problem  in  t he 

form 


t  (P,  ,P2  ,£)  =  0 


(4.8) 


where  £' =  (F1'F2'F3>  is 

t  P  ^  1 1  /  2 

F  (P  ,p  ,u  ,e)  =  (1  -  dp  u  -  p  u  +  i —  (P(p  )  -  P(P  ))(d  -  p  ) 1 

2122  22  1  -  1  p  1  -  1  -  J 


^2  ___ 

,  ,  r  /p  ’(Pi 

WP2'VC)  =  U2  ~  U+  -  '  - 3  dp  ' 

P. 


(4.9) 


2  2  0  °  1 

F3(P1  ,P2'U2,£)  =  P1(,_C)^P2U2  +  P(p2!'  ~  (W)  w2u‘,  ’  P1P!P1!  ~  2  EpiP(p1) 


+  j  ep1p(p2)  • 


We  point  out  that  the  sign  of  the  square  root  in  (4.9)  is  chosen  so  that  the  usual 
entropy  condition  is  satisfied  [ 1 ) .  (4.3)-(4.9)  is  now  set  up  for  applying  the 

implicit  function  theorem.  The  problem  is  solved  if  wo  can  uniquely  determine 
p.j,  p.,,  and  u2  in  terms  of  e.  A  rather  tedious  calculation  leads  to  the 
Jacobian  of  (4.9  )  : 


det 


3(FrF2,F3) 

3 (P1 »Pn ,U  ) 

E=0 


2p  (u2  -  P’ (p  ) ) [P’ (p  )] 1/2 
mm  m  m 


(4.10) 


Thus,  if  tee  initial  step  (p  ,u_;  p+ ,u+ )  is  such  that 

U±  ”  P' *  °  (4.11  ) 

i.e.,  the  original  flow  of  the  gas  is  either  subsonic  or  supersonic,  we  see  that  the 

small  variation  in  |p  -  p  I  implies  that 

u2  -  P’ (p  )  /  0  .  (4.12) 

m  m 

Therefore,  the  determinant  in  (4.10)  is  nonzero  and  we  can  uniquely  solve  for 
p  j ,  o  and  u2  i-n  terms  °f  e.  This  completes  the  solution  to  the  Riemann 


problem  (4.3)— (4.5) 


There  are  still  two  interesting  problems  In  connection  with  (4.3)  where  an.,v<- 
would  bo  valuable  both  to  the  theory  ar.  i  the  uppl  t  ration.  The  first  question  :  r. 
whether  the  above  scheme  actually  converges  to  the  weak  solution  of  the  initial 
value  problem.  The  second  question  in  how  easily  this  scheme  can  be  implemented 
numerically.  We  are  presently  studyir.q  these  questions. 
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ABSTRACT .  A  solution  formulation  and  numerical  results  are  presented 
here  for  the  time-dependent  problem  of  beam  deflections  under  a  moving 
load  which  can  be  neither  a  force  or  a  mass.  The  basis  of  this  approach 
is  the  variat ional  finite  element  discretisation  consistent  in  spatial  and 
time  coordinates.  The  moving  load  effect  result  s  in  equi Vianet  stiffness 
matrix  and  force  vector  which  are  evaluated  along  the  lint-  of  discontinu¬ 
ity  in  a  time-length  plane.  Numerical  results  for  several  problems  hav* 
been  obtained.  Some  of  which  are  compared  with  solution  obtained  by 
Fourier  series  expansions. 

I.  INTRODUCTION.  A  solution,  formulation  and  some  numerical  results 
are  presented  for  beam  mot  ions  subjected  to  moving  loads.  ‘lost  of  t  he 
work  on  this  problem  has  been  related  to  rail  and  bridge  design  (see,  for 
example,  reference  | 1 ]  and  many  papers  cited  there  from  1910  to  1971). 
However,  the  application  of  the  analysis  can  obviously  be  extended  to 

t  racks  for  rocket  firing,  and  to  gun  dynamics  12). 

In  Section  LI  of  this  paper,  a  variational  formulation  for  a  moving 
force  problem  is  described.  Also  given  are  the  procedures  which  lead  to 
finite  element  matrix  equation.  A  detailed  description  of  the  treatment 
of  ,i  concentrated  moving  force  is  given  in  Section  III.  The  variational 
problem  associated  with  a  gur.  tube  dynamics  is  presented  in  Section  IV. 
Inis  gun-tube  problem  contains  the-  moving  mass  problem  as  a  special  case. 
Finite  element  solution  can  he  derived  from  this  formulation,  but  the 
details  of  this  more  complicated  problem  is  omitted  from  the  present 
piper.  Some  of  the  numerical  results  obtained  for  a  moving  force  problen 
are  reported  in  the  last  section  and  are  compared  with  results  obtained 
from  series  solutions. 

II.  SOLUTION  KURMiLATluN  FDR  A  MOV  INC  FORCE  PROBLEM.  In  this 
section,  the  sol  nl  ion  tornulation  wi.ll  be  described  in  det  .ils  for  a 
moving  force  problem.  The  moving  mass  problem  will  be  included  as  a 
special  r  a  se  of  a  more  goner  il  problem  ot  gun  motions  analysis  given  in  a 
later  sec t i on . 

Consider  a  vertical  force  F  moving  on  an  Kill er-Bernoul  1  i  beam.  The 
difleriMitial  equation  is  given  by 

Ely""  +  pAy  =  !’6(x-x)  t  1  > 
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/.Iti/r'i*  V  (  X  ,  t  )  deHot  e  s  t  he  bea::,  .It  :  li->  '  ii.f  i  i 
r  tiortl  i  n;it  e  x  and  t  lint*  t  .  K,  I,  A,  :■  amt-  .■  ! 
of  inert  ia.  area  and  matt-rial  .1.  •.  i  t  v  i  t  i 

denoted  by  6  ,  x  =  x(t)  is  tin-  l-ic.i'.  i--"  >:  •  , 

differentiation  with  respect  to  x  and  t  >i  t.  • 
r t' s t  to  t  • 


Introducing  nondimensional  |u.nt  it  h-s 

y  -  y  / k  ,  x  -  x  '  <.  ,  t 

where  i  is  the  length  of  the  hea-  and  I  is  i  : 
T,  t  lie  problem  is  of  interest,  l.q .  (1)  .an  he 

y"“  +  i  ‘  y  =  -gi  (x-x 

The  hats  (“)  have  been  omitted  in  Kq  .  (  i)  ,,nd 


Boundary  conditions  associated  with  Kqs.  (1)  or  (3)  will  now  be  introduced 
in  conjunction  of  a  variational  problem.  Consider 

61=0  (da) 


I  =  I  j  !v"y*”  -  Y L y v*  -  06 (x-x) ] dxdt 

t)  0 


+  j  dt { k, v (0 , t ) y* (0 , t )  +  k,y’ (0 ,t ) y*  * (0,t) j 


+  Y ZJ  dx]k;lv(x,0)  -  Y(x) Jy*(x, 1 ) ;  (ah 

where  y*(x,t)  is  the  adjoint  variable  of  y(x,t).  If  one  takes  the  first 
variation  of  I  considering  y(x,t)  to  be  fixed: 


( *  I ) 6  v=0  =  0 
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and 


insider  j  v*  to  be  co;  i  ;i  1  et  e  1  y  i  r  b  i  t  ra  r  >' ,  il  is  easy  to  see  t  loll 


0  <  t  v  1 


(3)  is  equivalent  to  the  differential  equal  ioil  (>)  an  1  tin-  tollowin. 
boundary  and  initial  conditions. 


y"'  (n,t )  +  kjyco.t )  =-  ■» 
y ”((>, t)  -  k2y'(0,t)  =  0 
y "  '  (1  » t )  -  k3y(l,c)  =  0 
y"  (1,1)  +  k4y'(l>t)  =  0 
y(x.O)  =  0 

y(x,l)  -  kb[y(x,0)  -  V(x)) 


(6a ) 


and 


II  s  x  >■ 


Taking  appropriate  values  for  kj,  k2,  k3,  and  k4  ,  problems  with  a  wide 
range  of  boundary  conditions  can  be  realized.  The  initial  conditions  in 
liqs.  (6b)  are  that  the  beam  has  zero  initial  velocity,  and,  if  one  takes 
k3  to  be  "  (or  larger  number  compared  with  unity), 


y  (  x ,  0  )  =  Y  ( x ) 


( oh ' 


The  meaning  for  cases  where  k3  is  not  so  need  not  be  our  concern  here. 

To  derive  the  finite  element  natrix  equations,  one  begins  with  Eq. 
(3a')  and  write 


(  t  I  )  b  y  =  ( )  '  0 


(7a) 


,1.1  .  •  •  - 

i  !y"5y*"  -  Yzyiy*  -  ()6(x-x)6y~]dxdt 

0  0 


+  j  dt  [  k  i  v  ( 0 ,  t )  6  y*  ( 0 ,  t )  +  k2y ' (0 , t ) i y*(0 , t ) 

0 


+  k3y( 1 ,L )6y*( 1 ,t )  +  k4y' ( 1 ,t )6y*' ( 1 ,t ) ] 


+  dx[ Y^kcy ( x ,0)  -  Y(x ) j 6 y* (x , 1 ) 

0 


(7b) 
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1  n  t  i'i  >1  in  i  a”  e  1  iMifiil  ltK  -1  vi  r  i  1 1  >  1  *  *  ?> 


(  i  ) 


t  >:  -  i  + 1 


(i) 

>1  =  Lt-j+1 


( '. + i  - 1 ) 


t  =  -  r.i-i-1) 

i. 


•where  K  is  the  number  o:  divisions  in  x  .mi  I,,  in  t.  (A  typical  r 
scheme  is  shown  in  Figure  1).  equation  (7b)  c  in  now  t>o  written 


K  L 


I  .  1  KJ 


V  h 


L  J  i 


i=l  j=l 


0  r  >’"(i.i)°>’*"(i  j)  -  —  •v(ij)t>'*(i.j).d”dr 


I  v,  i. 


.1  K1 


i  =  i 


J()  dn  I—  y(i  i)(il’n)iy*(i.j)(,V)  +  "k2  —  y’  (i  !)(•', (i  j 


.1  df, 

+  ..  J  —  [  '  "  >'(  i  j )  (f>  ,U)6y*(  i  J)  (f,  ,  1  ) )  1 

i  =  i  ' 1  K 


i  =  1 


K  <L  ')  ,1  ,1  - 

l  ~  i  j  6(x~x)6y*(i  ,n  >dt,dn 
i  =  l  j=l  L  11  0 


K  y  kb  ,i 

+  - J0  «  [Y(i)(4)6y*(iL)(4,l)l 


i  =  1  K 


rhe  shape  function  vector  is  now  introduced.  i>e: 

T/r 


y ( i j ) ( £” ri )  =  i*  <4.ri)v(i )) 


y*(i  j)(4  ,n)  =  aT(f.,n)Y*(i  j)  =  Y*  1  ( t  ,  )u(<;  ,n ) 


;  ij.jI  i."i  C<)  l 


i  1  j-1 

L 


•v*‘,  •.  \ 


iY*‘(ii)  'f  “'I 
k  , 


6Y> 


(K.i) 


k  K‘ 


V(M) 


:  —  is ,  t - a  . 


1  (  i  i ) 


'I  ‘  Ki, 


i  -I 


dv*;(-a.) 


l(iL) 


:  Y*  ' ,  i  ,  \  ~  F ?  i  ;  I  +  9V*1 


'  K  •, 


(  i  ; )  ,  ( i  j ) 


i  =  l 


(it)  K  J ( i ) 


.  - iv  ,  as 


i  t  r  t. 


.1  s-  1  !  V  ,  t  ..it 


l  .  i 

J 


ir. 


.1  ,1 

B  -  j  j  a  r,  •** 
0  0  -  *  ~ 


B,  =  ;  a('t,n)aT(.J,n)dr,  ,  B2  -  /  a  f  c( 

,)  -  -  -  0  -  ’ '  - 


1  1  _ 

iij  =  ;  (  a(  1  ,n)aT(l  ,n)dn  ,  B/4  =  j(.  a  f  tj  ( 1 ,  r  )a  1  ^  ( 1  ,  r  )dn 


B5  =  j  a(f,,l)aT(t,0)df, 


0  - 


,1  ,1  -  -  ,1 

F(jj)  =  J  J(|  .r>)6(i  j)(f,-Udf,dn  ,  G(i)  =  a(f,,i)Y(i)(Udf, 


l.ii  it  aria  1  remark:  Far  iletinilion  »l 
.•qu.it  i  ori  ( 18a)  . 


see  top  ii!  page  containing 

(ij) 


359 


3('0 


:  1  >. 


■  :  iKU'l  i 

,■  i  •  s  w  i  c  t 


;  '  1  ii)W; 


*  i  t.  h 


u.it  i  ■  ;i  ( 

i  t  l  LMl  . 


■t  :  :  :li-  r 


)  . 


”1  u-ii-t  r*-:>r  ■  •••.ns  t  :»• 


(  •.  .  r  ,  .  . 

tii,’  i ;  r  i,  t,  1 1  i  !  ii,,  i  t  l  •  ,i  ■(>.->.  ,  Hi  '  "■  \  l  )  t  ti  -  '■  ,s:it  .  i ',  tin- 

r  i  vt*  1  x  ( t  )  d . ,,  ■  •,  • ,  ,t  ■  •  •  *  •  i  r  ■  ><  i .  :  i  t.  ti,  *  e  ■  enetit  t  i  ,  i )  » 

t  j  1. 1  •••,••  t  :  i  r  jiij- 1 1  t  ii.it  element  ,  »tt,  n.<s 


. (i  p(4-4)  •-  f'(x-x)  =  ntu-u 


( )  H.i ) 


4(h) 


(lhn) 


on  i,  (n )  is  derived  iron  x  =  x(t  ) .  For  example,  i  f  the  force 
i  a  const  mt  velocity,  one  has 


x  =  x  ( t  )  =  vt 


(19.,) 


from  Fes.  (8)  trial 


vK 


4  =  4  (n )  =  -i  +  1  ■  —  (  m  1  —  1  ) 

L 

!•;<{  s .  (In),  (17),  (18),  Itid  (19),  one  writes  (If)  as 

i  .1 


F(i.i)K 


( i  j )  k 


0  i 


ak(s,n;A((-i,)d?,.l- 


1  .1  - 


p-1  q-1- 

=  K j  j  b  t> :  4  n  6(4-4  ),14dr 


1  i  0 


(  1  \>  n  ) 


(7  •  i.i 


(2  n) 


2-i)  can  t  hen  be  evaluated  easily  once  the  exact  torn  of  4  is 
For  example,  if  4  =  h,  sij  •  (20)  reduces  to 


'■  ( i  j )  k 


p=i  q=i 


.1  p+q-2 

'^ip  ^iq  J  ^ 


9  9  k  b  i  pb  jq 

p=l  q  =  l  i’+'l-1 


on 


if; 


i.i 


iv.  _  a  ci' n  i'u  i.w.  ::a.^ 

s.\-'  ion,  t.  tie  s< » I  vie  i  0:1  *,  r ’Hi  1  .it  i  mi  »>;  .1  1 1 1  r » •.  -  - 

Nju-k’LiI  c  1  so  to  t  ik*  i'un  tube  1 . » t  ioii  problvn.  it 


•  r  o  lit  1.1*  nil.  ill' 


this  problem  con  hr  written  as  [  3 j  : 


(Ely”  )"  +  1 1'  ( x ,  t )  y  ’  ]  ’  -t  .-Ay 

=  -  l’(x  ,t  )  y"  (x  ,  t  )ii(x-x) 

-  riplx^y"  +  2xy'  +  y]6(x-x) 

+•  (:Hp  g  cos  u)S(x-x)  +  vA  g  cos  a  ( 

'.'no  notations  an:  t  ho  same  .is  in  the  previous  section  it  they  have  .lire. 
Seen  defined.  The  "s;un  tuho"  is  replacing  t  he  "beam"  whenever  appropri¬ 
ate.  The  new  notations  are  defined  here: 

P(x,t.)  =  n (x) p( t )  =  axial  force  in  the  tube  due  to  internal 
pressure  alone 


K(x>  =  inner  radius  <>t  tub.- 

p(t.)  r  intern  il  pressure 


J(x,t)  =  l  —  P  ( '  > ,  L  )  +  g(sin  Ci)  '  pAdx) 


=  recoil  force  including  tube  inertia  in  axial  direction. 
!i(x)  =  Heaviside  step  function 

x  =  x(t)  =  position  of  the  projectile 

mp  =  mass  of  projectile 

g  =  gravitational  acceleration 

'i  =  an/,  le  of  el  e  vat  i  on 

..'it  h  simil  it  imiiJ  i  men  si  oe.a  1  i  ;:at  ion  as  before  and  assumin  :  .it  t  he  cn, 
se.t  ion  is  uni  torn,  ballistic  pressure  is  not  time  d.  pendent  .  Kgu.tl  i  .n 
.it  he  written  la  .1  i  me  n  s  i  on  1  e  s  s  form 


a  l  - 1’  i-  sili  a]  [  (l-x)v'  I  '  T  i‘ 

-  -  I'  y"':l(x->:) 

-  r‘o'n,)ix^y"  +  2x y '  +  y]i(x-x) 

+  .n„  i>(cos  a)t(x-x)  +  i;(nis  u) 
•rvtiiiii.1,  i  n  dimensionless  ,uul 


(24) 


T‘  K 1 


It  is  » 1  so  clear  that  if  one  drops  the  second  t  e  r -a  on  the  lull  hand  sidt 
aid  t  he  lirst  and  Lie-  last  terns  on  t  :v  r  i;;ht  hand  side  in  t  lie  nonce 
e'l’.at.  i  on ,  the  equation  becomes  that  for  a  moving  mass  problem. 

A  variational  problem  associated  with  the  differential  equation  of 
1 .  (24)  can  he  obtained  through  integral  ion-by-part  s. 


S 


)  y  “  ..  (i‘i)v 

i  = ! 


:\l  1 1 


.  1  .  ] 


(Wi>  “  0 


.  i  ,.i 


(  2  ha) 


i[  =  j  j  y"y*"d.xdt  ;  1_>  -  ( 2-g  sin  u),  {  y*  y*’dxdt 


i)  1 1 


0  i)' 


.1  , 1  • 


.  1  .1 


li  =  —  Y  )  yy*(lxdt  ;  1/  =  ;  v'  y* '  il(x-x)dxdt 

■)  .)  00 


Iq  =  -I- J  y '  y* '  4  (x 

0  0 


,  ,.l  ,1  , 

-xldxdt  ;  L  =  -mu^Y  j  j  t 1 v' v* ' 6 (x-x )dxdt 
°  0  0 


..1.1  -  -  .1.1 
j  =  ‘  Y  i  j  j  tv'  y*'  6'  (x-x)dxdt  ;  lrf  =  2ns  Y  ,  ,  t  y '  y*c  (x-x )  dxdt 


0  h 


0  0 
,  i  ' 


In  »  -mY2j  j  vv*5  (x-x)dxdt  ;  l10  =  -mY‘:j  '  vy*i  (x-x ) dxdt 

Oi)  Oh'' 

.  1 

1 1  j  -  j  ;  kj  v(  ) ,  t  )  v*  (!)  ,t  )  +  k->v(0,t:  )y*(n,t  )  + 


k  jy(  1  ,t  )y*(  1  ,t  )  +  k4y' ( 1  ,t  )>•*'(  1  ,t )  |  dt 


1  l  )  ~  *7.i  ^  >'(x  ,0)  y*  (  x  ,  1  )dx 


(  2tih ) 
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i}  -  —  p,  cos  ct  j  j  o  :■  >1  ' 
■  i  '  0 


1  I  7  - 

J  ■,  -  -g;n  cos  a  1  ,  v*6  (>■.  -;•;  )dxdt 

"  i)  '  o 


J  -  k7,'  V(x)y*(x,  1  )  !x 

3  '  I 


i  variational  problem  also  produces  tile  :<>1  lowing  initial  and  boundary 
.no  ron.iit  ions  in  addition  to  tut*  ditferentiil  equation: 

>’(x  ,0)  =  0 

•  -  1 

v  ( x  ,  1  )  |  1  +  mi  (-  p-x)  1  +  k7|  y(x,i'i)  -  Y  ( x )  ]  =  u  (.!? 


y"(u,t  )  -  k2>' '  (o,t  )  =  i! 
y"  ( 1  ,t )  +  k  p  y '  ( 1 ,  t )  = 

'  ( ') ,  t  )  +  K.  |  v  (.  ) ,  L  )  +•  (  -  l’+.e  cos  u  )y  '  (i  I ,  t  )  +  Py  '  ( o , l ) H ( -  pt1') 


+  y'  r.t‘)  =  a 


v t)  -  ka(l,t)  +  Py '  (  1  ,l.  )H(-  rft^-l)  t-  r.s-y'(l,t)6(-  nt^-l)  -  0 


1  >t  he  r  than  the  fact  L  let:  tile  present  probio  a  i  •  such  more  eoripl  ie.ateJ  Inc: 
:  lie  one  assoc  fated  wil'n  a  moviu,',  force,  l  he  basic  concept  of  solution  us.  d 
previously  does  not  chance  and  we  slu  1  1  omit  the  details  of  sol  ut  ion  !or- 
;au  1  1 1  i  ■  in  tie  re  . 


Using  a 
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Solutions  by  Fourier  series  [  1  |  .il'e  also  obtained  and  they  are  also 
given  in  these  tables  (numbers  in  parent  buses)  for  close  compari  ms. 

Table  111  shows  t hat  for  T  -  10 1  sec,  v  =  1 / TOO  or  more  or  T  is  more 

t  Ivan  V)f)  times  the  natural  frequency  Tj  ,  the  deflections  as  P  moves  across 
t  lie  beam  is  nearly  the  static  deflection.  The  dynamic  effect  ot  the  load 
in  the  case  T  =  100,  as  indicated  by  the  deflection  curve  at  t  =  1.(1  T  is 

indiscernible.  For  v  =  1/3  and  v  =  3.33,  the  dynamic  effect  is  very  much 

pronounced  as  indicated  by  Table  IV  and  V.  The  agreement  between  t  Ik' 
present  results  compared  reasonably  well  with  t  he  series  solution  in 
idles  II  and  III.  It  is  extremely  well  in  case  of  nearly  static  cases  as 
shown  in  Table  TIT. 
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A  Typical  Finite  Element  Grid  Scheme  Showing 
the  (i,J)t'1  Element  and  the  Global,  Local 
Coordinates. 


WAVE  PROPAGATION  IN  PERIODICALLY  LAYERED  MEDIA 


T.  C.  T.  Ting 

Department  of  Materials  Engineering 
University  of  Illinois  at  Chicago  Circle 
Chicago,  Illinois,  0O68O 


ABSTRACT.  Wave  propagation  normal  to  the  layering  of  a 
periodically  layered  medium  is  studied.  The  layered  medium  can  be 
finite  or  semi  -  infinite  in  extent.  Each  period  consists  of  two 
layers  of  linear  elastic  or  viscoelastic  materials.  The  medium  is 
initially  at  rest  and  at  time  t=0  a  transient  wave  is  generated 
by  the  prescribed  boundary  conditions.  The  stress  response  at  a 
finite  x  is  obtained  by  the  analogy  between  the  exact  solution 
at  the  centers  of  odd  layers  in  the  layered  medium  and  the  solution 
in  a  homogeneous  viscoelastic  medium.  In  the  case  of  a  semi- 
infinite  layered  medium,  tnc  stress  response  at  a  large  x  is 
obtained  by  an  asymptotic  analysis.  For  the  value  of  x  which  is 
not  very  large,  higher  order  asymptotic  solutions  are  giver.. 
Numerical  examples  are  presented  for  an  elastic  composite  subjected 
to  a  unit  step  stress  in  time  applied  at  x  =  0. 

I.  INTRODUCTION.  Most  of  the  approximate  theories  for  wave 
propagation  in  a  layered  medium  focus  or.  the  determination  of  the 
dispersion  relation  or  the  frequency  equation  due  to  a  harmonic 
oscillation  [i-4)  ,  al though  some  of  tile  theories  are  able  to  pre¬ 
dict  the  late-time  asymptotic  solution  in  a  semi-infinite  layered 
medium  due  to  a  step  load  applied  at  the  boundary.  For  the  latter, 
exact  theories  may  be  used  to  find  the  asymptotic  solution  and  the 
wave  front  solution  [5-~j. 

To  predict  the  transient  response  at  points  not  necessarily 
far  away  from  the  impact  end  (where  the  asymptotic  solution  does 
not  applvj  and  to  points  not  necessarily  near  the  wave  front,  a 
new  theory  based  on  the  analogy  between  tne  dynamic  response  of  a 
semi- infinite  layered  medium  and  a  semi -infinite  homogeneous 
viscoelastic  medium  has  been  proposed  recently  by  Ting  and  lukunok: 
18] .  The  fundamental  idea  is  to  characteri :e  the  layered  meu.um  by 
an  "equivalent”  homogeneous  viscoelastic  medium  such  that  the 
dynamic  response  of  the  latter  is  identical  to  that  of  the  layered 
medium  at  the  centers  of  the  alternate  layers.  Although  the  idea 
of  modeling  a  composite  by  a  v i seoclast i c  medium  is  not  now  [9,10], 
the  "theory  of  viscoelastic  analogy"  introduced  in  [8]  succeeds  in 
correlating  precisely  the  analogy  between  a  layered  medium  and  a 
homogeneous  viscoelastic  medium.  Since  wave  propagation  in  a 
homogeneous  linear  viscoelastic  medium  car.  ue  solved  easilv  bv  manv 
known  numerical  schemes  1  see  [II],  for  example . ,  one  can  obtain  the 


l ii  tne  ciiur.aicat 
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The  theory  ot  Vi  scvielast  lv.’  di\a  ko^;.  y>v o  .sente 
semi- infinite  medium.  in  this  paper  we  present 
theory  which  applies  to  a  finite  la;,  ered  medium. 


seated  ui  |i:  is  foi 
sent  a  more  general 


Consider  a  periodic  i  ..pored  medium  as  shown  in  Fig.  I  in  which 
each  period  2tv  consists  <>f  two  layers  of  Homogeneous ,  isotropic, 
iinear  elastic  or  viscoelastic  materials.  The  two  different 
materials  in  the  layers  wiil  be  designated  as  material  1  and  2, 
respectively.  Thus  material  !  occupies  layers  1,3,5,...  while 
material  2  occupies  layers  2,1,0,...  The  thicknesses  of  individual 
layers  are  denoted  by  2hp  t i  =  1 ,2 ■  where  the  subscripts  1  and  2 
refer  to  material  1  and  2,  respectively.  he  will  assume  that  the 
layered  medium  is  initially  at  rest  and  c  icupios  the  region 
0  s  x <  2.  We  choose  the  central  surface  of  layer  1  as  x  =  •>  and  th 
other  boundary,  ;<  =  2,  is  assumed  to  be  at  the  central  surface  of 
layer  X  where  N  can  be  an  even  or  odd  integer.  Hence, 

2  =  |.\  -  1)«  1 

We  will  consider  plane  wave  propagation  in  the  direction  x  in 
which  the  only  non-vanishing  component  of  the  displacement  is  in  th 
x  direction.  »e  therefore  have  a  one-dimensional  wave  propagation 
problem  in  which  the  equation  of  motion  and  the  continuity  of  the 
displacement  are  given  by 


li  =  1,21 


si  =  i,-l 


wno  re  a  dot  -t  mi.  for  ditto  rent :  at : .  >r.  with  resrec:  to  t  r.e  tine  t, 
and  Cj,  ci ,  V; ,  .. .  i  -  *  ,  2  i  are  the  normal  stress,  normal  strain, 
particle  velocity  and  mass  density,  respectively.  Let  • ,  ,  t  and 
-il.tj  be  tiie  relaxation  functions  c.f  the  materials.  For  elastic 
materials,  •  j .  t  <  and  ,..,t:  are  independent  of  :  and  are  ident 
fled  as  Lame  constants.  The  stress-strain  relation  can  \  written 
the  form  of  Stieit-es  convolution 


whe re  we  have  assumed  that 


0  .  (  x ,  0  )  =  v  .  i  x ,  0  )  =  C  .  ( x  ,  0  ]  -  o  .  r  6 

1  1  '  1 


II.  GLMiRAL  SOLUTION.  The  general  solution  to  iiqs .  (2  -6 )  can 
be  obtained  by  the  method  of  Laplace  transform  and  by  the  use  of  the 
Floquet  theory.  We  define  the  Laplace  transform,  f(p),  of  a  func¬ 
tion  f(.t)  by 

t'lypi  -  .  f(tje  dt  (.  7 J 

O' 


After  applying  the  Laplace  transform  to  Las.  (2-bi,  the  general 
solution  for  the  stress  and  the  velocity  in  layers  1  and  2  can  be 
written  as 


V*.p; 

=  A! 

cosh  ^ k ^ X ;  +  3^ 

sinh  f.kjX.) 

|  ^  sinh  (kj.x) 

*  cosh  (.k^xij 

0,(x.p) 

II 

>1 
r  j 

cosn  (k,x  -  k ,u, 

j  B ,  sinh  (k,x  -  k  va) 

where 

v,(x,pj 

m. 

j  A  ,  s  i  nh  ( k  ,  x  - 

k  .  a)  +  B  ,  cosh  (  k  ,x  -  k  ,ujj  | 

(8a  j 

(Sb.i 

:  Sc; 
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j  =  h  +  h , 


k .  =  r  p .  p/  g . 

1  v  =1 


m.  =  P.p/k.  =  /P.pg. 

1  l1  1  l1  °L 


Aj_  and  Bi  (i=  1,21  are  determined  by  the  continuity  condition  at 


x  =  h 


Oij  .p'i 


and  tiie  quasi -periodicity  property  of  the  solution  together  with  the 
continuity  condition  at  x  =  2^  -  hj 


r 


where  n  is  an  integer.  Mose  :-ver.  we  see  t  r-.,m  hq .  U-'  17 

is  a  characteristic  exponent,  -  --  .  I  he  ret- re ,  »n  aua.t.  >n 

the  general  solution  with  A.  as  the  coo 'f:c lent ,  we  on’  "  toe 
second  general  solution  by  changing  the  sign_or  i'he  .  a-r::. 

of  this  second  solution  will  be  denoted  b  /  A;.  Consequent. y, 
general  solution  for  the  stress  and  ve ioc i ty  at  any  point  x  r. 
lave  red  medium  can  be  written  is,  using  Eqs.  ;.S,lA,lo;, 


C,  (2nu>  +  x  ,p.i 


A  <coshik,x,  i  -  nL,  sinn. k  x,  e 

.1  'ii  i  ii! 

,  ,  r  I  Jr.uw 

A,\  coshi  k  .  x,  i  *  pL,  s i  r.n  i  w  .  x ,  , e 

l)  11  1  1  111 
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vL  (.no  ’  x,  ,p 


1  (  |  -  into- 

—  <sinnl.x,x,i  -:iL. ,  co~nvK,x.  ye 
,  I  11  *  a  i  i  ) 


+  —  |sinh  (x .  x.  j  +  pL  cosh , k . x,  ,[■  e"n" 

Bj  1  11  1 

*  x  , .  p )  =  A1pM|c.>sh(K,x,;  -  pL,  sinh(k,x,.ije  lJ' 
♦  a;  pM  jcosh(k  ,x  ,'j  *  pL,  sinh(.k,x,)|e* 


f  1  ~b 


(in- 1 , 


v  ,(inui 


where 


-  h  .  <  x  <  h 

l  i  "  i 


•  .  (  -  |  -  (  2  n  i  !  <’ 

=  — -  pM^sinh(k  ,x,j  -  pL ,  cosn  (k  ,x  J>  e 

_  »  "" 

i  i  _  i  _  \  '  "'n-1  i  „ j 

pMy>in.'.  (k  .x  -  pL  ,  cosh^k  ,x  ,j> e  (I'd 


1,2, 


i  1  8  ; 


When  proper  values  for  n  and  (or  x>)  are  chosen,  Eq* .  (I-)  can 

be  used  to  determine  solution  at  any  point  in  the  layered  medium.  Tl'.e 
two  coefficients  A^  and  A[  are  determined  from  the  boundary  condi  • 
tions  at  x  =  0  and  x  -  i. 


In  the  next  section  we  will  show  the  analogy  between  tiie  solution 
at  the  centers  of  the  layers  and  the  solution  in  a  homogeneous  visco¬ 
elastic  medium. 


Ill.  VISCOELASTIC  ANALOGY.  The  stress  and  velocity  at  the 
centers  of  the  layers  have  specially  simple  forms.  By  letting 
Xj  =  x  '  =  0  in  Eqs  .  (l'j  ,  we  have 


17a 


»PJ  =  A  e 


'1  C 


pL, 


/  -  -_ni^  7.  -iv; 


v .  ( 2nto ,  p  j  =  -  i  -  A .  e  +  AJ  e* 

1  '  m  ^  \  1  i 


;  , .  rH-  -  [2 n  +  iijK 

7^(2na3  +  w,pj  =  pM\.\^c  ■*-  A*  e 


(Jnuj  +  jo  .  p  j 


nL- 


-  I_2n  +  1  t,  i,2n  +  ii~< 

:  +  A  e 


We  now  consider  a  homogeneous,  isotropic,  linear  viscoelastic 
medium  which  occupies  ()  <  xi  l  and  which  is  at  rest  at  t  =  0  and  i 
subjected  to  certain  prescribed  boundary  conditions  at  x  =  0  and 
x  =  l.  Let  i,  n  and  V  be  the  normal  stress,  normal  strain  ana 
particle  velocity,  respective!;.'.  Also,  let  ^  and  G  be  the  "euuiv 
lent"  mass  density  and  the  "equivalent”  relaxation  function  of  this 
homogeneous  viscoelastic  material.  The  equation  of  motion,  the 
continuity  condition,  the  stress-strain  relation  and  tne  initial 
conditions  are 


ii 

3\ 


OV 


j 


3V  • 

■jx  1 

t  i 

I !  x ,  t  i  =  tut  -  t '  j  dr,  (x  ,  t ' ; 

0 

l(.x,')‘j  =  V  ( x ,  0  ’  i  =  n  (.  x  ,  0  ’ )  =  0  j 


By  applying  the  Laplace  transform  to  Eqs.  t _1  U  ,  the  general  salat. or. 
for  the  stress  and  velocity  will  contain  the  exponential  term 


exp  |  i  hCSs?  G  X  ; 

In  view  of  the  exponential  terms  in  Laps.  (Idi  ,  we  will  uetir.e  c'le 
"equivalent"  relaxation  function  G , t i  by  the  relation 


s  =  »V.p;  I,  ill 

We  will  also  define  the  "equivalent"  mass  density  bv  the  average 
mass  density  in  the  layered  medium  f  -1 , 8  ]  : 

q  =  (pjhj  *o,h,)/ih.  -  h ,) 


37h 


'•’•ith  Eq.  (.2-1 


the  general  solution  to  Hu . 


can  ne  written  as 


>(x,p)  = 

a  e 

x  *  a-  e<x 

V(.x,p  j  = 

ft  < 

-a  e"  X  *■  a  1  e"X) 

where 

a  and  a f 

are 

arbitrarv  functions  o 

There  are  several  ways  to  identify  the  analogy  between  Eqs.  1 
and  (24).  If  the  stress  in  material  1  is  of  main  interest,  we  may 
set 


A1  =  a  ’ 


Ai  =  a* 


we  then  have 

1.x, n)  =  'f(x.p) 


and 


where 


'1 


vL (.x.p; 


p.J  x  V  (x  ,  p  J 


5,1.x,;;)  =  pM'Hx.p) 
v,U,?J  =  pM  |pd  ,V ’.x , p)| 


:pL. 


(i  =  1,2, 


for  x  =  (2n  +  l)(a 


i  26a 


(26b 


It  should  be  pointed  out 
are  defined  for  ail  x, 
and  x=  (2n+l)-j,  respect 


that  while  J  and  V  as  given 
bus.  (2<>a)  and  (26b;  apply  only 
Lvely.  By  using  the  identity. 


by 

to 
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He, 


j ,  / j ,  =  i  pM)  2  =  nuL.  /  <  ct.  L,) 

i  •  -l  i¬ 

the  last  of  Eq.  ,_obj  can  be  written  as 

v  ,  lx,  pi  =  — r  { p  .5 ,  V  i  x , n) }  ,  x  =  ;2n  +  l)e„ 

pM  '  1  ’ 

hi  til  f.q .  f  29;  ,  we  rewrite  Hus.  (.26.;  in  the  following  form: 

-  ^  ( -nou ,  t ,  =  t’  i  —  aj ,  1. 1 

-  V*  i  Jnu. ,  t ; 


.  \s  , 


!  5hb 
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■  -  -j.t,  - 


V  A  {-11—  *  aJ  ,  t  ; 


-  t 


v*Cx,t)  =  ;  JAfr  -  t'.  JY 
o’ 


and  M“  is  the  Stieit.jes  .averse  of 
followin';  E«.  .  15..  regarding  the  St :o  1  a  •  v 
stress  and  velocity  at  the  renters  a:'  the 
stress  1'  and  velocity  V  ;n  the  ”e..;u>  v:. 
In  particular,  the  stress  at  the  centers  ■. 


is  identical  to  the  stres 
elastic  medium. 


vi.t"  ir-'i mod 

v  i"  i  c  O  n  Li  j.  II  '•  G  Z*  S  |  w  " 


;i  the  "e ... i. i valent"  homo ge n e o a : 


I\'.  SOL  I'  ;• ;  i  v:  i;\;T:i  a.  ci  vie..  ..  f  th<.  oetuec.n 

solution  at  the  centers  of  the  layered  medium  a:.-  .  .:  of  a  hot 

geneous  vi  scocij-.it .  c  medium  ucr*vcd  above,  or.c  can  soivo  tnc  w;i 

.*o  red  mo  &  i  urn  by  so  Ivin.;  too  aavo 
it  homogeneous  viscoelastic  medium, 
the  r o  ;  a x a t :  o n  fun v  1. 1  o r.  <  i  y r  o  r* 

i  rum  .’.'.o  s  .  1 _ _  j.  -  ,  .  An.'u  •  1 i  c  a  i 


propagation  problem  in  the 
propagation  in  the  ei,u:vaie 
this  purpose,  we  have  to 
|  u  i.  va  lent  vis  c  v  e  I  a  s  t ;  c  ov  a 
inversion  of  the  i  an  lace  transform  U  p 
Tiiere fo re  ,  a  method  v  f  nuir.enc.il  ir.versi. 
[ i 3 J  is  employed. 


ppear  teas: 
ae  ore  used 


Io  illustrate  lac  theory  ...r  v  iue. 
lave  red  aedi  urn  in  winch  hot:;  mater.. a  Is  . 


wnero  Ki.t>  is  tae  no  an 
equivalent  visene  .  .t: 
numeri  cal  ly  inv>.  rt :  a; 
shown  in  fig.  2  il  eng 
medium  used  in  the  cai 
from  [4].  Uni  lie 

viscociiistic  r o  » . i ,\ ei  t  > v 
do c r e a sing  f un c  t ion  o t  t 


\:\  e  x  .imp  i  o  t  t:\t* 

;  V  t  0  O  t  .1  L  i  *  C  Li  0  '' 


:  *  h  n  y  s  i  v  a  1  p  a  ra  me  tors  or  t  he  c  i  a 1 v  ; 

•  1 1  a  t. :  on  .  The  y  h y  s  i  cal  p  •  -  r  a  me  t^rs  a  re  t 

*  s 1  rva.  \'  i  -•  col-1  a  s  t  :  v'  mat  or  .  a *  s  >  tire  o*vu 

fun  v  :  ;  on  is  no  t  mono  ton  .  c:ii  a  v 


c  can  now  r e p  1  a  c e 
l  s eoe i a  s  t  j  c  modi  \ im  w h > - 
so  1  vc  t  ran s  ;  on t:  have  p r 
con  •  der  tao  case  in.  oa 
•to:*  funct  i  on  : ::  t  .uu 


on  *\nct;on  i  >  ^ .  .  o:i  ;u  F : 
roh  i  i'Ti.'  .  :'■»  r  s  ;  mo  1  :  c  :  t.  •' ,  •. 


'.vo  find  the  stress  at  :  a,  - 

Fortunately  for  t.k .  a  -  a  t.v, 

in  the  elastic  layered  :r.eu  .  urn 
can  be  obta  i.ied  numerical  iy 
track  of  eaca  transmitted  a  :  viiUiitude  st  t.-.o  • 

of  the  layer?.  Thi  s  exact  solati  t he  ra v  the  ry  .  t 

in  Fig.  3.  It  is  seen  that  the  agreement  i s  excellent  Jes 
fact  that  Gi.t;  obtained  . ;•  i  g .  f  is  ante  crude. 


In  Fig.  4  we  present  the  Stre  •  a  ;-t  ory  it  t 
3rd  layer  due  t  >  a  stem  1  oa  ,i  app  I  i  •.  :  t  trie  .ante 
layer.  This  represent--  a  more  severe  test  the 
Notice  that  while  the  solution  in  :  .  '  -h.  w  r:e 

behavior  of  modulated  .sell  1  it  i  ./.us  .  t  :.e  ion 

such  asymptotic  behavior.  i'h :  -  is  expecte.i  •  /can 
solution  docs  not  apple  to  points  near  the  ..r.-.ac 


For  -i  f  nite  layered  medium,  we  -now  is.  r ; 
response  at  the  center  of  the  otii  .  i ;■  e r  subject  to 
stress  at  the  center  of  the  first  layer  while  the 
14 til  layer  .is  fixed.  Xg.iia,  ti'.e  igreoment  between 
obtained  by  •  he  theory  of  vis  coei  istic  analogy  .mu 
tion  by  the  say  -;.e»ry  ;  .-  excel  lent. 


Using  f  .  lie  -  t  ; :  ■.  I  t.le  '.e.eCiC.  ..it  ts.e  cent1 

odd  layers  and  tne  stre  ;>  anc  vt  levity  at  the  centers  of  t 
layers.  One  can  a. so  find  tne  tress  and  velocity  at  som 
arc  not  at  the  center.-  of  the  ii  vers  by  us.r.c.  tne  met  nod  o 
character!  st  cs  for  elastic  ind  viscoelast: c  medium  .  :  :  | . 
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The  inverse 
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i  f  i  t:+(1/3  )-J-Q2-.b^3z7 
o(2nu),t)  =  271  j  T  e 
Br 


d;  (33) 


where 


=  (if  C  '  2n)/(nei)2 


52  =  v(ntii)'/5  (34) 

«3  -  VK)4/3  ' 

Cco  is  the  group  velocity  of  the  elastic  layered  medium  and  31,3? >63 
are  constants  depending  on  the  geometry  and  material  constants  of  the 
layered  medium  [15]. 

The  solution  which  ignores  the  £2  ar>d  £3  terms  is  called  the 
one-term  asymptotic  solution  and  can  be  expressed  in  terms  of  an 
integral  of  an  Airy  function  [6,7].  If  we  retain  the  £2  term  but 
ignore  the  term,  we  have  the  two-term  asymptotic  solution. 

Finally,  if  both  <;2  and  £3  terms  are  retained,  we  have  the  three- 
term  asymptotic  solution. 

In  [15],  a  particular  Bromwich  contour  was  selected  and  Eq.  (33) 
was  integrated  numerically.  A  numerical  example  of  the  asymptotic 
solution  for  n  =  S  is  given  in  Fig.  6  for  the  elastic  layered  medium 
considered  in  Figs.  2-4.  Comparison  with  the  exact  solution  by  the 
ray  theory  shows  that  the  three-term  asymptotic  solution  is  satisfac¬ 
tory  for  this  small  value  of  n=5. 

A  detailed  discussion  of  when  one-term,  two-term  and  three-term 
asymptotic  solutions  may  be  considered  a  good  approximation  can  be 
found  in  [15]. 

Although  the  layered  medium  is  assumed  to  be  elastic  in  this 
section,  the  analyses  can  be  extended  to  viscoelastic  layered  medium. 
It  is  shown  in  [16]  that  when  the  layered  medium  is  viscoelastic, 
the  distance  traveled  by  the  wave  should  appear  in  the  asymptotic 
analysis  to  provide  a  meaningful  interpretation  of  the  interaction 
between  the  dissipation  and  dispersion  of  the  viscoelastic  layered 
medium. 
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medium  due  to  a  unit  step  stress  applied  at  the  center  of  the  first 
layer. 
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unit  step  stress  applied  at  the  center 
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ABSTRACT 

Acoustic  emission  is  the  sudden  release  of  mechanical  energy  which  propa¬ 
gates  in  the  form  of  elastic  waves  from  a  localized  region  in  a  material. 

The  technology  of  locating  and  characterizing  the  source  of  emission  for  the 
purpose  of  detecting  failure  of  the  material  is  also  called  acoustic  emission. 
The  underlying  theory  of  mechanical  radiation  and  dispersion  of  elastic  waves 
pertaining  to  the  technology  of  acoustic  emission  is  discussed  in  this  re¬ 
port  . 


INTRODUCTION 

The  term  of  acoustic  emission  is  currently  used  to  describe  a  physical  phenom¬ 
enon  as  well  as  a  technology.  As  a  phenomenon,  it  describes  the  propagation  of 
transient  elastic  waves  which  are  radiated  from  localized  regions  in  a  material 
or  structure  due  to  rapid  release  of  strain  energy  in  these  regions.  By  recording 
and  analyzing  the  transient  waves,  it  is  possible  to  locate  the  sources  of  radiation 
arid,  in  some  cases,  even  to  characterize  the  nature  of  the  sources.  The  technology 
that  has  been  developed  over  the  past  decade  to  locate  and  to  characterize  the  sources 
is  also  called  acoustic  emission  [l]. 

When  a  material  is  plastically  deformed,  micro-cracks  and  voids  are  developed. 

The  dynamic  processes  that  generate  elastic  waves  are  very  complex  and  a  general 
theory  within  the  framework  of  materials  science  is  still  lacking.  For  the  purpose  of 
detecting  the  zones  of  microplastic  deformation,  the  sources  of  emission  may  be  repre¬ 
sented  by  nuclei  of  strains  of  the  dynamic  theory  of  elasticity  [2].  The  emission 
of  waves  by  these  macroscopic  sources  and  the  propagation  of  radiated  signals  in 
a  wave  guide  can  then  he  analyzed  and  compared  with  experimental  observations. 

This  constitutes  the  solution  of  the  "direct  problems"  of  acoustic  emission. 

To  accomplish  the  objective  of  acoustic  emission,  it  requires  a  solution  for 
the  "inverse  problem",  that  is,  to  determine  the  locations  and  characteristics  of 
the  assumed  macroscopic  sources  from  the  signals  recorded  at  various  stations  in 
the  wave  guide.  We  are,  however,  still  far  from  accomplising  this  objective,  both 
in  theory  and  in  practice.  The  difficulties  that  one  encounters  can  bp  illustrated 
by  the  following  example. 
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I'howi:  ir:  T’i  ! .  ’he  time  record  of  a  simulated  acoustic  emission  in  a  rla 
plate  of  thickness  h  =  0.95?5  cm.  The  signal  is  generated  hv  a  wi de-band  piezo 
electric  transducer  place!  vertically  at  the  surface  of  the  plate  and  the  time  re 
of  the  input  signal  is  shown  at  the  lover  right  corner  of  the  firure.  A  similar 
transducer  is  placed  at  a  distance  UO  h  from:  the  source,  and  it  records  the  out 
put  signal  as  shown  in  the  firure. 

Tli-’fu’ft.i  caVlv ,  the  source  •  of  emission  can  he  represented  Vv  a  vertical  for-'C 
act. in /•  '•*  U:e  surface  of  tile  plate.  liven  for  such  an  idealized  system,  however, 
we  are  still  r.ot  able  to  calculate  completely  the  output  signals  from  the  river, 
input.  The  reason  is  that  the  surface  response  of  the-  p.ate  is  expressed  mathe¬ 
matically  in  terms  of  a  double  infinite  integral  which  is  difficult  to  evaluate. 

On  the  other  hand,  when  one  tries  to  compare  the  theoretical  results,  if  ob¬ 
tained,  with  the  experimental  data,  he  will  encounter  the  difficulty  of  not  know¬ 
ing  what  the  piezoelectric  transducer  does  measure.  A  displacement,  velocity,  c 
stress?  For  the  same  reason,  the  exact  nature  of  the  input  by  the  transducer  is 
not  certain.  Although  progress  has  been  made  recently  in  the  calibration  of  t  rur. 
d  jeers  [3],  precise  measurements  of  the  input  and  output  signals  f  acoust  ;  .•  .• 

s '  on  have  r.ot  been  v:  iely  reported. 

In  this  report,  we  present  briefly  the  theoretl  ral  basis  cf  acoustic  em.issio 
bared  on  the  dynamic  theory  of  elasticity.  We  discuss  first  a  mathematical  rerre 
sentatinn  of  the  source:-  or.;  sr  i  vi  raid  then  the  dispersion  of  4  ho  emit  to  i  sin.n 
n  plate  wave  guide.  Finally,  we  show  how  the  results;  of  the  analysis  of  disper¬ 
sion  can  be  applied  to  locate  the  source  of  emission. 

1  .  MACROfCPF !  C  fOirFCF  FUNCTIONF 

The  displacement,  field,  u(x,t),  of  elastic  waver  at  the  spatial  coordinate 
x  and  time  t  in  governed  ty't.he  Navi  er-Cnuehy  equation  [  2 ,  h  ] 
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(X+p)VV-u  +  p\7'  u  -  ou  =  -pf 


where  c  is  the  macs  density  arid  X,  p  arc-  i  he  Lame  constants  of  the 
The  body  force  f  per  unit  mass  is  a  source  that  generates  the  wave, 
pondinr  stress  field,  c(x,t),  a  second  rank  tensor, is  riven  by 


Tl.*  •  corr> 


=  XIV*u  +  p(Vu+uV) 


T  is  the  idem factor  (isotropic  tensor), 
hen  three  mutually  perpendicular  body  forces  aetinr  at  the  point  x  ,  the 


he  foi  :.owin<*  dyadic  equation. 


(X+y)vv-0  +  uV'  0  -  pC,  =  -pl6(x-x  )  f(t)  (•) 

where  f(t.)  is  art  arbitrary  scalar  function  in  time.  The  solution  for  0  war 
found  by  0.0.  ftok.es;  i..  '. ?.Lo  [2}  an  i  is  called  Green's  dyadics  for  elastic  waver 
i  n  an  i  n  fi  n  i  t  e  medi  urn . 

From  the  Green's  dyadic,  one  can  ieri  vc  the  displacement  field  rer.  crate  j  by 

other  tynes  of  point  sources,  known  a;5  nuclei  of  strains  in  the  theory  of  elasticii 

Let  a,  t  and  c  be  three  mutual !y  r  orren  dicul  ar  'ir.it  vectors  and  c  =  a  x  b , 

and  u(x,a)  be  the  disci  acement.  fielu  ine  to  a  err.  cent  rated  force  in  the  di  rec- 

tion  of  a  at  x  .  The  dir.pl  nrementr  due  to  various  nuclei  of  strains  ••• 

,0 

strength  are  then  derivable  from  0: 


finqle  force  alorw  a 

Double  force  alonp  a 
Center  of  dilatation' 

Pinple  couple  about  c 
Center  of  rotation  about  c 
Double  couple  without  moment 


u(x,a )  =  a*  V  ) 

-  -  -.n 

-a  *Vu(  x  ,.a) 

fum  of  three  double  fore 
r*7u(x,a) 

b»Vu(x,a)  +  a*Vu(>:  ,-b) 
b*Vu(x,a)  +  n*Vu(x,b) 


TL-.  double  force  an  1  double  couple  without  moment.  hav<--  i"v,r.  u;v  :  no  ret  re.-e 
!  h>  on-.-nino  of  a  tensile  -rack  and  the  slidine  of  .-.hear  crack  resneeti  ve  ;.y . 
'•enter  of  dilatation  can  be  used  to  represent  the  creation  or  collapse  of  a  void 
The  wave  fi rids  Generated  by  various  point  sources  are  depicted,  not  in  sete, 
in  Fi".  P,  where  the  solid  lines  indicate  the  P-wave  front  (Pressure,  Lon.*?  t.  uni 
r.al  w  ,ai;d  dashed  lire's,  the  P-wave  front  (Shear,  'finpcnv'il  wave)  the  arrows 
i  n  1  i  cat.  i  rir  the  direction  of  i  i  r.rd  a  cement  . 
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The  rr.  is  called  the  moment  density  tensor  and  it  is  related  to  the  strength 

pq 

and  orientation  of  a  crack. 


2.  D1EPERSI0II  IK  A  WAVE  GUIDE 


Once  a  wave  is  generated  by  a  source  in  a  bounded  medium  such  as  a  plate  or 
a  cylindrical  shell,  the  wave  is  then  multiply  reflected  by  the  bounding  surfaces 
■which  form  a  wave  guide.  As  a  result  of  interference  of  the  reflected  waves,  the 
disturbance  observed  at  some  distance  from  the  source  is  quite  different  free,  tr.at 
originated  from  the  source.  This  is  known  as  the-  geometric  disr'-rsicn  of  waves 
in  a  wave-guide. 

We  note  that  the  Green's  functions-  and  general  solutions  discussed  in  the 
previous  section  are  for  a  source  in  an  infinite  elastic  solid.  To  analyse  waves, 
in  a  bounded  medium,  new  Green's  function::,  one  for  each  type  of  wave  guide,  must 
be  found.  This  amounts  to  the  solving  of  a  new  boundary  value  problem  of  t lartody- 
riar.ics.  So  far,  only  wave  guides  with  simple  geometry  like  a  plate,  a  circular 
cylinder,  and  a  sphere  have  been  analyzed  in  detail  [ k ] . 


Consider  an  axially  symmetric  point  source  in  a  plate  which  is  bounded  by 
two  parallel  surfaces  z  =  +  h/2.  The  normal  displacement  of  a  propagating 

pulse  in  the  plate  is  given  by  [h,p.ii68] 


u(x,t)  =  /_o_f(u)U  (x,u)e  iutdm 


U  ( r ,  z  ,  to ) 


K  (  C  i  z ,  u ) 
d(c,u)) 


J  Ur)d£ 
o 


(°) 


In  these  integrals,  e>  is  the  circular  frequency  and  f,  is  the  radial  wave  num¬ 
ber,  J  is  the  Bessel  function  of  zeroth  order.  The  source  function  at  x 

o  -C 

is  separated  into  ji  temporal  part  arid  spatial  part.  The  Fourier  transform  cf  the 
tes.po.ral  part  is  f(uj),  and  the  spatial  part  is  represented  by  the  function  S 
in  terms  of  the  radial  wave  number.  The  N  and  D  are  complicated  transcendental 
functions  of  £z  and  £h.  When  the  source  is  a  crack,  additional  integration  over 
the  surface  of  crack  is  required  and  the  S(C)  furnction  s.hould  be  replaced  by 
the  moment  density  tensor  of  Kq.  (8).  Other  parts  of  the  integrand  should  also 
be  modified  to  reflect  the  angular  dependence  and  trnsorial  property. 


393 


The  zeros  of  the  denominator 


or  the  roots  of  the  aunt ion 


D(e,u>) 


tangh/e 

tanah/2 


o  o  o 

(f  -B 


0 


2  2,2  2 

a  =  a)  /c  -  l, 

V 


(10) 


is  the  characteristic  equations  of  free  waves  in  an  elastic  plate, 
as  the  Rayleigh-Lamb  equation,  and  has  been  a  subject  of  extensive 
By  finding  the  roots  of  this  equation,  one  can  determine  the  phase 
locitios  and  modal  shapes  of  various  modes  of  waves  propagating  in 


i is  known 

StUUV  ;  f.  .  . 

and  grow.  ve- 
the  plat**. 


Despite  its  simple  appearance,  evaluation  -  f  the  double  integral  of  Eq .  (?) 
is  not  easy.  Two  methods  of  evaluation  are  available.  One  Is  the  method  of  normal 
mode,  the  other  is  the  method  of  generalized  ray.  Ir.  the  method  of  normal  mode , 
the  integral  in  £  for  U  is  evaluated  by  the  calculus  of  residues,  the  poles 
being  the  roots  of  the  Rayleigh- Lamb  equation,  and  each  term  of  the  residual  series 
is  the  contribution  from  one  normal  mode.  The  integral  in  -ii  must  then  he  evalu¬ 
ated  numerically.  Details  of  the  analysis  are  discussed  in  Ref.  1j  . 


In  the  method  of  generalized  ray,  the  integrand  of  U  in  Eq.  (?)  is  expand¬ 
er:  into  a  series,  each  te  \m  of  the  series  represents  the  wave  propagating  along  a 
generalized  ray  path.  The  .double  integral,  one  in  u  and  one  in  l ,  of  each 
term  of  the  series  is  then  evaluated  by  applying  the  Caginard  method  [7  1.  numer¬ 
ical  results  for  various  types  of  point  sources  listed  in  the  previous  section 
are  shown  in  a  new  article  soon  to  appear  [  S] . 


From  these  preliminary  calculations,  we  can  conclude  that  the  method  of  norm¬ 
al  mode  is  effective  for  waves  at  far  field  over  a  long  time  (r  >  10  h)  ar.d  tim 
method  of  generalized  ray  is  for  near  field  and  short  duration  (r  <  1.1  h).  With¬ 
out  going  into  details  of  these  results,  we  can  say  that  the  wave  pattern  at  the 
surface  of  a  plate  is  very  sensitive  t-o  the  location  of  the  receiver,  relative 
to  the  source,  and  to  the  temporal  function  of  the  assumed  point  source  in  a  plate. 


3 .  i.OCATIUO  AMD  CHARACTER  I ZIHO  flOURCrP 

The  analysis  as  described  in  the  previous  section  provides  information  *  hat 

can  be  used  to  locate  the  source  of  emission  in  a  plate.  Tn  a  iispersive  wave 

guide,  a  wave  packet  with  strong  magnitude  propagates  with  the  group  velocity 

{<•  )  which  is,  in  general  ,  different,  from  the  speed  of  P-wave  (c  ),  .’-wav 
t  n 

(c  )  or  Rayleigh  surface  wave  (cp).  Let  the  strong  wave  packet  he  radiate!  from, 

tie  source  at  (x  ,y  )  in  a  two  dimensional  space  and  at  the  time  t  .  If  the  saw 
00  o 

w:  ve  packet  is  detected  by  three  or  more  transducers  at  stations  (x  ,y  )tn  =  1,2,3 

the  distance  traveled  by  the  wave  from  the  unknown  source  to  each  station  is  then 
gi  ven  by 


r 

n 


f(x  -x  ) 

n  o 


(yn-yo)] 


1/; 


:3, 
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n  = 


(11) 


Since  the  travel  tine  for  the  same  wave  packet  whir  a  propagates  with  st 

is  t  -  t  ,  we  have  the  following  three  count  ion:;  for  three  unknowns ,  x  ,  v  , 
no  '  ’  n  •  o  ’ 

and  t  , 

o 

r  =  (t.  -t  )o  (n  =  1  ,;\3)  'l.'1) 

n  n  o  g 

3y  solving  this  system  of  equations,  we  can  determine  the  location  of  tae  :•  ur-*-. 
This  is  known  as  the  method  of  tri angulation . 

It  should  be  noted  that  to  apply  the  method  of  triangilatier.,  we  need  t  know 
the  of  the  dominant  signal  that  is  detectable  by  all  three  receivers,  ior 

waves  in  a  plate,  Kq.  (10)  shows  that  the  maximum  g roup  velocity  of  the  low*--.-*. 

antisymmetric  mode  ( the  flexural  mode)  is  equal  to  c  =  1.01  c  .  The  arrive. 

r, 

time  for  this  group  of  waves  in  a  glass  plate  is  marked  in  Fig.  1  by  an  nrr'v  an  i 
(?<,,)  max  under  a  very  strong  signal.  Additional  analysis  of  Kq.  ( o)  rev---:  *hat 

the  magnitude  of  this  group  of  waves  was  indeed  the  strongest  of  the  early  arrived 
groups  at  far  field.  Hence  by  identifying  the  arrival  tines  of  this  group  at  vari¬ 
ous  receiving  stations,  we  should  be  able  to  locate  the  source  by  solving  three 
equations  of  (12). 

For  wave  field  near  the  source,  the  wave  packet  has  not  yet  been  fully  level - 
oped.  The  solutions  of  generalised  ray  are  then  used  to  determine  the  travelling 
speed  of  a  predominanat  signal. 

In  the  current  practice  of  non-destructive  testing  of  materials,  once  a  source 
of  "weakness"  is  located  by  the  acoustic  emission,  other  means  of  testing  are  ■:r?d 
to  inspect  closely  the  source  region.  Eventually,  one  hopes  net  only  to  locate  the 
sou. cn  but  also  to  find  out  what  typo  of  source  emission  it  in.  Mathematically, 
this  is  equivalent  to  the  determination  of  both  f(to'  and  "(f.)  in  Fa.  (o  •  when 
u(x,t)  is  given,  gome  progress  has  been  made  to  solve  this,  inverse  problem  when 
either  f(w)  or  C(f,)  is  known  ’see  Vol  .  7  of  Ref.  l)  .  The  progress,  however, 
has  not  yet  reached  the  stage  of  application  to  acoustic  emission. 

Ackro-w  1  e  igervcg  .  This  report,  is  l  a  sod  on  research  work  sponsored  by  the  National 
T  •  i  es.ee  Foundation . 


He  fo rericos 

r  1  '  T.g.  g  pan  nor,  A-ous.tic  Emission,  Techniques  and  Appl  icat  i  ons  ,  index  Thihiioa- 
ti’e’.,  Evanston,  Th  1  oyi* . 

\7  !  A.E.H.  i.ove,  The  Mat.iv -mat  i  cal  Theory  of  blast  i  oi  ty  ,  Dover  i'ubl  i  cat  i  ons  ,  New 
York,  lo)t)t. 

13]  W.  Each.se  and  N.N.  Hsu,  "IT]  t.rn  sonic  Transducers  hr  Materials  Testin'*  and 
Their  Characterization"  in  T’hy  s  i  cad  Aeons  t,  i  cs  ,  v.  1  h  ,  edited  by  W.r.  Mason 
and  R . N .  Thurston,  Academic  1’rcss,  New  York,  IdT'b 

t ,l  I  T .  Miklowitz,  The  Theory  o  f  Elastic  Waver,  and  Wave  Guides.  North-Hoi  land  f  ab¬ 
olishing  Co.,  New  York,  197ft. 


395 


ADVANCED  REGISTRATION  LIST 


6  June  1980 


26th  Conference  of  Army  Mathematicians 
10-12  June  1980 

Achenbach,  Professor  Jan,  Department  of  Civil  Engineering,  Northwestern 
University,  Evanston,  IL  60201. 

Chandra,  Dr.  Jagdish,  Director,  Mathematics  Division,  U.  S.  Army  Research 
Office.  Box  12211,  Research  Triangle  Park,  NC  27709. 

Chen,  Dr.  Peter  C.T.,  Research  Mathematician,  Renet  Weapons  Laboratory,  LCWSL, 
ARRADCOM.Watervl let  Arsenal,  Watervliet,  NY  12189. 

Dafermos,  Professor  C.  M.  ,  Divsion  of  Applied  Mathematics,  Brown  University, 

Box  F,  Providence,  RI  02912. 

Davis,  Julian  L. ,  ATTN:  SCA-T,  Bldg.  3410,  U.  S.  Army  Armament  R&D  Command, 

Dover ,  NJ  07801 . 

Devereaux,  COL  Alfred  B.  Jr.,  Commander  and  Director,  U.  S.  Army  Cold  Regions 
Research  and  Engineering  Laboratory,  Box  282,  Hanover,  NH  03755. 

Drew,  Professor  Donald  A.,  Mathematical  Sciences,  Rensselaer  Polytechnic 
Institute,  Troy,  NY  12181. 

Elder,  Alexander  S.,  Mechanical  Engineer,  USARRADCOM,  Ballistic  Research 
laboratory,  Aberdeen  Proving  Ground,  MD  21005. 

Flaherty,  Professor  Joseph  E.,  Applied  Math  4>  Mechanics  Section,  Research  Branch, 
Benet  Weapons  Laboratory,  LCWSL,  ARRADCOM,  Watervliet  Arsenal,  Watervliet, 

NY  12189. 

Fleishman,  Professor  B.,  Department  of  Math  Sciences,  Rensselaer  Polytechnic 
Institute,  Troy,  NY  12181. 

Freitag,  Dr.  D.R.,  Technical  Director,  U.  S.  Army  Colt.  Regions  Research  and 
Engineering  Laboratory,  Box  282,  Hanover,  NH  03755. 

Haug,  Professor  Edward  J.,  Jr,,  Materials  Division,  College  of  Engineering, 
University  of  Iowa,  Iowa  City,  IA. 

Kapila,  A.  1..,  Assistant  Professor,  Math  Research  Center,  University  of  Wisconsin, 
610  Walnut  Street,  Madison,  WI  53706. 

Lin,  Professor  S.  S.,  Mathematics  Research  Center,  University  of  Wisconsin, 

610  Walnut  Street,  Madison,  WI  53706. 

Ludford,  Professor  Geoffrey  S.  S. ,  Applied  Mathematics,  Theoretical  6  Applied 
Mechanics,  Thurston  Hall,  Cornell  University,  Ithaca,  ’  i  14850. 


397 


Malek-Madani ,  Professor  R.  ,  MRC-Univc-rsity  of  Wisconsin,  610  Walnut  Street, 
Madison,  W1  53706. 

Masaitis,  Ceslovas,  Mathematician,  USA  Ballistic  Research  Laboratory/ARRADCOM, 
ATTN:  DRDAR-BLB ,  Aberdeen  Proving  Ground,  MD  21005. 

Meyer,  Dr.  R.E.,  Mathematics  Research  Center,  University  of  Wisconsin,  610 
Walnut  Street,  Madison,  WI  53706. 

•Nakano,  Dr.  Yoshisuke,  U.  S.  Army  Cold  Regions  Research  and  Engineering 
Laboratory,  Box  282,  Hanover,  NH  03755. 

Noble,  Professor  Ben,  Mathematics  Research  Center,  University  of  Wisconsin, 

610  Walnut  Street,  Madison,  Wl  53706. 

Nohel ,  John  A.,  Director  and  Professor  of  Mathematics,  Mathematics  Research 
Center,  University  of  Wisconsin,  610  Walnut  Street,  Madison,  WI  53706. 

O'Hara,  G.  Peter,  Mechanical  Engineer,  USA-ARRADCOM,  Watervliet  Arsenal, 
Watervliet,  NY  12189. 

Pao,  Professor  Yih-Hsing,  Chairman,  Department  of  Theoretical  6.  Applied 
Mechanics,  Cornell  University,  Thurston  Hall,  Ithaca,  NY  14853. 

Polk,  John,  Terminal  Ballistics  Division,  Ballistics  Research  Center,  Aberdeen 
Proving  Ground,  MD  11005. 

Poore,  Aubrey  B.,  Associate  Professor,  Mathematics  Research  Center  and  Colorado 
State  University,  Mathematics  Research  Center,  University  of  Wisconsin, 

610  Walnut  Street,  Madison,  WI  53706. 

Powell,  John  D. ,  Research  Physicist,  Ballistic  Research  Laboratory,  ATTN: 
DRDAR-BLB,  Aberdeen  Proving  Ground,  MD  21005. 

Robinson,  Richard,  Army  Concepts  Analysis  Agency,  8120  Woodmont  Avenue,  Bathesda, 
MD  20014. 

Ross,  Edward  W. ,  Jr.,  Staff  Mathematician,  U.  S.  Army  Natick  R&D  Command,  Kansas 
Street,  Natick,  MA  01776. 

Saibel,  Dr.  Edward,  Chief,  Solid  Mechanics  Branch,  U.  S.  Army  Research  Office, 

Box  12211,  Research  Triangle  Park,  NC  27709. 

Srivastav,  Professor  Ram  P. ,  Applied  Mathematics  &  Statistics,  Suny  at  Stony 
Brook,  Stony  Brook  Campus,  Stony  Brook,  NY  11794. 

Sterrett,  Dr.  K.  F. ,  Chief,  Research  Division,  U.  S.  Army  Cold  Regions  Research 
and  Engineering  Laboratory,  Box  282,  Hanover,  NH  03755. 

Takagi,  Dr.  Shunsuke,  U.  S.  Army  Cold  Regions  Research  and  Engineering  Laboratory, 
Box  282,  Hanover,  NH  03755. 


398 


Tal 1 lngston,  Arnold,  ARADCOM  13.  S.  Army  Armament  RAD  Command,  Plcatinny 
Arsenal ,  Bldg.  3310,  Dover,  NJ  07801. 

Tasi,  Professor  James,  State  University  of  New  York,  Department  of  Mechanical 
Engineering,  Stony  Brook,  NY  11794. 

Thompson,  Dr.  James  L. ,  Act  C,  Survival  Technology  Function,  U.  S.  Army  Tank 
Automotive  R&D  Command,  ATTN:  DRDTA-ZSS,  Warren,  MI  48090. 

Ting,  Professor,  T.  C.  T. ,  University  of  Illinois  at  Chicago  Circle, 

Department  of  Mater  ials  Engineering,  Chicago,  1L  60680. 

Tracey,  Dr.  Dennis  M. ,  Mechanical  Engineer,  Army  Materials  and  Mechanics 
Research  Center,  Arsenal  Street,  Watertown,  MA  02172. 

Vasilakis,  John  D. ,  Mechanical  Engineer,  USA  ARRADCOM,  Benet  Weapons  Laboratory, 
Bldg.  115,  Watervliet  Arsenal,  Watervliet,  NY  12189. 

Weeks,  Dr.  Wilford,  U.  S.  Army  Cold  Regions  Research  and  Engineering  Laboratory, 
Box  282,  Hanover,  NH  03755. 

Wu,  Dr.  Julian,  Benet  Weapons  Laboratory,  Watervliet  Arsenal,  Watervliet,  NY 
12189. 

SUPPLEMENTAL  REGISTRATION  LIST  10  June  1980 

Alexander,  Assistant  Professor  Roger  K.  ,  Rensselaer  Polytechnic  Institute, 
Department  of  Mathematical  Sciences,  Troy,  NY  12l8l. 

Atkinson,  Col.  John  C.  ,  United  States  Army  Reserve,  St.  Louis,  MO. 

Chow,  Professor  Pao  L. ,  Wayne  State  University,  Department  of  Mathematics, 
Detriot,  MI  1*8202. 

Coleman,  Dr.  Norman  P.  ,  ATTN:  DRDAR-SCF-CC,  U.S.  Army  Armament  R&D  Command, 
Dover ,  NJ  07  801 . 

Norman,  Dr.  Paul  D.  ,  Burroughs  Corporation,  33  Williams  Way,  Cain  Township, 

PA  19335- 

Veradtn,  Assistant  Professor  Vasundara  V.,  The  Ohio  Stete  University,  155 
W.  Woodruff  Avenue,  Columbus,  OH  43210. 


ADDITIONS  1Z  June  1980 


Lenoe,  Dr.  Edward,  U.  S.  Army  Mechanics  and  Materiels  Division,  Watertown 
MA  02172. 


Ludford,  Proffessor  Geoffrey  S.  S.  ,  Thurston  Hall,  Cornell  University,  Ithaca, 
NY  14850. 


Stewart,  D.  Scott,  Thurston  Hall,  Cornell  University,  Ithaca,  NY  14850. 


399 


Ill 


REPORT  DOCUMENTATION  PAGE  j 

lilHU"  1  ,.um..Ih  ..  UOVI  A  C  L  l  L. E 10 '«  .,o  I 

ARO  Report  No.  81-1  /\  A 0  C  (  ^  L  1 


4  T  I  T  L  £  fw.d  JuWHl  c) 

TRANSACTIONS  OF  THE  TWENTY -SIXTH  CONFERENCE  OF 
ARMY  MATHEMATICIANS 


-),rp  it.  a  i)  iv'i ;  i  c*!  ids  s 

'  ■ u  _ it:  v‘  s:i  r;sr.  i  oi‘M 

.  UOVI  AC  L  l  DSION  NO  I  ■>  liL  L)*'l  LN  T‘5.  CAT  AwDu  NjMULll 


9  Pi  Rf  CHMInG  0HGANI2  ATlON  N  AM  f  AND  ADDRESS 


T  YnE  OF  REPORT  A  PERIOD  COVERED 


6.  PC ’<  FORMING  ORG.  REPORT  NUMBER 


b.  CONTRACT  OR  GRANT  NUMUERf*) 


10.  PROGRAM  ELEMENT,  project,  task 
AREA  A  WORK  UNIT  NUMBERS 


II  COnTAOLi  ING  OFFICE  NAME  AND  ADDRESS  12.  REPORT  DATE 

Army  Mathematics  Steering  Committee  on  Behalf  of  the  January  1981 
Chief  of  Research,  Development  and  Acquisi  tion  u.  number  or  pages 

399 


14  MONlTOKl*>C  *  Cj  F  N  C  Y  NAME  A  A  OD  R  LS  Sf  it  different  from  Controlling  Oil,  cc)  IS  SECURITY  CLASS,  (of  thl «  import) 

US  Army  Research  Office 

P.  0.  Box  12211  UNCLASSIFIED 

Research  Trianqle  Park.  MC  27709  is*  dfclassification'dooncrauisg 

3  *  SChLDuLE 

'  *  n  i  LiU  1  i  On  STATEMENT  (of  thl  a  Ur  port) 

Approved  for  public  release;  distribution  unlimited.  The  findings  in  this 
report  are  not  to  be  construed  as  official  Department  of  the  Army  position 
unless  so  designated  by  other  authorized  documents. 


17  DISTRIBUTION  STATEMENT  (of  the  eLsirect  entered  Mock  jO,  ll  different  from  Kepott) 


»•-  suppl  EMLnT  AHY  NOTES 

This  Is  a  technical  report  resulting  from  the  Twenty-Sixth  Conference 
Mathemat i c i ans .  It  contains  most  of  the  papers  in  the  agenda  of  this 
These  treat  various  Army  applied  mathematical  problems. 

of  Army 
meeting . 

crack  problems 

floating  elastic  plates 

sol i tary  waves 

stress-strain  problems 

flame  propagation 

screw  threads 

combust  ion 

fracture  mechanics 

stochastic  equations 

bi  furcation 

Intermittent  motion 

distributed  systems 

control  systems 

wave  propagation 

maneuvering  targets 

gas  dynamics 

volterra  integral  equations 

finite  element  method 

cubic  spl ines 

layered  media 

waves 

dd  ,:r;,  1473  fuiT.ox  or  1  >.ov  ti  u  orou’t 


